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CHAPTER I 


y^ITS— CONVERGENCY AND DIVERGENCY OF SERIES 
—BINOMIAL AND EXPONENTIAL SERIES— HYPERBOLIC 
FUNCTIONS— COMPLEX NUMBERS 


1. Limits or Limiting Values. The result of substituting 2 + A 
3 jc — 2 4 + 3/i 

for X in ~ is - g - _^ ^ , and as h is indefinitely diminished 

(i.e. as X approaches the value 2 ) this fraction approaches the 

2 3jc — 2 

value -r, which is called the limit or limiting value of — 7 ^ as x 

tends to the value 2. Briefly we write Lt. — r = It will be 

■' ^^2 x + 4 




noted that in this case the value of the limit is equal to the value 
of the fraction when x == 2 . 


^ 

By substituting 2 + h for x in we obtain 4 + A, which 

approaches the value 4 as A is indefinitely diminished, i.e. 
X® — 4 

Lt. -X- = 4. If, however, we simply substitute x = 2 in the 

X-*2 X i 

x^ — 4 

expression — —7 we obtain, not the limit 4, but the meaningless 

^ 0 - 
or undetermined form g. The essential point to note iff the above 

two cases is -that, “as X continually approaches the value 2 , the 
function considered continually approaches a definite value from 
which it can be made to differ by as small an amount as we please. 
We are thus led to the following general .definition of the limit of 
a function. ^ .. -- — 

A function /lx) approaches a limiting value L as x approaches a 
value X], if by choosing 8 sufficiently small the value of L —f (x^ ± 8) 
■eiia be made less than any assignable magnitude, however small, , 
(The, sigh ± means “either plm or minus.”) 

It may happen that, as x approaches the value Xj, the absolute 
value of /(x) ultimately becomes and thereafter remains greater 
than any assignable positive magnitude, however large. In such 
.cases we vrateZ,t./(x) = + 00 ox Lt. fix) = — 00; but it inust be 
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tIcarK undcrsloovl that infinity { -r) is not a limit as 
definition above, but a symbol to indicate that unda tk ^ 
conditions /(v) increases or decreases without restriction. TL * 

is a constant other than zero, Lt, — == f co or x) accorcilig 

c ->0 ^ 

the sign of x as it approaches its limit is the same as or opposite to 
the sisn of *1. Also Lt. •= 0, whether A is positive or negative. 

'■ I -V 

2. Continuous Function. If the value assumed by fix) when 
X Xi is the limit to which fix) lends as x tends to the value Xj 
in any manner, then / (x) is said to be continuous for x — Xj. 
More briefly, /"( xr) is continuous for x ~ x^ if Lt.f (x) = / (Xj) ; and 

when this condition does not hold f (x) is discontinuous for x =- Xj, 
When / (x) is continuous for every value of x in an interval x = Xj 
to X ““ V 2 , it is said to be continuous throughout that interval 

EXAMPLE 

Let fix) ™ I f (2) (^y !)» /W is 

tinuous for x ~ 2. 

The functions considered in this book are in general continuous. 
We shall, however, meet with functions, such as - and tan x, 

X 

which are discontinuous for certain isolated values: - is continuous 

X 

for all values of x except x =» 0, and tan x is continuous for all 

kiT 

values of x except x = y, where k is any odd integer, positive or 
negative. ^ 

3. Theorems on Limits. The following theorems relating to 
hmiting values are fundamental. We assume that the limits are 
all finite. 

(a) The limit of the sum of a finite number of functions equals 
the sum of the limits of the separate functions. 

{b) The limit of the product of a finite number of functions equals 
the product of the limits of the separate functions. 

(c) The limit of the quotient of two functions equals the quotient 
of the limits of the separate functions, provided that the limit of the 
divisor is not zero. 
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We shall prove the second of these theorems and leave the reader 
to prove th4 other two. 

Let Lf. f (x) ^ /, Lt. <f>(x) — m. We can wnte / (x) = / H- a, 
<l){x) = m + /?» where a and j8 are small quantities, which vanish in 
the limit. 

.-. Lt. [fix ) . 6ix)] = Lt. [(/ 4- a) (m -L j8)] 

= Lt. ilm + ma + + a(i) 

-- Im (since ma, Ifi, afi all vanish in the limit) 
Lt. [fix) . ^ix)] = Lt.J ix) X Lt. 4ix) . (1.1) 

This result can obviously be extended to the product of three, 
four, and any finite number of functions. 


4. Two Mportant Limite. The following limits follow from 
geometrical considerations. - 

, ' ‘ sin 0 t&nO 

' Lt. = 1: Lf. -fl = 1 . . (1.2) 

at the 


(«<i) 


The arc AB (Fig. 1) subtends an angle d radians 

centre 0 of a circle. AC is the tangent at A meeting OB produced 
at C. 



Then area of JS.OAB < area of sector OAB < area of AO AC, i.e. 
Jr® sin d < Jr®6 < Jr® tan 0. 


sin |9 < 0 < tan 0 . 


(1.3) 


Dividing by sin 0, 
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If (I now tend to the limit zero, Lt. must liefcetween the 

0W) Sin u % 

constant I and Lt. sec 6, which is also 1 . 

(S+fl 

0 sin 0 

Hence, Li. -r— « = 1, or Lt. = 1. 

Dividing (1.3) by tan 0, cos B < < 1, and it follows by 

, , , tan 0 , 

similar reasoning to the above that Lt. —q— — 1 . 

Other important limits will be established in the course of the 
present chapter, 

5. Convergency and Divergency of Series. An infinite series is a 
series with an endless succession of terms. If denote the sum of 
the first n terms of the series, then the series is said to be convergent 
if Lt. S„ is a finite fixed quantity, and it is said to be divergent 

if Lt. S„ is + 00 or — 00 . 

The reader will already be familiar with the Geometric Serie 

fl + ur t ur*- or® + . . . Here S„ = — , = 

1 — r 1 — rl-i 

Now Lt. r" = 0, provided that |rj* < I; and therefore it. j'„ 


-= , . If 1 r i < I, jLf. Sn = ± 00 . The Geometric Serr., , s, then, 

1 ^ r ti— >00 

convergent if jr| < 1, and divergent if [r| <(: I. 


6. Tests for Convergency or Divergenqr. The removal of a finite 
number of terras from an infinite series will not make a divergent 
series convergent or a convergent series divergent. For let S„ be 
the sum of the original infinite series and 5'^ the sum of the terms 
removed. Then since is a finite quantity we have Lt. - S^) =- 

Lt. S,, - - i'j , and if Lt, -= oo, the left-hand side of this relation is 

« * 4 ^ ^ H V JT 

also infinite. Thus if the original series is divergent the series with 
its terms removed is also divergent. Cijnsequently when applying 
tests of convergency we may ignore Siay finite number of terms 
of the series. The following tests will) be found sufficient when 

* jrl incans the numencat value of r, or as We term it, “ the absolute value 
¥ 1 ." \ 
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lealing wiA those infinite series which usually occur in engineering 

nathematic^'' 

Xe <* 1- A'n Infinite Series is Convergent if None oe irs Terms 

s ?<UMERICALLY GREATER THAN THE CORRESPONDING TERM OF 

Another Series of Positive Terms which is Known to be Con- 
^RGENT. If each term of the first series is equal to the corresponding 
erm of the second series, the two series are identical and the rule is 
jbviously true. If some of the terms of the first series are less than the 
corresponding terms of the second series the first series, having a 
smaller sum than the second series, is therefore convergent. 

Test 2. Tt e Ratio Test of Convergence. Let Mi + «3 + «3 + 
. . . + Mk + • • • an infinite series. Then the series is convergent 

if Lt. < 1 and divergent if Lt. > 1. IfZ,r. = 1, 

ii -^co n—^co n-^oo 

this test is inconclusive and a further test is required. 

Suppose that after the nth term of the series the ratio of any term 
to the preceding term is less than k where A: < 1, then since 


'*77 \ 1 


Ufi 4 3 U- 


n V i 


- < ky etc. . , . 
2 


we have 

i Uy t "T W/i f 2 + ‘ • * < Uji {{ + k + + . 

u„ 


. 0 


< 


Hence, the sum of the series f Wg + w. + . . . h |- . . . is 
finite and the series is convergent. 


EXAMPLE 

Test for convergence the series 

(i)i + 5 + |+| 


+. . . 




In (1) \ 1 


n «n 


Hence, Lt. - 0, and the series is convergent for all values of ,v. 


in (2) 


, and 


w„ “ « >1- r 

Hence. U 

Tie set its is therefore convergent if | x | < 1 and divergent if 1 x 1 >1. 
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If \ -- 1, the scries becomes 

5i-= 1 -1 f i-l + J- . f. .(1.4) 

the /nh term of which is f— 1)"”"^ . ~ ; and if ^ — 1 the series - 

becomes 

^ — . . .(L5) 

The senes (L4) may be written in either of the forms 

St^(i-i) + a-i) + (i-i)+ . . . 

or = . • . 

The former of these shows that is positive, and the latter shows 
that Si is less than unity and is therefore finite. 

The absolute value of the sum of all the terms after the nth is 

less than — r-r and greater than — p-r 

n + I ^ w + 1 n + 2 (n+l)(n + 2) 

and as both these approach the limit 0 as n --> 00 , the series (1.4) has 
a sum, and is therefore convergent. 

The series (L5) may be written 

iS2 = — (l + l + l + i + 4+‘» 

the absolute value of being given by the series in the bracket. We 
have, therefore, 

\S%\ I 

>l4*i + iTi+... 

Hence, [Sgj — 00 , and the series is divergent. 


7. Binomial Series. The expansion of (a + in ascending 
powers of .Y is as follows— 

(a 4 ' XY - + 


+ - 


|2 

n(n-\){n-2) 

f - -|3 — 

~ 1) (/2 — 2) . . . (k — /* + 1) 


V + . . 


. . . (L6) 


When « is a positive integer, the series terminates, the last t^nn 
being For the proof of the expansion in this case the reader is 
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referred to an elementary textbook on algebra. When n is not a 
positive integer, the series still holds under certain conditions. 

In the seiies as given 

+ 2) , 1,- - 1 

Ir- 1 


and , } 

, 1 
u, 


n(n ~\){n~2) . . , (n -r t 1)^,, 

n - r \ \ X fn+ i Ax 
r * a \ r ) a 




Hence, Lt, - numerically; so that if x a numerically, 

the series is convergent. 

Consider now the expansion of (1 — .r)'' when /7 = - 1. 

(1 - .y) “ ^ 1 4- jc I- ^ ... 


Put X = 3. Then { - 2) i 4 3 -f. 32 ^ result which 
IS obviously absurd. The series 1 + x + 4- . ■ .is an 

infinitegeometricalseries,andif |xl < 1, its sum is ^ ^ - = (I — :x:)~L 

It follows then that the series 1 + :x + + x® + , . . is the 

arithmetical equivalent of (1 - only so long as |x| < 1. 

In general, when n is not a positive integer, the infinite series 


« 


P/7X + 


1 ) . 
|2 ' 


2 ) . 

'■|3 


IS the arithmetical equivalent of (1 + x)^ provided that the senes 
is convergent, i,e, provided that lx| < 1. 

That is 


(1 + x)« = 


1 + «x 4“ 


1) 2 , 

■“F" 


«(«— l)(«-2) , 

’ i2 


i- • • ■ 


(1.7) 


The expansion (1.6) is obtained from Maclaurin’s Theorem in 
Art. 56. 


EXAMPLE 1 

Ftod the 4th term in the expansion of (] — v)*. 


Hi- 


l)(-l 

13 




- oj:: 5 ) 
4^6 


(-x») -• 


128^ 


4lh term 
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t5 


LXAMPLL 2 


Lxpaml 


y 


^ ff as iar as the teim in a®, wheie a < L 

I a 


r 


j 


I a 
I 


(1 -a)(l -u^) I 

Vl-ii- 

/I - a) j^l + (- i) f- a‘) + (_ , 

(1-(2){1 } W \ \ .) 

1 - « i Ja** - Ja** }■ . . 


■] 


8, Approximations* If x is small compared with unity, then 
using (1.7) we obtain the following as first approximations. 


(1 + ^)” = 1 + • 

(1.8) 

Vl + .V = (1 f x:)^ — 1 + ix 

(1.9) 

-1---(14 xH= 1-iv . 
Vl+x 

. (1. 10) 


H 1 -t = (1 + « + ^') (1 + c)-\l - <i)-^ 

(I 4- f) (1 - fl) 

= (1 + a + 6) (I - c) (1 + (/) 

where a, 6, c, d are all small compared with unity. 

If greater accuracy is required, we can take 

(I + ~ 1 + 

i? 

as a second approximation. 


rXAMPLE 1 

Show how to approximate to 0^ , when a and aic nearly equal. Find the 
/ 91 

value of ^—correct to 5 figures. 


Let <1 " A f A where h will be a small positive or negative quantity Then 


Q~ (■>:)•"' 


/I «(n- 


1) 
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and we can take as man terms as will give us the requued degiee of accuracy. 




I i.i . 

2 lOI 8 KlOl/ 16 \101/ 

I 0*0198020 0 0001961 - 0 0000039 . . 

1 - 0 020002 
0*98000 (to 5 liguies) 


EXAMPLE 2 


Prove that foi small changes of the angular velocity w ladians pci second, the 
percentage change in the energy E ft-lb of a rotating flywheel is twice the percent- 
age change in the speed. 

If I engineers’ units is the moment of inertia of the flywheel E = J/w®, and 
if the speed changes to co -f and the eneigy becomes E 4- 8E^ we have 

E~hSE-= il(Q> + dcoy 

/ doj\ 

— iI(o^ ^14 2— y appioximately. 


By subti action 
and 


{)E — lojdoD 



Imdoi 



X 100 


that IS, the percentage vanation of the energy is twice that of the speed. 


EXAMPLE 3 


pv 

A given mass of gas is expanding according to the law ^ — C (constant). 


Find, coirect to the first order of small quantities, the increase in pressure due 
to increases Sy in v and ST in T. 




C7 

V ’ 


and if Pi be the new pressure, /?i = 


C(T + ST) CT 

V 4“ ~ V " 


1 


bJT 

T 



1 e. Pi - p(\ 

+ ri O + t) 

- p{\ 

+ 

1 

1 

( 

hT 6A 

-p{\ 

{ y, yj nearly 



, inciease ol pressuic ~ p 

- 7 ) 



iU 
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^\AMPLI 4 

I u Imd exac-t and appioximate expressions lor the dis ance Irorr ciankshaft to 
CIOS head in the simple steam-engine 

I ct OP (Fig 2) be the ciank, / ft long, and CP the .onnecting-iod, / ft long 
and let \ -- OC be the distance in feet fiom the ciankshaft to the ciosshead 

A 

Suppose that the crank starts in the position OA wheie AO A a, and moves 
toi r seconds w dh unifoi m angulai velocity o) radians per second Aftei t seconds 



It has moved to OP and AOP o>f a radians Let PCO ^ 0. Then, by the 
sme rule 

/ / 
sm(m/ I «) sm 

Nov^ i sum ot piojecUon of OP and PC on OC 
r cos (mf I ix) h I 
t cos {m a) /X 1 “ sin** ^ 


t cos {pH Of) ^\}~P ^ ^ 

which gives V as a function of / 

ipproximaie Value \ By (1 8) (i h xY \ + nx approx , and 

[ r® *1 1 T'* 

1 ^jsin-Ctd i- «) J ™ I - — sin^(o/ r a) approx 
r- I ~ cos (26)/ + 2a) 


1 - 


2P 


(2) 


I - 


^ r ^cos(2o/ i 2 %) 
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Ihe third term m the expansion (2) would be 

^ a) -Iphin'^icvt ^ x) 

which M numeiically less than ^ it / ^ 3r, as is usually the case. Hence, 
negle-tmg this in comparison with unity 

\ /cosCtJf la) / cos (lot 4 2a)dppiox 


EXAMPLE 5 


Piove that Lt 


na^ ^ foi all \alucs of n 


h\n 


Let \ a T K that h-^0 as \->a 

x‘-a> (afA)’‘-a* 

Then - — — — « - , 

x- a h n 

Now^ < 1, so that we can expand ^1 in a binomial : 


i'O 


Hence, 


V” - 

If ~~ — Lt 

^ a x-a 


nh n(n— 1) /r 

L : L 

a ^ \2 


Lt teims involving positive poweis of 


h-^0 

X” - n 

= na^ 

a 


Lt _ 

j>~Hi X a 


(III) 


9 Exponentials and Exponential Series. The quantity a®, m which 
a IS any constant positive number and x: is a variable which may have 
positive or negative values, is known as an exponential Fig. 3 shows 
the graph of j 

Consi^r the two chords AR and PQ whose projections on OX are 

OL ^ MN = h and let OM ~ x Then we have 


Gradient of chord PQ = 


QN-PM 

MN 


- 1 ) 


Also, 

„ , . RL — AO — I 

Gradient of chord /4/? — — r i 

^ h h h 
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UeiKC, 

Gradient ol thoid PQ 
Giadient of choid AR 




As h approaches the limit zero the chord PQ approaches its 
limiting position, which is that of the tangent at P, and similarly the 
chord AR approaches as its limit the tangent at A, Hence, in the 
limit we have 

Gradient o f tangent at P ^ „ 

Gradient of tangent at ^4 ~ ^ ' ‘ ^ ' 
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Fig, 4 shows the graphs of 1% 2^ y, 4% and 5\ i.e. of a'^ for 
several v|lues of a. By inspection of the graphs it will be seen that 
they all pass through the point x = 0, y = 1. This follows from the 
fact that, if a is not zero, ~ 1 for all values of It also appears 
that t^ie gradient of the tangent at A to the graph increases with a, 
being zero when a = 1 and large when a is large. The gradient of 
the tangent at .4 to v = 2"" is less than 1, and that of the tangent at A 
10 j = 3^ is greater than 1. Consequently there must be some 
value of a between a = 2 and nf = 3 for which the gradient of the 
tangent at A to the graph y -- a* is unity. Let e be this value of a. 
We then have for the equation to the graph, y = and since the 
gradient of the tangent at A is unity, we have also from the relation 
proved above 

Gradient of tangent at P == . (1.14) 


Thus the gradient of the tangent at any point of the graph of 
7 = is numerically equal to the ordinate at that point. We shall 
show below that the va|u© of c is 2*71828 . . ., a non-terminating, 
non-recurring decitpaCand we shall also prove at a later stage the 
relation 






|3 |4 


¥ 


(1.15) 


Putting c = 1 in this we have 

.,.•2 v *^ v 5 

+ . + + (U6) 


Now putting V “ 1, we have the series 

.-H l + ^+it+i^+|^4 ... . (I.I7) 

The relation (1.15) is obtained by means of Maclaurin’s Theorem 
in Art. 56. The reader should notice that we have really defined 
e by the relation 

— 1 

-1 . . ( 1 . 18 ) 

h *(1 « 

It can be shown that e is given also by 

fl+ty . . . (r.i9) 

\ 4-*.® V «/ 

\ 
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\4 

and that < is h\ either of the limits 

■ ■ ■ "■“> 

or Lt. [I +-] . . . 0,21) 

We do not attempt the proofs of these three relations, but suggest 

a method of proof in Example 57, page 40. This proof is, however, 
not rigorous, as it depends on the assumption that the limit of the 
product of an infinite number of factors is always the product of 
their limits. For a rigorous proof the reader is referred to any 
modern textbook of algebra. 

If we write c - log, a, then a ^ and (1.15) becomes 

<;'• -= 1 -H .Y(log, a) 4 ~ (log,a)^ j- ^ (log, a)* f . (1.22) 

The series (1.15) and (1.16) are known as exponential series, the 
variable x being in the exponent or index. We have shown in Art. 6 
that the series (1.16) is convergent for all values of x. since c 

and log. a are finite quantities the series (1.15) and ( 1 . 22 ) art- 4 IS 0 
convergent. The series (1.17) may be used to calculate the value of 
e to any required degree of accuracy. Since the (« + 1 )th term of the 
series is obtained from the «th term by dividing by », the calculation 
is conveniently arranged as follows — 

Calculate e correct to six significant figures. 


1st term 

= 

1 



- 1*0 

2nd 



1st term 


1 -- 1*0 

3rd 


■rr 

2nd 



2 0*5 

4th 

»» 


3rd 

a 

•- 

3 - 0*166667 

5th 

»» 


4th 

»» 

r 

4 - 0*041667 

6th 

»» 

see 

5th 



5 - 0*008333 

7th 

»* 


6th 


-r 

6 *-= 0*001389 

8th 


ese 

7th 

»» 

- 

7 - 0*000198 

9th 


- 

8th 



8-= 0000025 

10th 

>» 


9th 

»» 

4. 

9 «= 0*000003 

nth 


- 

10th 

19 


10 « 0*000000 



e 

- sum 

of terms 2*71828 


correct to six significant figures. 
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10. Some Limiting Values. 


In Art. 9 we defined e so that 


log^ a{a j>0) 


Lt, — — = I 
// -^0 n 

Writing a ~ e* so that c = log^ a, we have 


h~>0 « 


j 

-= Lt. - T - 

^ — I 

= £?. — j — X c 

^ch [ 

= c Li, J - 
eh --0 

= c* 1 by (i) above 


Hence, 


— 1 

= log, a 

/j-H) " 

Lt. X logo jc = 0 (ff > 0) 


Since x tends ultimately to 0, we can assume ,y < I and let 
log„x = — k, where k is positive, so that x — cr' 

X log,, .V = - ka-^ = - * 

I 4- k log, a + 12 (log, + . . . 


^ + log, " p (log, af 


Now, as .T->0, k — 00 , i^o that the limit of 


and hence 


log,^+ - is CO 


Lt, X logfl X — 0 

x->*> 


It follows that Lt. X log, x — 0 

jr->0 


(1.25) 
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1 et V ■ -, where i‘ will be positive and will tend to 0 as \ tends 
to / . Hence, 

X ^ I 

log„X vlogaj 

and Lt. ;> log,, v = 0 by (1.24) 

v-->o 

Lt. . = 00 

1- >-0 ^ 


p 



IL 

Fig. 5 


(4) Lt na^ ~ 0 (a positive and < 1) , , (1.27) 

/J- .••JCI 

Let ; then, since < 1, r->0 as /i-^oo. 

Lt. = Lt s logtf ir = 0, by (L24) 


(5) Lt == 1 

Let X e % so that z - log^, x. 

Now Lt. .V log, V — 0, by (1.25), so that Lt. x’’ = e“ — 1 . 

jr-*0 .i-^O 


, ( 

It. 1 cos- ) 

-.0 \ n) 


. (1.29) 


Let POfi (Fig- 5), and let the lines OR. OS, OT, OU, OV, 
OW, . . . divide POQ into a number H of equal parts each of which 
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iv i/i tn.tgiiitucc 6 / 7 . Let QR KS, SJ, i o drawn perpendicular 
ft’ OR, 08,^01', . . . respectively, fhei. 

OR OQ cos 

n 

OS = OR cos ^ = 00 cos* - 
n ^ n 

0 t) 

OT ■ OS cos- — OQ cos’ - 
n “ n 


etc. 

Q 

OP = OQ cos« - 
n 

Consider the triangle OVU. The angle OUV = 90^ — and as n 

tends to the limit 00 , OUV lends to the limit 90°. In the limit 
QRSTUV . , . P becomes a curve, the limiting position of UV is 
that of the tangent at U, and the angle between OU and this tangent 
is 90°. In the same way we see that the tangent at any other point of 
the curve is perpendicular to the line joining that point to O, and 
therefore the curve is an arc of a circle with centre O. Hence, in the 
limit OQ = OP, and since 


/ (9\« OP 

Lt. I cos - 1 = Lt. we haveLr. 



n 


= 1 


1 1 . Hyperbolic Functions. Corresponding to each trigonometrical 
function there is a hyperbolic function. Thus we have the functions 
defined by the following — 


sinh .V ~ r — , cosh x r — , tanh x - - — — , 

2 ' 2 ’ f- 

cosech X -- sech x = — r— , coth x =-> - — r — 

sinh X cosh x tanh x 


(1.30) 

These quantities are known as the hyperbolic sine of x, the 
hyperbolic cosine of x, etc. 

Fig. 6 shows the graphs of y ~ e^, y = e~-“, y = cosh x, and 
y = sinh x, and Fig. 7 shows the graph of 7 = tanh x. From the 
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<.\picssions ioi s\nh \ and cosh \ we obtain b> iddition and sub- 
traclion iespccti\el\ ^ ^ ^ 

eosh \ 1 binh x = e 

and cosh x— smh x = 

and by multi plication of these we have ^ ^ 

cosh^x -smhn- 1 (I "^I) 



Pig 6 

Dividing through this in turn by cosh^ r and smy x, and noticing 
, smh X , ^ X 

l-tanh®\- sech®jc ^ (132) 

coth* — 1 = cosech^ x (I 33) 

We leave the reader to establish the following formulae— 
cosh (:« i: ;») — cosh x cosh y db Smh x smh y 
smh (j: dr j') “ smh x cosh ;; dr cosh x smh y 
2 tanh x 
1 + tanh® X 



tanh 2x - 
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Infinite senes lor sinh \ and cosh i aie lound lioni those lot i ' 
and e thsis— 

x-* , X* a* , 

e-==l+A4 |2 + 13 + 14 + |5 ' 

X® X® , X* x®, 

^ ~ * 12 13 ^ |4 ” 15 ' 


- e ^ 

Hence, smh \ 2 ^ 

1 

~r 

[7^ 

(135) 

ri5 

•si 

-U 

1 

X® x^ 


(1 36) 

and cosh a ~~ — ^ -II 

P ^ 14 

, 

1- f . . 



12. loveise Hyperliolic Functions. For definitions of these func- 
tions the reader should refer to Chapter 11. 

— g II 

If V = sinh“^ X, then x ~ smh y — — 2 — 

e®*' - 2x6’' = 1 
'.Vi' - 2x6" -J- = X* -j- 1, 

whenc^ e* — x = -i; x/x® + I 
and e" = x -1- Vx® -1 1 (since e*' is positive) 


V — sinh”^ X = logo [a + Vx® + 1] (I-37) 
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Similarly, we obtain 

cosh"' V ^ log, [\ -L Vx^ — 1] *' (I.T8) 

tanh ' V - J log. y~if < I . (1.39) 

coth"' V -- I log., if > 1 . . . (1.40) 

The reader will see by reference to Fig. 6 why there is a double 
sign on the right-hand side of (1.38); the graph shows that there are 
tvs 0 values of x for a given value of cosh x. If the axes of x and / 
in Eig. 6 are interchanged the graphs then become the graphs of 
•jj' -A Jog, .TC, j’ = — logo X, y ~ cosh"' V, and y = sinh"' x. 

13. Complex Num bers. If a and b are real positive or negative 
numbers and i == V — I, ai oi bi is called an imaginary number, 
and a -r_bi is a complex number. We shall see that the number 
, I = V — 1 can be interpreteef and that it is not really imaginary, 
though we shall retain the term as a description of quantities which 
are the product of / and a positive or negative real number. 

Two complex numbers are equal if, and only if, their real parts 
are equal and their imaginary parts are also equal. For if a, b, c, d 

are all real, and , , . , 

a bi — c di ~ ~ 

then a— c — id— b)i 

This relation can only be true if a = c and b — d, for otherwise 
we should have a real quantity equal to an imaginary quantity, which 
is impossible. The sum or difference of two complex quantities 
is also a complex quantity for 

(a -f bi) -h (c + di) = (a -f c) -f (6 •+• d)i 
and {a -f bi) — (c -f di) = (a — e) + (h — d)i 

The product of two complex quantities is a complex quantity for 
{a b bi) (f f di) — {ac — bd) + (ad -f bc)i. 

On dividing this last relation through by c -t di we see that when 
one complex quantity is divided by another, the quotient is a com;>lex 
quantity. This may be shown otherwise, for 

c + ~di (c + (c — ^) 

Xptr f- hd) 4 * iibc — ad) 

£** + cP 
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c — di is known as the conjugate of c + di and vice versa, and the 
iflethod use^d here of multiplying numerator and denominator by 
the expression conjugate to that in the denominator, is generally 
used for simplifying the division of one complex quantity by another. 


hXAMFLF 

3 h2 / 

Siirplify _ 5.^ ^2 I- ,)■ 

Simplifying the denommatoi fiist, we have 
3 1- 2; 3 r 2( (3 + 2/) (13 h 6/) 27 44/ 

(4-5i)(2 I /)“ 13-6;~(13-6/)(13 (-6/) 13^ 1 6^ 


0 2146 / 


14. Modulus and Argument. We can express a complex number 
in terms of trigonometrical functions, thus — 

Let a = r cos 0 and b — rsmd . . (1.41) 

Then a \ bi — /(cos 0 + ism 0) . . (1.42) 

From (1.41) we find on squanng and adding the two expressions 
that r — Va- f b^, and on dividmg the second of the expressions 

by the first we have tan 0 — ^ or 6 = tan"’^ - . r is called the modulus 

of the complex number, and 6 its argument or amplitude. The 
modulus is sometimes denoted by \a + bi\. 


EXAMPLE 

Express (2 4 3i)(3 2i) as a complex numbei, and find its modulus and 

argumen'. 

(2 + 3/) (3 - 2i) = 12 + 5/ = /(cos 0 + 1 sm 0) 

By the above, r = Vl2‘ + 5’‘ == 13, and 0 = tan-^ — =- 22° 37'. 

The modulus is 13 and the argument 22° 37'. 

The modulus of the product of two complex numbers is the 
product of their moduli, and the argument of the product is the 
i» 4 m of their arguments. For 

{>^cos 0i f i sin Oj)} {rg(cos 0 ^ + / sin Sj)} 

' — /•ira{(cos 01 cos 0 g — sin 61 sin 0 g) 


^ + i (sin 01 cos 0 s + cos 0 i sin 0 a)j 

=%rs{cos (01 + 0s) + i sin ( 0 i + 0^} 


(1.43) 


a, complex quants^ whose modulus is r,ro and whose argument is 
OiH Os. 
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Dividing each side of (1.43) by r^cos 02 + / sin 02) we have 


/i(cos + i sin 01 ) 


Vsi cos (01 + 0a ) + i sin (01 -f- 0a)} 
/■j (cos 0a + i sin 02) 


which shows that the result of dividing one complex quantity by 
another is a complex quantity whose modulus is the quotient of 
the moduli, and whose argument is the difference of the argtUbnents. 

It is often convenient to represent the complex number a -f bi, 
or Kcos 0 + / sin 0), by the symbol r[0I, the relations between r, 0, 
and a, b being those given above. 

15. De Moivre’s Theorem. This states that if n is any real 
number, one of the values of (cos 0 + / sin 0)" is cos nd + i sin nd. 
We shall consider three cases. 

(1) Let M be a positive integer. 

By actual multiplication we saw above that 

(cos «! q- 2 sin ai) (cos + i sin Oa) 

= cos (oi + Oa) -f I sin (oq + 

Similarly 

(cos oq + 2 sin oq)(cos aa + i sin a2}(cos ag + / sin Og) 

== cos («! + Ks + «s) + ’ (“l + *2 «?) 

Continuing this process we find that ^ 

(cos ai + / sin ai) (cos ag + / sin Kg) (cos Og + 2 sin oq) 


. . . (cos a„ + i sin x„) 

= cos (aq + aa + Kg + . . . + a„) 
-j- f sin (ai + aa h «a + . . . 4- a«) 


If now we write Dq = ag = (Xg = a4=. . . =a„ = 0we have 

(cos 0 + 1 sin 0)" >= cos «0 +- i sin /i0. . (I.4<') 

(2) Let 21 be a negative integer, and put - k where k is 
positive. Then * 

1 * 

(cos 0 + i sin 0)" * (cos 0 + / an 0)-* =» 

1 

s cos k6 * / sin kO 

\ 
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and multiplying numerator and denominator by the complex 
quantity cos kQ — i sin kH (see Art, 13) 


(cos 0 + i sin Oy^'^ 


cos kO — i sin kO 

(cos kO + i sin *6) (cos kO — / sin kO) 

cos kO ~ i sin kd , . . , 

Ta 1 == kO — / sm kU 

cos^ kd + sin^ kd 


=- cos (— nd) — / sin (— nO) 

(cos 0 + / sm 0)^ = cos nO + f sin nO 
since cos nd) == cos nf) and sin (— nd) - - sm /id. 

p 

(3) Let ^ where p is any integer positive or negative and</ is 

a positive integer. Then by ( 1) 


( 


® . oy 

cos - + z sin - 1 = cos 0 + / sin 0 


, Taking the root of each side 
0 0 

cos - + I sin - is one of the values of (cos 0 +• i sin 0V 
q q 


Hence, 


( 


cos- + Zl 


ey i 

i sin- 1 == (cos 0 + i sin 0) ? 

But by (1) the left-hand side is equal to ^cos ~ 4- i sin y) 


and therefore 

(cos 0 4- / sin 0)” = cos «0 4- i sin «0 

The relation (1.44) is true for all real values of n, though we have 
only proved it for values of n which are the ratios of two positive 
or negative integers. 


16. The Geometrical Representation of Complex Nombers. Com- 
plex numbers may be represented graphically by a diagram known 
as the Argand diagram (Fig. 8). X'OX and YO Y' are two perpendi- 
cular axes. A real number a is represented by a length a measured 
along or parallel to 0 J, just as in graphical algebra, and an imaginary 
ndmber bi is represented by a length b along or parallel to OY. 
Thus, in Fig. 9, the lengths OA-^, OAg, and OAs represent the real 
numbers — 3, — 2, and 1 5 respectively, while the lengths A,P„ 
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A^P^, and AiP^ represent the imaginary numbers 4i, — 3/, and 

- 2j respectively. We may look upon the lines OP^, OP^, and OP 3 
(or, if we choose, upon the points Pj, P^, and P^) as representing 
the complex numbers — 3 -f 4/, — 2 — 3?, and 5 — 2 i. 

In Fig. 8 the lines OA, OB, OA', OB', OP, and OP' represent 
respectively the quantities a, at, — a or aP (since P = — I), — ai or 
aP, a + ^ and — a — bi. The line OQ is drawn perpendicular to 
OP and OP = OQ = r. The angle XOP --= 0. The product of a and 
i is ai, and the effect in the diagram of multiplying a by i is to turn 
the line OA, which represents a, into the position OB, which represents 
ai. Similarly the effect of multiplying ai by i is to turn the line OB 
into the position OA' which represents aP or — a. The effect of 
multiplying a + bi by i, (a + bi) x i = — b + ai, is to turn the 
line OP into the position OQ, for OQ is seen to represent — b + ai. 

The reader should test the effects of multiplying by i in turn the 
numbers represented by OA', OB', OQ and OP', and he will see 
that in each case the line representing the number will be found 
to have turned through a right angle in the anti-clockwise direction. 
Multiplying a complex number by i corresponds to the operation 
of rotating the line representing the complex number through a 
right angle in the anti-clockwise direction. 

The relation (1.43), which may be written x 

— + bi], shows that the effect of operating on with 
the quantity r-jdi] is to convert the line representing into the 
line representing -f 0a] by rotating the former line through 
an angle 0i, and multiplying its length by r^. This result is shown in 
Fig. 10, as also is the result of the division 


^2 [62] 


the product being represented by OR and the quotient by OR'. 

In Art. 13 we saw that the sum of two given complex numbers was 
a complex number whose real and imaginary parts were respectively 
the sum of the real and of the imaginary parts of the given complex 
numbers. This result is shown in Fig. 11. The figure OACB is a 
parallelogram; OA and OB represent the quantities Ci + ia^ and 
01 - 1 - ibi respectively the sum of which is ax + h-\- 1(^3 + 0 a). 
On examination of the figure we see that the projections of OC on 
OX and OY respectively are -f 0i and a^ -f 0a, so that OC repre- 
sents Oi + bxA- Kfli + 02 ). the sum of the two com|>lex quantities 
represented by OA and OB. 

Similarly, the line OD equal and parallel to AB represents the 

2 — {T.610) 
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ailTcrcncc hetsvcen the quantities represented by OB and OA, 
i.e. il\ ih,) iai /agX or {hi — ai) + /(^2 " ^2)* The engineer- 
ing student w ill notice that the graphical method of adding complex 



numbers is the same as the method of finding the resultant OC of 
two coplanar vectors OA and OS, whilst the operation of subtracting 
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EXAMPLE 

Represent on an Argand diagram the number 3 -h its square, and its 
square roots. Apply De Moivre's theorem to express cos 56 as a function of 
cos 0. (U.L.) 

OFi (Fig. 12) lepresents 3 i 4i. {3 , 4iy 9 24/- 16 =-7 + 24/, 

which is represented by in the diagram. 



Let 3 + 4/ — r(cos 6 i sin 0 ), so that r ~~ v 3^ + 4^ — 5, and 6 = tan"H \) 
- 53° 

/o . A'\ 360° . e-\ ^x 360°\ , , 

Then (3 + 4/)^ = \^cos — ism ^ j where k ^ 

0,1. [See Art. 18] 

— V 5 (cos 26° 34' i / sin 26° 34'), or V 5 (cos 206° 34' h / sin 206° 34'). 
These two square roots are represented by OQi and OQg respectively in the 

diagram, where OQi = OQ^ — Vs, XOQi = 26° 34', XOQ^ (reflex) - 206° 34 . 

Let .^ = cos 0 + / sin 0. - — cos 0 — / sin 0. 

X 

= (cos 0 + / sin 0)" = cos rtO + i sin nO 
-i- cos fi6 — / sin nO. jc" i — 


Also 

and 


JC' 


2 cos nO. 
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Pul ^ 2 LOS ^0 \ ^ 

V 

IlO'i 0 i sin 0) (cos 0 / sin 0) * 

2[cos U lOcus 0 sm-O 5 co'y 0 sm^OJ 

2(cos 0 iO cos‘ 0(1 - COS'* 0) 5 cos 0(1 - 2 cos** 0 cos* 0)] 

LOS ^(J 16 cos 0 20 cos* 0^5 cos 0 


17. Exponential Values of Sin 0 and Cos 0. Sine and Cosine 
Series, For all real values of r, 


p U, 


(■ 


! r :: F p ... (See Art. 9) 

Let iLs now extend the definition of so that for all values of r, 
real or complex, denotes the senes 

i + + ..ori, .(, + :)■ 

/ /i9\« / 

Let 2 -- /O; then Ll { 1 ) - L/. ( I r ^ tan - 1 

« w \ n J n nj 

/ 

^^here we have replaced - by Ian — since Lt, —jr 

ti " n « V JO \ 0 


e U, 

i f 


0 O' 

cob - ^ /bin 
n n 


0 


cos- 


-Lt. 


cob 6 f / sin 0 


«w ( ey 

— cos 0 + i sinO . . (1.45) 

Lt. (cos^')''=l . . . {by(I.29)j 

Since cob 0 = cos (— 6) and sin 6 = — sin (— 6), we have on 
substituting (— 6) for & in the above relation 


i.e. 

for 


p ’* - cos (— 0) f / sin (- 
e cos 0 - / bin 0 


. (1.46) 
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A complex number can be expressed in any of the forms a > bu 
/•(cos 0 + i sin 0), or r&\ This Iasi form gives in a striking manner 
the results of Art. 14. For, if and be two complex numbers. 




then X ’ ^^-^and - 




r^e' 


1 ^ 


By addition from (1.45) and (L46), 

0 j_ e 


cos 0 


~ cosh tO 


0^ 

~ - |2 + |4 - |6 


By subtraction, sin 0 




- sinh lO 

I 


2i 

^ 0^0^ O’’ 

\r^\5 17 ' • 

Let 0 = ix; then 

cos ix cosh i^x ~= cosh (- x) = cosh .v 


> (1.47) 


and 


sin IX 


^ sinh (— v) = , sinh x ^ 


/ sinh T 


By division, 

tan ix '■ 


i sinh X 
cosh X 


i tanh x 


\ (1.48) 


EXAMPLE 1 

1 1 jL iffie 

If u, V, and 0 are all real, and if k + iv = - log^ ■; s show that v = 

i logs (sec d + tan By and u ~ Irnr + n being an integer. (U.L.) 

1 h _ (1 + ze^^) (1 + ^^) _ 1 - r j(e^^ + 1 (Compare Art. 19, 

1 — (1 ie^^) (1 + 1 — f 1 Ex, 1). 


2/ cos 6 _ / cos 0 

“ z(2z sin 0) I -I bin 0 
I, 1 -} I 


But 

and 


sec 0 f- tan 0 
i log^ j ~ fiog / - log, (sec B 4- tan 0)] 

i ° 1 — I 

I (Snw + g) 


\ 


'(2«"+ |)' 


log, 1 = log, e 
— Log, (sec 6 + tan 6) — / log, fsec 0 + tan 0) 
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ii ix In^ t log* (sec \ tan 0). 


I quAting real and imaginuiy parts 

// 7firr ^ 

2 

,uiil » log (sccO tanO) J log, (sec 6/ tan 0)*^ 


iWMPli 2 

U \ a cosh {a n), show that 


1; 




sin-* V 


1. 


r- 

cosh- u sinh“ u ' ’ cos- v 
\ IV cosh If , cosh h " sinh w . sinh !v cosh u . cos v 
Equating ical and imaginarv parts, \ cosh » . cos v; r 


co^** V sin- V I . 
Also cosh' u sinh- u 1 . 


4 __r_ 

cosh** u sinh“ ii 

- y‘ ^ 1 

cos^ V sin® V 


(UX.) 

sinh u{i sm v). 
sinh u . sin v. 

- 1. 


18. The I# Roots of any Real or Complex Number. Let 
a hi — /*(cos 0 f i sin 0) be any complex number. Since 
cos 0 + i sin 0 remains unaltered when we add Ik^ir to 6, where k 
is an integer, we may write 


a -x hi == r{cos(d + Ikn) + z sin (0 + 2k7r)} 


Hence, 

L I 
(a + hiy^ “ 



Ikrr . 0 + 2k'JT 

— + / sm — 

rt n 


(L49) 


Since k may be any positive or negative integer, it would appear 

1 

that we might obtain an infinite number of values of (a + biy. This, 

, . 0 * 4 “ 2k7r 

however, is not so, as every time the angle is increased by 

27r, i.e. every time k is increased by the cosine and sine repeat their 
values and the function is unaltered. It is sujBBicient, therefore, to 
give to k the values 0, 1, 2, 3, — 2, Sz — L In this way we 

obtain n different values of the zith root of + hi ~ Kcos 0 -f i sin 0), 
and we see that in general any complex number has n distinct nth 
roots, each of which is complex. If b is zero one, or two at the most, 
of the roots will be real. 
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EXAMPLL 1 

Find the three cube lootb of I. 

Here a \ hi ~ { i 0/ - cos 0 i / sin 0 

and ict ‘ biy cos^ ^ 

where k has the values 0, 1,2, in order. 

Hence, the roots are cos 0 ^ / sin 0 - 1 

27r 2^ 1 

cosy f /sin y -2 

, 477 . 477 1 

and cos y i sin y - - ~ 


\/3, 

T' 

\/3. 



In Fig. 13, OA represents 1, OP represents — ^4 — and OQ repiesents 

1 Vi ^ - 

2 ~2~ angles AOP, POQ, QOA, being each I20‘. 


EXAMPLE 2 

Find one cube root of 6*4 - 4-8/. 

Let 64-- 4*8/ r(cos 6 , /sin^) /•[(#]. 

Then / - V6-4^ V 4-8'> 8 and 0 tan ' (- 323’ 8 . 

The cube roots are given by 

J d-^ 2kir 0 \ Ikn 1 

r4(cos*~- j — 4 /sin j- - j 

where k 0, I, 2, in order. Putting k = 0, we obtain the root 

(^1 cos j Vi sin j| 8l (cos 107’ 43' i /sin 107’ 43') 

-2(- 0-3043 -i 0-9526/) 

- 0-609 + 1-905/ 


Substituting k 1 and 1 will give the other two roots. 

In Fig. 14, OA represents the quantity 6*4 — 4’8/, the length of 04 is 8 units, 
and the reflex angle XOA = 323** 8'. The lines Oq, Or^ and Os represent the 
three cube roots of 64— 4*8/; the length of each line is two units, and the 
angles XOQ, XOR, and XOS are respectively 107® 43" as above, \(360"' 
323® 8") 227® 43" and K720® -F 323® 8") 347® 43" respectively. 


The reader should notice that ^r[d] has n values, represented by r” 



^ To 360°"| ? re 2 X 360‘'1 ^ ^ j 

^.rt „ _ I ~ ^ — j, etc., and that the n lines m an Argand 


diagram representing the roots, form a system of equally-spaced radiating lines 

1 360 

each of length r\ the angle between each pair of which is -y degrees. 
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19. Summation of I'rigonometrical Series. If we know the sum 
of a series such as 

2, - + A^x + A^x^ h A,x^ ^ . . . + A,x^ (1.50) 

we can obtain from this the sum of the two series 


Cn “ v4(, + A^x cos 0 + cos 20 ] 

f A^x'^ cos 30 4* ‘ . t- cos //O j 

and AiX sin 0 \- A^x^ sin 20 j- A^x^ sin 30 \ 

+ . . . + Af,x^^ sin nO ) 


(ISi) 

(1.52) 


For, multiplying (1.52) through by i and adding to (1.51) 

Cn + jSn = ^0 + ^i-'V(C0S 0 + / siu 0) 

+ A^x^icos 20 + i sin 20) 

+ A<iX%cos 30 + i sin 30) -f ... 

+ AnX^(cos nO 4 / sin nO) 

+ iSn = ^0 + Aixe 4- 4 A^x^e^^’^ \ 

4 - . . . + AnX^e^^^^ 


(153) 


which series may be obtained from (1.50) by writing x^^^for x. 
Hence, if the sum of (1.50) is known so also is that of (1,53). By 
equating the real and imaginary parts of the two sides of (1.53) we 
can find C„ and 

EXAMPLE 1 

Find the sum of each of the series 

C„ = 1 + xcosd ^ cos 26 -t- ;^cos30 ... \ .y^-^cosC/z - 1)0 

jc sin 0 1- sin 2tl r a® sin 30 i ... f ^ sin (n - i) 0 

By the above method 

Cn + iSn = I + -4 + . . . + 

J 

= since the series is a geometrical progression. 

In order to put the right-hand side in the form a -f ib it is necessary to eliminate 
the imaginary term from the denominator. This is effected by multiplying both 
numerator and denominator by the expression 1 — xe-' [In general, if the 
denominator is of the type A + where A and B may be any real expressions 
and k any real number, we multiply by ^ -f Be-^ kid,] 
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\Vt hnc tfttn 


< /S 


i\ w *^)(l « I 


(1 )U \t ) 

I U ^ \ ( A C 

I '’\CO>0 \ 

1 i mO) \ (LOh/ifJ /sin/iO) v (cos« 10 f sj n /? — 10 ) 

I 2vcos0 \ 

ind equating rtil and miaginiiy puts 

^ 1 xco'^O \ cos/iO \ ^cos«“ 10 

1 2\cos0 1 V 

. ^ \ sin 0 X sm/iO \ 10 

uid V 1^/1 
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EXAMPLES i 


1 \ 
sin X J 


J9 lolkwmg 

j Divide thtough numeiator and denominator by V ] 


ai £./ 

i 0 4 


(3) i / ^ [Put \ 2 h] (4) L/ ^ ^ 


(Sri? (6) t? (7) if tan H 

r- 4v Sa 8 r 0 V r 



[ iMns I ic 


ih) Show that // {tin \) IS oi i^coidniv^ is \ jppioKhcs the 

rrt 

limit by increasing oi deci erasing 

(9) A straight line AB slides with its ends 4 and B on the axes of v and v 
lespectively 4 ^ is another position ot the line near to AB and P is the point 
of inteisection Find the limiting position ot F as 4B approaches the position 
AB Let a be the angle iP4 and let angle 0/4^ 0 



Then by the sine rule and ~— 

PA A A PB BB 

Cl 

hence = 1 . ~ ^ cot 0 where a PA and h — PB 

BB b 

Since = TW, OA OB~ - OA OB 

le {OA 4~4r (OB BB) 04 OB 

2 OA 71 2 OB ¥b a 4 BB 

ot 2 ^ BB 2 0~i BB^cotO 4 A BB 

le 2(^-dA fcote) -AA ^cotO-BB 

As AB approaches AB, the right-hand side tends to the value zero and m the 

u 

limit we have OB « OA t cot 6^ PA — a and PB — h 

b 

a 

or T tan'* 0 

b 

. P '4 ^ . 

Thus in the limiting position ^ - tan® 0 
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( ID) I aid Ihc limiting position ot P in last example if forjhe condition 

iB constant wcsubstitute the condition — 05 OA' ^ OB' constant. 

Test for convergency or divergency the series— 



\ ’ 

X 

A*' 

X 

2 


*4 


2" 

3^ 

4* 

2“ 

y 

y 

5* 

\ 

1“ 

,\ 

A^ 

1.2 

2.3 

.3.4 

4,5 

1 

1.2 

I 

2,3 

1 

3.4 

1 

4,5 


2lv 

3 lx 

- 


(16) \S rite down the tirst live terms in the expansion of ~ sin-* ^ 

(17) Write down the (/ } IJthteimmtA i a)' and the 6th term in (1 1 

X 

(18) The equation v c cosh - represents the shape of a hanging flexible 

wire or string. (Fig. 6 shows the graph for the case r ' 1.) Show that for small 
\alues of .V, i.e, near the lowest point of the graph, the equation is approximately 

y c^l which is the equation to a parabola. 

(19) The equation to a catenary, or chain curve, as in the last example, is 

X 

Y - c cosh A chain is suspended from two points at the same horizontal 

level and L ft apart. Prove that the sag in the middle is c^cosh—— 1^, and 
show that, if the sag s is small compared with!,, i.e. if c is large compared with L, 

Ijt 

then s , 

8c 

(20) Show that if n is large compared with unity, Vw® — sin^ is approxi- 

t sm®0 ^ , ... . 


mately equal to « — ~ 
1(1 - cos2^?) for sin®0. 

121) If 
B, and C. 


, and express this as a function of 2S by substituting 


I i-~sin®0 4~sin‘*O j .~sin«6 + . . . And 
>Y /I- a® n** 


(22) By the methods of Art. 8, evaluate 

0*996 ' 0*993’ V 0*97’ y 97 

(23) Show that if f 2jr 2 per cent m measuring / or g will 

cause an error of 1 per cent in the time, whilst errors of 2 per cent in both / and g 
may cause either no error or an error of 2 per cent in the value of t. 
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(24) Obtain the first four terms of the expansion of by the binomial 

5 A/^ 3/2 

theorem, where a < N^; and, hence, show that N — is an approximate 

5N^ 2a ^ ^ 

value of (N^ -f a)^. 

Deduce that the difference between (100100) and ibe order 

(U.L.) 


(25) From the relation (1.16) calculate the values of c\ e\ and ei, correct to 

five significant figures, and verify by multiplication that (d)** e'-. 

75 ^58 

(26) Find the sum of the binomial series 1 1 — — p , 

6 6.12 6,12.18 


to CO. [Hint. Assume the sum to be (I 1 x)^ =^14 nx 1 — ‘ ^ a- 


h - . . . and by equating the coefficients of the second 

terms and those of the third terms, determine n and jc. Show that the fourth 
terms agree.] 

(27) Sum by the method indicated in the last example the binomial series 
1 - 6a: + 6^2 4- 4x^ + ... to x 

(28) Show that if Oi, 0^ 0^, . . . are a series of quantities m arithmetical 
pi egression, and these values are substituted for 6 in turn in the expression 
y = where a and k are any constants, the corresponding values of y, 
i.e, ji, y^, ^ 3 , . * . are in geometric progression. Hence, or otherwise, show that 
if y = ae~^\ where a and k are positive and t represents time, and if y falls to 
one-half of its original value in time /o, theny will fall to one-fourth, one-eighth, 
one-sixteenth, one-thirty-second, etc., respectively of its original value in total 
times 2/o, 3/o, 4to, 5/o, etc. 

(29) Prove the relations (1.34). 

(30) Prove that sinh'^ a - Iog,(t 7 h f a) 

and cosh~’ A ^ I 4 x) 

Hence, or otherwise, prove that sinh ^ x ~ cosh”^ 1 4- a-^ 

9 

Calculate sinh"^ — correct to four significant figures. 


(31) Showthatetaiih~‘flj = 


(32) Find by means of the Argand diagram the five solutions of a^ — 1 ™ 0, 

i.e. the five fifth roots of unity. 

(33) Find all three values of ^27 and both values of 36 4- 64/. 

(34) Using the exponential values of sin 0 and cos d (1.47), prove the for- 
mulae sin* B 4- cos® 6 ~ 1 and cos IB — 2 cos® 6 — 1 . By expanding the right- 
hand side of (cos 30 4-/ sin 36) = (cos 6 4- i sin 6)® and equating real and 
imaginary parts, obtain expressions for cos 30 and sin 30 in terms of cos 0 
and sin 6. 

(35) By the method indicated in the last question, obtain series for cos nO 
and sin nB where is a positive integer. 
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(36) If \ and I aic the icctangular components along OX and OY icspec- 
lAth of a tojcc i f being m pounds and 0 the angle measured in the anti- 
clockwise diKVtiou fiom OX to the line of action of F, the senses of all forces 
being a\\a\ horn the ongm, wc may wiite F[6] X i Y. Find, by the method 
of Art. in, tite icsultant of the system of coplanar forces: 10[22% 15[103‘’], 
17[220 ] and 12[320 J. If F[a] is the resultant state the values of R and a, and 
gi\e /flu] in the foim a i Ih. 

1 37) Define a complex number and show that any complex number maybe 

expressed in the foim /(cos B 1 »sinG). Express - in the form ricos B 
ismih. 

(38) Define the modulm and amplitude of a complex number. Show that the 
product of two complex numbers is a complex number whose modulus is the 
product of their moduli, and whose amplitude is the sum of their amplitudes. 
Fxptcss (2 3i I (3 “ 2/) as a complex number, and determine its modulus and 
amplitude. 

If sm (.X (v) /(cost) ihinO), find the numerical values of r and 0 

when.v - I and V 1. (U.L) 

(39) Show how complex numbers may be represented giaphically. O, A, and 

B are the points which lepiesent 2 eio, unity, and a i ib in the diagram of the 
complex variable; OC'is the internal bisectoi of the angle BOA, and the parallel 
through B to OC meets AO in D. Show that the point in which the circle through 
B, jD, and A meets OC represents one of the values of ia ib)K Indicate the 
point which lepresents the second value. (U.L.) 

(40) Expiess each of the following fractions in the form a h ib, where a and 
h aie real, and mark the representative points on an Argand diagram. 


0 ) 


2_ I 

2-f 



0 ) 


(2 i- 0^ 


JL„ 

(2 - if 


i 

(41) Write down the general value of (cos 0 - i sin 6)?, where p and q are 
integers, and prove that the expression has q different values and no more. 

Find all the values of {- 1)’ and show that their representative points on an 
Argand diagram lie on a circle, (U.L.) 

(42) Find the square roots of 5 12/ and represent them on an Argand 

diagram. 

Express i m the form r(cos B i sin 0), and, hence, find the continued product 
of the three values of /L 

(43) If X cos OC ! / sm a, show that cos a - and i sin a 

Deduce the expansions of cos® a and sin* a in series of cosines of 

multiples of X, 

(44) Write down the values of sin x and cos jc in series of ascending 
powers of x. 

Prove that the length of an arc of a circle is given approximately by the 
formula i (8B ~ o) where a is the chord of the arc and b the chord of half the arc. 
Show that the error made in the length of an arc which subtends an angle of 
90** at the centre of the circle calculated by this formula is about of the 
radius. (U.L.) 

(45) Give, with proofs, the exponential values of cos B and sin 0, and deduce 
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their connection with the hyperbolic functions. From the identity tan 2.^ 
T~ coi responding value of tanh 2\ 

Show that by a propei choice of A and B, i Be (where / v - I ) 
can be made equal to 5 cos 20 - 7 sin 20. (U.L.) 

(46) Suppose X ly = i Be (/ - - I) where A f 

B />! ib^. Assuming that x. v, «j, bi, 6», //, t aic all real, find the values 
of r and v; and find an equation connecting v and v which does not contain t, 

(U.L.) 

(47) Show that sin ix i sinh v and cos a cosh \, where / denotes I. 

sioh K 

Show also that - - " is an odd function, and expand it in ascending 

I h cosh X r a 

powers of .x as far as the term in (U.L.) 

(48) Write dowi^expressions for cos 0 and sin 0 m terms of e and e ™ 
where i denotes V — 

Find, in the form a + one value of each of the following expressions — 

«) log.-|^- («) cos-’-f'. (U.L.) 

° 3 + I 4 

(49) Prov e that if sin {x + iy) be expressed in the form /(cos 0 !- / sin 0), 

/cosh 2y~ cos Zx , ^ 

then r == ^ — and Q = tan“^ (cot x . tanh y). 

(50) If x iy — sinh (3 , 4/), find the numerical values of x and y to three 
places of decimals. 

Prove that the values of z satisfying the equation sin z — 3 ai'e hit , 
(- D” { i’’- + nog (3 + 2 V2)}. (U.L.) 

(51) Show that when a and b are both positive, a 4 ib may be expressed 

in the form V {a^ + 6*^)^^^ where tan 0 ~ - 

a 

Examine the cases when a and b are not both positive, illustrating by a 
diagram. 

Given that 1 = i + Cpi + express p in the form giving the values 
p Lpi R 

of A and 0. (U.L.) 

(52) If lan -- tanh prove that sinh u ~ tan x, cosh u ~ sec x, and 

u — log tan Calculate by the tables sinh (0*5) and cosh (0*5). 

(U.L.) 

(53) Prove that ( 0 tanh (x 4- v) 

*'14- tanh x tanh y 

(2) sinh 2x F sinh2y ^ 2 sinh (x 4- y> • cosh (x— y) 

(3) cosh 3x = 4 cosh® X— 3 cosh x. 
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(54) Pio\c that 

cos a cos (a d) cos {a 26) . . ♦ -r cos 1 — Id) 


cos (a in - Id) ^ 


6 

sm- 


anti hnd the coucsponding sum foi a series of sines 

(55) Sum the sciies - 

V sin 0 sin 20 \ sin 20 - to n teims 

V“ A"* 

1 V COS 0 — cos 20 } jj cos 30 i~ . to infinity 


(56) Sum the senes 


nin~ 1) n{n- l)(n-2) 

I t n$in0 -p sin 20 ^ sm 30 } . 

, sin n 0 

(57) Expand (^1 \ -j b) the binomial theorem, and show that 



Hence, show that e* Lt. (l r ■;) . Critici/ethis pioof. 

(58) Find the sum of n teims of the senes 

sin a sm (n ^ li) sm (<i 2/>) i sm (« Of?) 1- . . . 

Find the sum of the lengths of the lines joining a veitex of a regular polygon of 
n sides to each of the othei vei ticcs, in terms of the length of a side of the polygon. 

(UX.) 



CHAPTER II 


DIFFERENTIATION 

20. Changes in a Function of One Independent Variable. When 
applying mathematics to problems in engineenng or applied science, 
we require to know not only the values of a function / (.v), say, for 
different values of x, but we need also a knowledge of how _/ (x) 
increases or decreases when x changes in a certain manner. Thus the 
engineer knowing the positions of the several pieces, or elements, 
of a machine at different times, must obtain from this a knowledge 
of their velocities and accelerations. From the latter he finds the 
necessary accelerating forces. He is thus enabled with the extended 
information at his disposal to examine whether the machme will 
function properly, i.e. whether it will produce the required motion 
or motions and will transmit the necessary force or forces. 

When designing a portion of a machine or structure it is usually 
necessary to find where the stress in the material is greatest, so that 
this greatest stress may be kept below the safe working stress. By 
considering the rate at which the stress varies from point to point 
we are able to see where it is greatest, and thus to produce a correct 
design. When considering variations such as the above we may 
assume one variable quantity, the distance in the above cases, to 
vary in any arbitrary manner. This variable is then known as the 
“independent variable,” and the other variable, the velocity, accelera- 
tion, or stress in the above cases, then vanes in a certain defined 
manner depending upon (1) the variations in the independent 
variable, and (2) the relation connecting the two variables. On this 
account the second variable is known as the “dependent variable.” 

Iny = f (x), X is the independent and y the dependent variable. 
Without changing the relation between two variables we may 
sometimes change its form so as to interchange the dependent and 
independent variables. Thus, over the range inside of which it is 
defined below, y = sin"^x means the same as x = sin y,y — cos“^ x 
as X — cos y, y = loge x as x = e^, etc. In each of these and 
in similar cases the first expression is known as the inverse of the 
second. 

We shall proceed to investigate rates of change of functions of 
one independent variable of the type y=J (x). Before doing so we 
shall define more explicitly the meaning of certain inverse functions. 

41 
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21. Inverse Functions, i sin '■ v is the angle in radians between 

^ and 1 whose sine is x. Since there are an infinite number of 

solutions to the equation sin i - v, the reader will see that in order 
that sin ' v may be a single valued function of .v, it is necessary to 

77 77 

limit the definition so as to include only angles between and + 2 ' 

\ cos ‘ V is the angle in radians between 0 and tt, \\hose cosine 

I - tan ' \ is the angle in radians between ^ and ^ - \vhose 
tangentisY. 

There are simiiar definitions for cosec * \, sec”’ and cot*"^ a'. 
The inserse functions given in Art. 12 aie defined as follows: 

) cosh * X is the quantity defined by cosh;’ -= x 

r - sinh * v is the quantity defined by sinh j == x 

I tanh ^ X is the quantity defined by tanh v - x 

As there is only one solution to sinh y = x or tanh y == x (see 

Figs. 6 and 7, the axes of x and y being interchanged), the second 
and third of these are single-valued functions of x. There are, 
however, two solutions to cosh v -- x, and, consequently, cosh-^^ x is 
a double-valued function of x (Fig. 6). Generally, the inverse of 
y ^fi^) is X ~ (;’), and the definition of an inverse function 
of X may be written / (/ "^(x) ) =■= t. 

22. Differential Coefficient of /(x). Let y = J (x). Assuming a 
fixed initial value for x, let Ay be the increment of y corresponding 
to an increment Ax of x; so that we have 

V + Ay (X + Ax) 

and S} =f(x-r ^x)-y=Jix +'Ax) - / ( x) 

Dividing by Ax, we obtain the ratio of the increment of to the 
increment of x, i*e. 

\y ^ fix + Ax)- fix) 

Ax Ax 

The limit of this ratio when Ax tends to zero is called the first 
derivative or differential coefficient of y with respect to x, and is 

denoted by the symbol 
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(ir.i) 


i.e. U. AA-+Ax)~/(Ar) 

dx At— ->0 

The differential coefficient of j.’ = J{x) with lespcct to .v ib often 
denoted by or simply D^y. 

EXAMPLE 

/ — dv 

If y Vx, find ™ from first principles. 

By definition ^ - Lt. ^ 

dx Ar-^O Ax 

-^) - _ 1 J, 

At->o X -h Ax -I Vx) . Ax Aa-^0 Vx -t Ax I v x x 

23. Dynamical Illustration. The equation s ~ j {t) gives the dis- 
tance s feet moved by a particle from a fixed point in a straight line 

, . . . , . ds 

to any other point in it in time t seconds. To find a meaning for 

By the definition above - Lt, ^ ^ 

dt :,f ^ It 

Now / (/ + Ar) —J {t) =- distance gone in the time Ar; 


and 


fit + At) --fit) 


At 


average speed during the time At, 


ds 


Hence, ^ = limit of average speed as the interval Af becomes 

' small and smaller = actual speed at time t. 

ds 

If we denote the speed ^ by ^ and assume, what is true in general, 

that V == <l>it\ then by a similar argument to the above we find that 
dv 

^ denotes the acceleration of the body at time t. 


24. Relations Between the Bending Moment^ Shearing Force, and 
Load per Foot Run on an Horizontal Beam Carrying a Load of 
w lb per Foot Run. Let PQ (Fig. 15) be a small portion of the 
beam, the vertical sections at P and Q being at distances x and 
X + Ax respectively from some fixed point O in the beam, as shown 
in the figure. Let Fand M be the shearing force and bending moment 
respectively at the section P, and let the only load on the portion 
PQ be one of w lb per foot run, where w is either a constant or a 
function of x. The reader will know that F is the algebraic sum of 
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all the forcei on one side only, left or right, of the section at P, and 
that M is the algebraic sum of the turning moments about P of all 
the forces on one side only of the section. We shall assume that F is 
positive when the portion of the beam to the left of the section at P 
exerts an upward force on the portion to the right of P, and vice 
versa. We shall also assume M to be positive when the portion of 
the beam to the left of P exerts an anticlockwise turning moment 
on the portion to the right of P. The arrows in the figure show the 
correct senses for positive shear and positive bending moment, 


0 



i 1 

L 1 

f 


Posit life shear 


oo 


Negativeshear 


EU 


M 


W^X 




Eio. 15 



the forces and moments being those exerted on the portion PQ of 
the beam by the adjacent portions. Since Fand Mare both functions 
of X their values will vary, and we assume that the corresponding 
values at Q will be F 4- Af and M 1 AM respectively. 

Now consider the equilibrium of the piece of beam PQ. In 
addition to the forces F and F + AF and the couples M and 
M + AM shown, there is a load of amount wAx due to the dis- 
tributed load of w Ib per foot run. Equating to 2 Bro the sum of the 
vertical forces, we have 

F- h’Ax:- F- AF.= 0 . . . (11.2) 

and taking moments about Q, 

M -F. A-v-h''^^^'’- M- AM = 0 . (II.3) 

dF 


or in the limit 


(11.4) 
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From (1 1.3) 

- F. Av 


uCA-t)-* 

2 


- \M, oi 


F f 


u . A\ 


A A/ 
Ay’ 


and in the limit 


cm 

clx 


(11.5) 


These relations (II.4) and (fl 5) are of great importance to students 
of strength of materials. 



25. Geometrical Meaning of tbe Derivatire. Let P be any point 
(jT, y) on the curve / = f(x). Referring to Fig. 16, we have 


y =/(x) = MP 
Ax ^MN = PK 


i’ + Ay 
Ay 

J(x + Ax) — /(x) 
Ax 


--f(x + Ax) 
-fix + Ax) 
KQ 
' PK 


--NQ 

-.fix) 


KQ 


tan KPQ 


= gradient of chord PQ 


Now, as Ax becomes smaller and smaller, the point Q will 
approach nearer and nearer to P, and the chord PQ will rotate about 
P and approach the position of the tangent PT to the curve at P as 
its limiting position. 
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Hence, 

limit of the gradient of chord PQ 
^ = gradient of the tangent FT 

= tan f 

(where f is the angle between the tangent at P and the positive 
direction of the x axis = angle PTX) 

i»e» ^ = tan y) . . . . (11.6) 


[ dx dy ”] 

Prove also that cos ^ and sin f — where As — length of arc PQJ 


The value of 


dy 


at any point on a curve is, then, the gradient 
of the tangent to the curve at that point. 

dy 

It follows that if V == c where c is constant, ^ since the 

graph is a straight line parallel to the jc-axis; and if y = mx + c, 

dy 

^ = m, since m is the gradient of the straight line. 


26. Differentiation from First Principles, Standard Forms. 

Following the method of Art. 22 we can, theoretically at any rate, 
differentiate any ordinary function, but this process, if applied 
generally, would involve too great labour and difficulty. To avoid 
this we establish, once and for all, the differential coefficients of 
certain standard functions, and use the results, together with a 
few general rules, in the differentiation of other functions. 

' d 

To prove that x” ~ nx^ for all values of n. By definition 


dx Az-Mjt Ax jg ^ H” Ax) *“* X 


= K.x«-Hby Art 8,Ex, 5) . . . (II.7) 

Note that on substitution of the numbers, 4, 3, 2, 1, 0, — 1 — 2, 
etc., for n in (IL7) the differential coefficients are respectively 4x®, 
1 ' 2 

3#, 2x, I, 0, — etc., in which series of powers of x, 

. x’' d'<^' hot app^r.' ■ 
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EXAMPLE 

dx 


ix^) = Hx' 


/ 1 \ d _ , 
dx \^z) dx^^ ^ 


i . A* "* 


3^ A' 


To prove that ~ [c . f(x) i- d] = c [ f(x)l where c is a 
constant. 


£ Ic.fix) + d] 


Aa:->0 


Ax 


,.u/-S£±M-ii!i = c4lfMl 

A*-*o Ax 'f'- 


' dx 


‘ * dx 


^ [c ./(x) + rf] = c . ^fix) . 


(II.8) 


EXAMPLE 

If - - 550, find ^when v 30. 

Here p = 550v’ ***L /. ^ 550 . (r ”*•'■*) 550{"“ I*2v -•-) - 

dp 660 

and when v 30, -j- — , 7 . 7 -^ — 0*372. 

dv 30 ®- 2 


27* Differentiation of a Sum, Let j == w — v + w + . . . where 
V, w, * . . are all functions of x; and let Aw, Av, Aw, . . . Aj, 
be increments of w, v, w, • - • v> corresponding to an increment 
A.X of X. 


Then v + A v — (w + Aw) (v + Av) + (w + Aw) + 

A3-’ = Aw — Av + Aw + . . , 

Av Aw 
. ' Aa* . Ax 

In the limit when Ax->0, we have by Art. 3, 


and 


Av Aw 
Ax Ax 


dy _ du 
dx dx 


dv dw 
Tx'^Tx'^ 


(IL9) 


Thus, the differential coefficient of the algebraic sum of a finite 
number of functions is equal to the algebraic sum of the differential 
coefficients of the several functions. 
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fVAMPLh 


A- 


h\ \ M 


(4a ^ 6ti-9] 4( \ •*)- 7(0 3 v «*') i 6(lx h-0 

4^1 3 _ 

'a- ic»' 2\ x‘ 

28. To prove that (sin v) — cos 

ci , . , , sin (a: -f A;ic) — sin .x 

*<’■”'>■’.(6. if — 

^ / Ax^ . Av 

2 cos X + -X- . sin -^• 


^ / Ax\ 2 


; (sin x) == cos X 


;ince Lt. cos I .x -i- 1 ■= cos x, and Lt, 

Ar-^ \ ^ / Aj X 


( 11 . 10 ) 


lo Ax 
'2 


TT 

Similarly writing “h 2 ^ above we have 


(cos x) — — sin X 




(at+j 


cos j X + 


; (cos x) = — sin X 


( 11 . 11 ) 


The following geometrical method of differentiating sin x is 
illuminating. Let the arc AP of a circle of unit radius (Fig. 17) 
subtend an angle x radians at the centre O and let angle POQ — Ax. 
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Draw PM and QN perpendicular \o 04 and Pk perpendicular to 
QN. Then 

sin (x h Ax) - sin v - MQ - MP KQ 


, sin (x + Ax) — sin x , KQ 

Lt. . Lt. - - cos X 

Aa— >0 Ai ^oPQ 



Fra. 17 


Hence, ^ sin x = cos x. The reader should try this method for 
the differentiation of cos x. 


29. To Find Expressions for e® and for e” using the Fact Proved 
in Art. 9 that the Gradient at any Point on the Graph of ji' = e® is 
Equal to the Ordinate at that Point. Since the gradient is represented 

by this relation may be written y- 

We shall assume that (or e®) may be expanded in the form of an 
infinite series, each term of which contains a power of x. Thus 
assume 

) — e® — ffo + f • • ■ 

dv 

Then ^ ~ + • • • 


(For the conditions under which the relation (II.9) is applicable 
to an infinite number of terms the reader is referred to any standard 
treatise on the differential calculus. We shall content ourselves with 
stating that the sum of a power series in x is differentiable over the 
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range of values of \ for which the senes is convergent, and its 
difierential coeflicient is then found by using (11.9).) 

Since V for all values of v, the right-hand sides of these 

expressions are identically equal, and we have Oi = a^, 2a ^ 

, . t, 111 

Id u. Aa^ a , etc Hence, a, u,„ ‘J' ~ t “- 

i'll *■ L ' 

j4«»>etc, 

/ V« N 

1 «n I ^ j2 13 |4 • 7 

Since \ e becomes i when \ - 0, we have on substitution 
in the last iclalion 1 - hence, we have 


e* 

or, writing ( v for 

" " -'p '|3 +'|T + ■ ■ ■ 

which we gave without proof in Ait. 9. 

The differential coefficient of is found thus 

d ^ ‘ — 1 

Lt. . = a*® Lt. — r — 

dx ^ Av At 



<1 

- log, a (Art. 10) 

Hence 

- a' log,, a . 

Again 

dx 

d 

- ~ where a ^ i 
dx 

Hence 

— akX 

dx 

— , log,, a = ka^ 


d . 
dx 



V- 

V? 


14 




4vl 


C*X 


(11,12) 


. (IL13) 


EXAMPLF I 
The equation t 


V — 

^0- e gives the current i amperes in an electric 



DU FhRENflAllON 


cittuil dt time t seconds, I, R, and L being the \oltdgt lesistaiicc, and seli- 
mductance lespectively; to find 




EXAMPLE 2 


If r — Toe , To and /i being constants, show that uT 
H®‘'e ^ // . Toc"* - »T. 

30. DifFerentiation of a Product of Two Functions. Let v - uv, 
where u and v are functions of x\ and let Av, Av be increments 
of u, V, ;; corresponding to increment Ar of v. 

Then y = uv 

and y + Ay = (u + Au) (v + Av) 

= wv + uAv -f- vAw + Aw . Av 

Subtracting, Ay = wAv + vAw + Au . Av, Dividing by Ax, 

Ay Av , Au ^ Au . Av , , , . . Aw 

Ai AT v + ’ Ai + AJ S + Ai 


In the limit when Ax->0, we have by Art. 3 


dv du 
^ dx^ ^ dx 


. ( 11 . 14 ) 


Thus, the differential coefficient of the product of two functions 
= (1st function) X (diff.co.of2nd) 

+ (2nd function) X (diff. co. of 1st). 


EXAMPLE 


Tofind^(jc"e"). 

d d 

dx dx 


‘ f , nx 

~ e^* {ax h n) 
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31. Differfintiation of a Quotient, Let y 


- ; hence u = vv. 

V 


^ ^ du dv . dv 

By product rule ^ = 


du dv 

Y — u — 

dy I rdu u chi ^ dx dx 

dx ”” V I rf.v V ^/.YJ V- 


(11.15) 


Thus, the difierentiai coefficient of a quotient 

(denom.) x (diff. co. of num.)— (diff. co. of^enom.) 

(denom.)- 


EXAMPLE 


d 

Tx 


A, . (cos • 1“ sin y) 

tix \QO$x/ cosCv 


1 


COS^ X 


■- sec® A- 


Similarly, ~ (cot a) — — cosec® x. 


32. Bifferentiation of a Function of a Function, hti y ==f (u), 
where u =» ^(x), so that u and y are functions of x; and let Au, Ay 
be simuhmeous increments of u, y corresponding to increment 
Ax of X. 


We have 


Av Av Am, , . „ 

= -r^ * r"“ identically. 
Ax Am Ax 


In the limit when Ax (and, therefore, Am) we have by Art, 3 


^ _ dy du 
dx du dx 


. (11.16) 


With the same notation as in Art. 23 we have ^ v ^ 

dt as dt ds 

so that V — is an alternative symbol to denote acceleration. The 
as {fo} 

angular acceleration ~ of a rigid body rotating about an axis 
can also be denoted by a~, 6 being the angle through which the 
body has turned and eu its angular velocity at titne /. 
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example 1 


Let y = sec a: = (cos 

Put u " cos x; then y ~ ir^ 

du . , dy 

^ _ sin .V and ~ = 
dx du 


\ 


1 

cos® X 


dy dy du ( 1 \ , 

Hence, -r == ZT * — I — — ^ i x (~sin x) — 

dx du dx \ cos® X/ 

dy 

Similarly, if y — cosec ^ ~ ^ • c^sec x 


sin X 

— ^ or tan x . sec v 
cos® x 


j Va^ X®. Put « = tt® + X®, so that j — 

du ^ ^dy 1 1 

"7" = 2x and-j- — — == — 7 -r:^==z 
«x du 2Vu iVa- -f X® 

^x du dx ~ Va® + X® 

When he has had a little practice in differentiating functions of 
functions, the reader will be able to omit the actual substitutions. 
In differentiating + ot), for example, he will proceed 

mentally as follows — 

^ sin^ (iTrnt + a) 

^ rf[sin^ {Irmt + «)] rf[sin {Inni + a)] dj lTrnt + ^ 
rf[sin (2™/ + oc)] d(2nnt + a) dt 

:== 2 sin (2'7r«^ + a) . cos (ZTrnt + a) . Itt/i 
= 4Trn sin (lirnt + a) . cos (2nnt + a) 


EXAMPLE 2 
Let 


Hence, 


EXAMPLE 3 

Assuming the results (ILIO) and (11.11), we have the following — 

” sin (ax + b) == cos (ax “ (ax + 6) = a cos (ax + b) (11.17) 
d . d 

^cos (ax + i) == — sin (ax 4- b)-^(ax + 6) = — a sin (ox 4- 6) (U.18) 


33. DifferentiatioB of HyperboUc Functions. 


c®— (— e“®) 


' + e-‘ 


cosh X 


(11.19) 




34. Differentiation of Inverse Functions* In general, if y is a 
continuous function of .t, is a continuous function of j , and if y 
can be differentiated with respect to x within any range, t can, in 
general, be differentiated with respect to y. 

( 1 ) I. 

* a 

/. X - a sin ) 

t/ d , cl d\ 

dx ^ " dx •’ ^ ■ dv ^ ■ dx 

, dv 

i.e. 1 ~ a cos y , 

dx 

1 . , J 

tfx Cl cos I’ ” / 

“V'-s 
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From the definition of sm“’ x given in Art. 21, we see that sin~'^ x 
increases with x, and so wc take the upper sign, and wiite 


d \ 1 

dx a 


. ( 11 . 22 ) 


(2) — cos '■ 


X — a cos i 


d I . d . dy 

. . dy 


d\ Va2 


From the definition of cos (Art. 21) we see that cos 
decreases as x increases, and so we take the upper sign, and write 


cf X 

, COS"^ 


a Va^- 


(11.23) 


(3) y = tan-i - 


\ = a tan v 

dx ^ 

__1 

dx a sec^ v 


a 1 + 


a*® + 


(11.24) 


There is here no ambiguity in sign as tan-^.v increases as \ 
increases. (Art. 21.) 

(4) y = loga X. 


dix) dia’) ^ . dy 

k ./V— “■‘‘’S''’* 


and 
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5 e) 


1 c 


1 


I 


If 


d) I _ 
ih \ log, a 

a \ log, X and 


d\ I 
dx X 


I .1 * t ^ d\ 

It IV useful to note that .-log > =-« , 
dx ^ ' } d\ 

From the above 

d , , , \ d a 

7 - los',(aA r o)- — , 7 - + b) = ; . 

dx ^ ax-i-bdx^ ^ ax + b 


EXAMPLr I 


Lei > 

1 X a 

tan- ^ 

tan 

r. , dii 

Then 7 
dx 

! and ^7 

1 

ir 

u 

Hence, 7 
dx 

^ du 

dti dx (b^ H 

~(X > 

rXAMPLh 2 




X a 

J[_ ^ ^ 

^ {X j- ay 


(.'rJ 


^ i 


I - V- I 

Let V » sin ^ 7 - 7 - 1 — sin ^ //, where u - r— 

M V-* 1 f A.“ 

Thrn^^ ^ (i t A®) (■* 2 a) ~ (1 »- AT^) (2x) 

Nowl-«^ (I 4 „)( 1 - „)^(,4 

2 _ ^ 

1 4- a:* 1 -f ' 

• ^ _ 1 T 

2r 

^ ^ _ 2 
r/r ”* ^(1 r/AT " 2Af (M a;*)* ” 1 -f a:* 


( 11 . 25 ) 

( 11 . 26 ) 

( 11 . 27 ) 


4x 

(1 + xr 

4 x^ 

(1 + x^y 
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EXAMPLE 3 


Let 

y 

, \ x^ ^ a-* \ 

log. 

V A“ or -- X 




log. (V x‘-‘ a- \ A) 
log. Hj - log, H. 

~ lOge (^ A“ — X) 


dy 

1 1 



dx 

Hi dx Hj dx 


where 

ih 

V x^ \ 1 - V, Ui 

Va“ -* — X 

and 

dui 

dx 

- }(v2 1 a‘) ^(2v) 1 

X ^ //i 

\ v^l a“ ” n/a^ fl“ 


dui 

i _ _ , 

u« 


dx 

\ x^ \ A xM 


-i-. --_i_ 

dx Ui V;c“ ^ 0 “ v a'* 


(5) y = sinh"^ * 


X = a smh y and ^ (a) == a cosh v . 


1 


i.e. 


dx a cosh y 


s (“■*■■ 3) 


1 


_1 

Vx® + 


. (1L28) 


Since cosh y is essentially positive, there is no ambiguity in sign 
here. 


(6) y ==- cosh”^ ■ 


d * dy 

X = a cosh y and ^(x) = a smh y ^ 


1 


dx a sinh y 


jx^ 


i.e. 


;^cosh-i^)=^ 


d 

dx 


1 


Vr®- 


( 11 . 29 ) 


3— (1 610) 
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rheic aie two values of r which correspond to a given value ol 
V and has ojiposile signs for these two values [v > a]. 

(7) v - tanh ’ ' 
a 

\ a tanh v and (y) -- a sech“ v • ^ 

" ax 

dy 1 1 a 

(ha sech*^ v - :<r 

"V w 

if) IS real] 


(8) V - coth~^ By a similar method we find that 
‘ a 




. (il.3l) 


[.v^ if y is real] 

Each of these inverse hyperbolic functions can be expressed in 
logarithmic form, as shown in Art. 12, 


35, Logarithmic Differentiation* The work involved in differentia- 
tion can often be greatly simplified by taking logarithms of both 
sides of a given equation before differentiating. This method is 
especially useful in the case of a function which consists of a number 
of factors. The following examples will illustrate the process — 

EXAMPLE 1 

Let >’ . sin** jix 

Taking logs, logj /;lagY J kx 2 log sin 

« 

DiiTeientiating with respect to x 

«.* f A 2. 

y dx X sm^.x. / v/ 
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differentiated gives the third diflerential cocflicient and so on. 

dx^ /^\2 

The second differential coefficient may also be written as ( ) J? 

/"(^), )» 2 » or and in the same way the /?th differential coefficient 
d^^y f d\^ 

may be written as second 

differential coefficient is of special importance to engineering 
students owing to its constant recurrence in dynamical problems. 

Linear acceleration is denoted by and angular 

, . ^ d^O r d fdBW ^ ^ . 

acceleration by i.e. 1 L the letters s, 0, t having their 

usual meanings. 

In comparatively few cases is it possible to deduce a formula for 
the nth differential coefficient of a given function. Some of the more 
important of these cases are given below. 

It will be an easy exercise for the reader to establish the following 
results — 


.Y" |/?, in being a positive integer) 



/ d 

\« 

(- ly-i 

(s^ '•' 

li 

\ log,Y 

.v” 



« 1 

(- 1)« .a" .\n 

U) ■ 


ax + h 

(flV + /?)”■** 

EXAMPLE 1 




Find Vn when (1) y sin kx^ (2) y e'*-' 

sin A X. 



f 



(1) 

yi A cos kx - A sin 

2 ) 



k^cos (^kx ( - A^sin ^kx j 2 ^ 

j 3 ^ sin ^kx 3 * 

yn sin ^kx H ^ * 0 
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(2) Vt . sin kx !- . k cos kx c'-’' (c sin kx !- k cos kx) 

Let c - r cos ct and k r sin ot, so that r — and a ™ tan~^ ^ 

Then /i r^^^sin (kx -fa); 
hence sin + 2a) 

.sr rV'’^sin(A^Y 3a) 


.. (kx *r noe) === (c*^ -r k'^f e^-' sin ^A'.t f n tan 

We can prove similarly that when y cos kx, y« cos(jcx + /r^) 

and when y ~ e" cos kx, y„ == (e* -f e^-" cos (kx + « tan""^ “ ). 

EXAMPLE 2 
Find j., when 

Resolving into partial fractions we obtain v ■ 


_2 1__ 

2jf ~ 1 X -j- 1 


v„ 2 . 


(-1)"2 "|k {-l)’‘!« 


‘= (- 1) 


(2a-- 1)""* (a-+1)"'‘ 

,(2.r_ l)»+i (x-hl)”+U 


” I— Lr2v-”i)*+ 


EXAMPLE 3 

If vyTx 


Vy — a: — c, show that 


of 


r/Ar«* 


dx X 


-75 -’-^ 


and find the value 
(UX.) 


This example can be done by difierentiating at once; otherwise thus — 
Squaring, y i a: + y — x 4* 2Vy2 — — c% i.e. I’s/y^ — x® = c® ~ 2y 

Squaring again, 4y* - 4x^ == - 4c^y 4- 4y2; 

whence 4c*y == c* + 4x* 

X 


dy 2x 

Dififerentiating, 4c® ^ 8x; so that ^ ^ 


y 4 “Vy®-x® 

^y-T Vy^ — X®) 


' .r'k^ 




I 


Again, since we have ^ =4 

dx C® . ' flfx® ' ■ c* 
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37. Leibnitz^ Theorem. If y -• u\\ where u and v are functions 
of theny^ = U^V -f- ”C 2 ^n- 2^2 -j- . , . -j" 

+ ^CrUn^r'^r + . . . + wv„., the Coefficients ''Q, ^Cg, etc,, being 
those of the binomial theorem. 

Assume the theorem true for n differentiations, and differentiate 
again, 

>’«fi “ i^n-n + tiffVi) + ‘‘Ci{UtiVi + + , • . 

+ "C,.! + Un^r+l ^r) 

+ ''Cr(u.n^r+l V, + Vn-i) + . . . + (>iV,, -i" UV,+j) 

- V + (1 + «Q)w.Vi + eQ + Va + , . . 

+ {^Cr^i + ^Cr)u„^r-^i V,. + , . . + 

Now 




J? 

I/- ~ 1 |/2 — /• + i |/* |/7 — r 

_ 1^ f I n 

|/* “1 \n~~ r L ?7 - /' + 1 ^ 7 *J 

\n / n + I \ 

|r — * 1 \n — r v*(/? — /• Ifl ])J 


\n + 1 


\r.\n+l--r 


Jn+l = Vs + , . . 

+ ^'^^CrUn^r~\-l + • • • + , . (IL32) 

Hence, if the theorem is true for n differentiations, it is also true 
for w + 1 differentiations. But it is true for /2 == 1 and n = 2, 
since yi = UiV + uv^, and y^ = (u^v + UiV^ + (%Vi + wvs) — u^y 
+ UiVi + wvs; so that the theorem is true for /i = 3, and hence 

for n — 4, and so on. This establishes the theorem generally. 


EXAMPLE 1 

(- !«-- 3 

If log X, prove that y „ == 

Let u — log X, and V — 

(- 1 , . 
Un — — =r=rr (Art. 36); vi 2;*^; v* = 2 ; va, V 4 , etc., all zero, 

■ . . ' ' . 
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n(tt l> 

I hen } , tin^ n Un i » 1 12 • j 

{ ^ 1)» M/i 1 (- Ip* ^\n-2 ^ 

" . \M w. " , — .2 y, 

x'‘ ^ 

//(« 1) { ~ 1)'* 3 

12 X" “ 

( tpM/? 3 

[(Ai I i (n 2) - 2nin 2) «(// I )] 

\ - 

( 1 

EXAMPLE 2 

If f m show that «7 '«» -iof '(« ) 2[i - / m - 20^j m 

WehaxesnPO 0-f{0) 

Bv Leibnit 2 ' theorem. (sin- 0) f (0) .0^ 2 . / '((f) ,20 f(0) .2 

" tifh 

Now "4 1*'**^" 2 sin fi . cos 0 sin 20 

tin 

4- (sm^ «) 2 cos 2« 2< I - 2 sm- 0) 2[1 - 2&- . / (0)1 

mr 

Hence, 2- 40^(0) '(^) t 40/ (0) 2/(0) 

i,e. Oy ^^(0) mf'm 1[\ - /'(O) - 20V («?)] 

EXAMPLE 3 

Show that ^ (<'«•' cos />\) cos (hx a) where cos % a, R sin a 

dx 

b, /? 0. 

Find the value of {c‘e*** cos bx) and hence, or otherwise, show that 

5" cos nfi ^ (log c)" /i(iog <)" ^ R cos a ,,. ! j (tog cos 2a E . . . 

cos fn 

where 5 cos n log c, S sin b, S>0 

(U.L, General Science.) 

We have ^ (e**-' cos bx) ete^* cos b;if — sin b;c 


=~ cos a . cos ~ J? sin a , sin i&Jt] 
(where a = R cos a, b ^ R sm a) 
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a 




cos (o)t ^ y.) 


(11.35) 


i.e. 


a ■= — a>^x . 


(11.36) 


Acceleration of A/ ^ 

Displacement of M 

The minus sign in this relation indicates that the 
acceleration and the displacement always differ in 
sign, i.e. that the acceleration is always directed 
towards the point O. If the reader remembers 
this he may omit the minus sign from (If. 36) and 
write it in the form 


Acceleration 

^ ^ ^ constant . 
Displacement 


(1137) 


This is the test for simple harmonic motion. If 
a particle or point in a body moves so as to 
satisfy (11.37), and the acceleration is always 
directed towards a fixed point in its path, the 
motion is simple harmonic and the above relations 
apply to the motion. Since M makes a complete 
oscillation every time OP makes a complete 
revolution, the time of a complete oscillation is 

27T 

given by r = — seconds, or 


t = I'TT 


J 


Displacement 

Acceleration 


(0.38) 


EXAMPLE 



Fig. 19 


A mass of W lb weight is attached to the lower end of a vertical spiral spring 
which has its upper end fixed (Fig. 19). The spring stretches a distance a ft under 
a tension Ea lb when a is small. If the mass is set oscillating in a vertical direction, 
find the time of a complete oscillation. 

Suppose the mass to be pulled downward and then released. It will then 
oscillate along the axis of the spring. Let CD be the position of the lower end of 
the mass after t seconds, and let ABbe its initial position. Then if x is the distance 
between AB and CD, the additional tension in the spring due to the stretch x is 
Ex lb, which is therefore the unbalanced force. 


Hence, since 


Force - Mass \ Acceleration 


- Ea 


W d^x 
dt^ 
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the negative sign indicating that \ and 




^ aie opposite m sign. Hence, we have 


Acceleiation (Px j 
Displacement I 


or omitting the sign 


Acceleiation 
Displacement W 


constant 


and bv tIL37) the motion is simple haimonic. Hence, by (11,38) 




time of oscillation 




39. Motion of Crosshead and Piston of the Simple Engine 
Mechanism. In Example 4, Art. 8 (see Fig. 2), we obtained the 
expressions 

V r cos (fot r a) + /^l — sin*^ {(ot + a)^ . (IT.39) 

and V ~ r cos (o>/ 4- a) t ^ (11-40) 

for the distance from the crankshaft to the crosshead, (IT.39) being 
an exact expression and (11.40) an approximate expression for x. 
With the meanings attached to the quantities in that example we 
have 

dx 

V — speed of piston (or crosshead) = ^ ft P^r sec 

d^x 

and a acceleration of piston ^ ft sec per sec. 

As found in Example 4, Art. 35, we have 

y _ _ _ _ fo;* sm {(Ot + a) 

tor^ sin 2 (cot + a) 

2 v/^ _ sin,2 ^ ot) 

an exact expression for the velocity. 

dv 

To find the acceleration we obtain ^ from (IL4I). This expression 
is, however, rather cumbersome and as an approximate expression 
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is usually sufficient, we find approximate expressions for the velocity 
and acceleration. Thus, from the expression (11.40), we have 

dx o)r^ 

V = ^ = - (or sin (cot +- oc) — ^ sin (2(ot + 2«) . (11.42) 

and ~ ^ + a) — ^ cos {2cot 4 2a) (11.43) 

The reader will note that each term on the right of (11.43) is of the 
same type as that on the right-hand side of (11.35), the first term 
being the same as that of (11.35). The second term corresponds if 

we put y for r and 2mt for cnt. Thus, the motion of the piston of 

the steam engine is approximately the sum of two simple harmonic 

motions of amplitudes r and y respectively, and whose times of 
oscillation are 

2^ 2^ 7T , ^ 

— and \ , — == — respectively. 

(O 0} 0) ^ ^ 


40. Change in Value of f (x) due to a Small Change in x. Rates* 
Referring again to Fig. 16, we see that if the given curve is the graph 
of y =f (x), a small change Ax in the value of x produces a small 
change Ay in the value of y or /(x). In order to obtain a value for 
Ay, we have 

dx 


Ay dy 

The relation ^ = y- is approximately true for small values 

of Ax, as the difference between the two sides can be made as small 
as we please by taking Ax sufficiently small. Hence, 


Ay: 


dy 

dx 


(11.44) 


may be taken as approximately true, the closeness of the value 
of Ay to its true value being greater the smaller Ax is made. 


EXAMPLE 1 

Find the changes in (1) sin x, (2) tan x, (3) x®, and (4) cosh v, caused by a 
small change A\ in the value of y. 

dy dy 

(1) y ^sinx, cosx. Hence, Ay -cosx.Ax 



*’0 
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(2l 

\ tin \ 

(J) 

d\ 

see X 

Hence, Av 

£/V . 

^ Ax 
dx 

see X Ax 


X \ 

th 

d\ 

3\ 

Henee A> 

-r- Ax 
dx 

3x Ax 

H) 

V cush X 

liX 

ti\ 

sinh X 

Htnec A> 

d\ , 
d\ 

smh \ A X 


IXAMPLl 2 

l^ind the p^ittnugc ciiors ciused m tan \ and v-* b) a small error of / pei cent 
in the vtluc of K Fiom Ex 1 (2) and (3) we have 

Av 

If \ tan \ S} sec \ and it c is the pcicentage erioi £ — 100 \ - 

100 see \ At , , / sec \ , ^ ^ 

, and since A\ ^ ^ or the peicentage error 

see X tan \ ^ ^ 

IS pionoiiional to ^ \ 

^ ^ tan \ 


if t 


S\ 3x Ax ind i 100 ~ 


At 300xAv 300 Ax 


and since 


100 


X £ 


3/ or the percentage eiioi in x* is thiee times that m v 


Dividing each side ol (H 44) by A/, and making Af approach the 
limit zero, we have 




(1145) 


By means of this relation, we are able to compare the rates of 
increase with lespect to lime (or any other variable) of two related 
quantities 


EXAMPLE 3 

Find the ratio ot the lates ot inuease of v and x with respect to time, if 
} sin X 

Applying (U4S) we have 


dv 

dy d% 


dt 

dx dt 

dv 

dx 

dx 

dt 

dt 

dt 




dt 


EXAMPLE 4 

An airship is flying hoiizontallv at a height of 1 000 ft with a speed relative 
to the land of 10 miles an houi Find an expression for the rate at which it 
IS lecedmg from a fixed point on the ground over which it passed t hours ago, 
and hnd the rate when / — J 

Let ^ distance m miles from point on giound to an ship at any time 
Then if x is tht horizontal projection of v 
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X. 10/ and 


/ /lOOON 

^ ' V5 280/ 


ind by (IJ 43) 


(h cly d\ 
dt d\ dt 


dt 


Rcquiad latt 



\ d\ 


/ICON ‘li 
\S28/ 

and . IS 
dt 

the speed of the ao ship Htncc 

d\ 

lOv 

y. 

miles pti hoin 

(m\ ' 

V 

V528/ 

10/ 

— miles pci hou! 

An ^ 


When t ^ 


528 

‘il 

* / j_ IW 

36 (528) 

9 936 

and the late is 9 936 miles per houi 


41 Virtual Work or Virtual Velocities. If a particle oi a body is 
under the action of an unbalanced force F, or of a system ol forces 
whose resultant is F the work done by F in any small displacement 
IS Fcos Q Is, where 0 is the angle between the line of action of F 
and the direction of the displacement Ls The quantity F cos 0 As 
IS called the virtual v^orl of the force F If P is any one of the system 
of forces acting on the body, and its point of application moves 
through a small distance Ap in a direction making an angle ^ with 
the line of action of P, the virtual work of P is P cos <f> Ap, and it 
IS proved m textbooks on mechanics that 

Fcos 0 As SP cos (f) Ap, 

the right-hand side lepiesentmg the sum of the virtual works of all 
the forces acting on the body F is the resultant of the system of 
forces If the body is m equihbnum F = 0, and the above relation 
becomes SPeos.^ ^-=0 (1146) 

This IS the principle of virtual work which is of use in finding the 
relations between the forces acting on a body in equihbnum 
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IXAMFLfc 1 

DifTerenliate sin 0 with respect to 0 from first principles. What is the differential 
coefficient of ^ f — 4 6 with respect to 01 

OABC is a freely-jointed frame of uniform heavy rods suspended from O. 
OA OC 2 ft, AB CB 1 ft, and AC h a strut of negligible weight, 

such that AOC 20. Supposing a small variation in 0, determine by virtual 
work the stress in AC if the frame weighs 20 lb. (U.L.) 

We leave the first part of the example as an 
exercise for the reader. The frame is shown in 
Ftg. 20. Since the strut has no weight, we can 
imagine it removed if we introduce two forces 
T lb weight, as shown, representing the thrust 
of its ends on A and C. The weights of the 
rods aie represented by forces Wi lb at each of 
the mid-points of OA and OC, and lb at the 
mid-points of AB and CB. 

The wording of the example, though some- 
what vague, indicates that as the weights are 
proportional to the lengths, Wi ~ 2fV2. Let 



ABO OBC - 4. The external forces acting 
on OABC are as follows — 

(1 ) The supporting force at O, which does no 
work, since O is fixed. 

(2) The weights ITi at D and G. The depths 
of these points below O are 1 :< cos 0 ft, and if 
0 increases by A6, these depths increase by 
A(cos 0). Hence, the work of these two forces is 
2Wi . A(cos 6). 

(3) The weights at E and F. The depths of 
these points below O are 2 cos 9 4- 0*5 cos <k, 
and the work done by the weights is 2lVzA 
(2 cos 0 4- 0*5 cos ^). 

(4) The two forces T acting at A and C. The distance of each of these points 
from OB is 2 sin 61, and the virtual work of these forces is therefore 2rA(2 sin 6). 
Since the system is in equilibrium, we have by (11.46) 

2 IKi, A(cosO)- 2 14^^*^(2003 0 4- 0*5 cos . 2r.A(2sinO)- 0 

Now, by the sine rule 

2 sin 0 « sin ^ or cos ^ 1 — 4 sin* 0 


Hence, substituting and dividing by 2, we have 

(cos 6) + (f'.A (2 cos 1 0-5 ilfnTe) + rA(2 sin 6) = 0 
and applying (11.44) 

H'.sinfi.AS . A6 (- 2rcos 6 . AS - 0 

VI - 4 sin» e 
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or 


Dividing out by A&, and putting Wi 2^2 
~2PFsin0 
^ 10 


2PFsin 0 . cos 0 

2rFsin0 ' 


/ 2 tan 0 “h 


Vf-4sin2 0 
sin 6 


\ i 


lb, since 

4 sin-* Of 


21 cos 0-0 
6^V 20 lb. 


EXAMPLE 2 


In the simple engine mechanism of Fig. 2, if R lb is the total pressure of the 
piston rod on the crosshead, and MIb-ft is the couple resisting the rotation of 
the crankshaft, prove that, if there is no fluctuation of speed, Mw, where 
V is the linear velocity in feet per second of the piston, and m is the angular speed 
in radians per second of the crankshaft. Neglecting friction and inertia forces, 
the only forces acting on OFC are — 

(1) The force at O, which does no work, since O is fixed. 

(2) The couple M opposing the motion of the crank and crankshaft. This 

does work of amount — -{- a), the minus sign indicating that work is 

done against the couple. 

(3) The pressure of the piston rod. This does work of amount - the 
minus sign indicating that if R does work on the mechanism Ax is negative. 

(4) The reaction of the guide-bar at C, which will act vertically upwards 
(in the absence of friction). This force does no work, as C does not move in a 
vertical direction. 

The total work done is zero, since there is equilibrium, and therefore 
— MA(£or -fa) — i?Ax — 0 
— Mco . At — RLx ~ 0 

Ajc M(o 
At R 

But ^ velocity of piston 


= V 

Rv ~ Mco 


EXAMPLES II 


^ (1) Find from first principles the differential coefficients 
the following functions — 


(i) 


Vx 


(ii) tan | 


(iii) sec x 


with regard to x of 

W 


i 


Differentiate the following functions with regard to x— 

“(2) 1 -7* + 8 (5) 

*(3) 4x* - 5 jc~* ( 6) sin (3>:- 4) 

'(4 )(j:- 3)« {7)tan{2 x+l) 
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(8) sec Sx 

^10) 2t^-^ 

yil) log. (at - a) 

( I2> siah 3.\' ™ 4 cosh 2x 

(1 3) i tanh |a* J coth lx 

(14) n 

(t5) i X) 

,V'(16) tanh-' 8;c 
v<n) cosh -' i.v 
(18) 

logTv 


{36) - 


(20) V X sin A* 

(21) — — 

1 -r COS A 

(22) (<?.v T- b) {px 
ax r b 


0 


(23) 

(24) 

(25) 


px -rq 
2x^ • 
3a -f- 4 

X 


tan A 

4.26) (2 -i- .T)» (3 - .v)‘ 

(27) 10''— .¥log,.v 

(28) sin kx cos lx 

COS /x 

(30) 

X 


(31) tan- 


vr 


(32) V qx '+. r 


«<33> 


Ji 


fi±i 

<? ~ X 


(34) 


(35) .tv i - 


(37) 

(38) 

“>>(39) 

(40) 

(41) 
•^(42) 

(43) 

(44) 

(45) 

(46) 

W) 

(48) 

#> 

m 

(51) 

(52) 

a (53) 

(54) 

(55) 

(56) 

(57) 

(58) 

(59) 

(60) 
(61) 
(62) 


.V- 

V" i-x 
sinh .V cosh a 


«'*• 


cosec- 


I 


2 a 


(p^ - A^)" 

1 

sinh- A — cosh^ .v 
2 
A 

c '*'tan 1 a 
e'*' sin (2 a 


sinh-* 


7) 


e' X 

X - 1 


log^VSA*^™ 3 a -h 2 
log,, sin A 

/^2 _ 1 

'Og«V^2 + J 

sin'* kx cos- /a 

^ /?cos®A^-T (jrsin-A 

. sin a . sin a 

tan"* 

cos a 1 cos A 

cosh A ~i~ cos A 

sinh A sin A 

A sin 2 a 


Va^ H- A 

Vx’ + a' -f .a: "" 

(;^+.5(2;e.-3)(;«r-2)= 
cosh-^ 3 a 
tanh“^ (cot a) 
sin-^ (tanh a) r 

e^*log#Vl-+, 2 a ' 
Idg^CA®:^^ a) 
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(63) xMog^. jc) 


(65) log,, (taa .Y^) 


(64) -Y sin" ^ A* -f 4 log^, 


( 66 ) 


A 

vT~rx^ - X 


(67) Find when (i) sin 4.v. (2) j 


(a* 4" 2) (3a4 — 2) 


(68) Using Leibnitz’ theorem, prove that if x cos pt cos qt 

ip 4- q Y r , , ip~qY T nnl 


(69) Prove that — (^“® sin 6 a) = 
b 

tan 6 = - 


sin (6a + 46) where ==-- 4- 6* and 


Show that j = ^ sin {pt -{- zi) -r B sin (2/?/ 4™ P) satisfies the equation 
d^y d^y 

— 4- 5/)- ^ 4: 4/?^j = 0, for all values of the constants A, B.ol and fJ. 

(UX.) 

(70) Verify that the solution of the equation 4- iiry a sin pt is 
a 

y ™ Tir ~2 ^ where K and a are arbitrary constants. If 

^ ^ dy 

n = 2p, find the values of K and a in the case for which y and ~ are both 

zero for t === 0. Draw the graph of y for values of t from 0 to 27r//?. (UX.) 


(71) Define a differential coefficient. If y = fiz) where 2 = F(a), find from 

, . . dv 

your definition 

A conical vessel with its axis vertical and vertex upwards is being filled at a 
uniform rate with liquid through a hole at the vertex. Prove that when the 
vessel is eight-ninths full the surface of the liquid is rising four times as fast 
as when the vessel is one-ninth full. (U.L.) 

(72) A body moves along a straight line and its displacement a from a fixed 

point O on the line in time t is given by the equation a = ^ sin pt -h B cos pt^ 
where are constants. Show that the acceleration of the body is directed 

towards O and is proportional to the displacement from O. Express a in the 
form A == i? sin (pt 4- q) and find an expression for the periodic time. 

dy dy fdx 

(73) If A and y are both functions of a third variable t, show that ~ ^ 

A crank Ofi rotates round O with constant angular velocity and a con- 
necting-rod QP is hinged to it at one end Q, while the other end P moves along 
a fixed straight line OX. If Pg meets the perpendicular to through O in 
R, prove that the angular velocity of PQ is proportional to QP and that the 
velocity of P is proportional to PP, (UX.) 

(74) Differentiate sin - with regard to 6 from first principles. A heavy uniform 
rod of weight is suspended symmetrically and in a horizontal position by two 
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\ertical stnngs ot length / distant 2a apart, a couple of moment M is applied 
t\Msting the bar about the vertical axis of symmetiy through an angle 0; show 
by viituai vtork (or otherwise) that 


M 


sin f) 

4a^ sin^ ^ 


(U.L.) 


(75) Deteiniinc the diffeiential coefficient of cot 0 from first principles. 

A frame .4 consists of three light rods, of which AB^ AC, are each of length 
and BC of length 4a, freely jointed together; it rests with BC horizontal, 
A below BC, and the rods AB, AC, over two smooth pegs D and E, in the same 
hoii/onUl line at distance 3a apart, A weight is suspended from A, If BAC 
20, determine the stress in BC by supposing a small variation in 0. (U.L.) 

4 sin 0 

(76) Differentiate with icspect to 0 the function r-, — tj - 0, and deduce 

* 2 1 COS f/ 

that in the range 0 0 to 0 - the function increases with 0, Show' also that 

the function is positive in this range, and does not exceed I in value. 

I dv 

ill) If V — sin ^ prove that (I — x^) -r- ~ xy 1. 

V 1 - JC** 


By applying Leibnitz’ theorem show that 


(1 -A^) 


tly 


{2n f l);c 


dy ^ d*^ ~ V 


dx^ 


dx^ 


d^^ ^ ' y 

Hence, find the value of r— when a 0. 

( 1 


(U.L.) 


(78) Six equal rods each of weight W, freely hinged at the ends, form a 

regular hexagon ABCDEF, which when suspended by the point A, is kept from 
altering its shape by two light rods BE, CE, Employ the principle of virtual 
work to find the thrusts in the rods BE, CE. (U.L.) 

(79) Four equal rods, each of weight W, freely hinged at the ends, form a 
rhombus ABCD. The frame is suspended from A, and is kept from altering 
its shape by a light rod which joins E and F, the mid-points of AB and AD 
respectively. Find the thrust in the rod EF when a weight 3 IF is hung from C, 
given that the angle BAD 20, 

'180) The angular elevation of the top of a vertical flagstaff at a point on the 
ground d ft from the foot of the flagstaff is 0. Find the error in the height h of 
the flagstaff due to an error AO in the angular elevation. 

(81) Two sides a and b and the included angle Cof a triangle ABCzxt measured. 
Find the error in the area as calculated from these measurements if there is an 
error AC in the angle C 

(82) If y ^ sinh .v, find the error in y due to an error Aa in x. Hence, find 
sinh 2'705, given that sinh 2*7 - 7-4063. 

(83) A rod OP rotates about O in one plane with constant angular velocity 

radians per second. If OX is a fixed straight line through O in the plane of 
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motion and angle XOP compare the rates of increase of tan d and sin ^ 
when (1) 0 - 0, (2) 0 = 60", (3) 0 120 \ 

(84) A train travelling at 50 miles per hour reaches a bridge at the same 
time as a motor-car travelling at 30 miles per hour on the road over the bridge. 
Assuming that the road and the rail track ate straight and at right angles to 
each other, find the rate at which the train and the motor-car are separating 
6 minutes after leaving the bridge. [Neglect difference of levels.] 
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42. Integration the Converse of Differentiation. In Chapter 11 we 
were concerned with finding the differential coefficient of a given 
function J ( c). We have now to consider the converse problem, 
which we may state as follows — 

Let Fi\) be"a given function. It is required to determine a function 
/ (.r) such that / '( v) - F(.t). 

There will be a solution to this problem provided that F(x) is 
continuous. The process of forming/(.r) from F(x) is called Integra- 
tiofi, and/ (v) is called the hide finite integral of F(x), Symbolically, 
wewrite jF(.v)a^v ~ J{x). The reader is advised to regard J . . . dx, 
for the present at any rate, as merely a symbol denoting the process 
of integrating with respect to .v. 

Working with the differential coefficients tabulated in Art. 35 
we can build up a list of standard integrals. Thus, for example, 

K and hence ==- but in this case we 


obtain a more convenient form by considering ^ ^ ^ J = 


which gives us jx**dx = 


fl 

n -4- 1 


. The addition of an arbitrary constant 


C to does not alter the differential coefficient x\ so that to 
/I + 1 

be quite general we should write jlx”dx ~ ~ _|.~j + C, This cogstajit 


of integration, as it is termed, should appear in every indefinite 
integral, although as a matter of convenience we shall usually omit 
it. There is an exceptional case to be considered with regard to the 
formula just obtained for Ja-V.v, that in which n = — 1* for with this 
value of w, jc" + 1) gives .v®/0, a result which is incorrect. We 
saw in Art. 26 why the above rule does not apply in this case. 


d 1 

We have already found, however, that -j- (log, ;c) = and 

• ax X 

therefore I - dx = log, x. 

J X M 

Our first formulae in the standard list w31, then, be as follows: 

78 , - 
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1 XAMPLFS 


I* 6x:-’- 7 
hx^-lx \ 4' 

— log^ (2 y* - 

7v 1 4) 

Jtan X rix 

r - sm .v 
J cos A 

dx ~ Iog< cos V 



log, sec \ 

fcot Y dx 

*'sm \ 

log, s'n V 

f ^ 

J \ 4x‘- 3 k i 9 

2\ 4x- 3\ 

9 


44. Use of Partial Fractions in Integrating Rational Algebraic 
Fractions. For a detailed discussion of the principles underlying 
partial fractions the reader is referred to one of the standard textbooks 
on algebra. It will be sufficient here to give a brief sketch of the 
methods adopted in the more important cases that arise. 

Let be a rational algebraic fraction, the degree of iy»(v) being 

assumed less than that of ^(r). Then, corresponding to any linear 

4 

factor of we have a partial fraction of the form cor- 

responding to any repeated linear factor of say (v - ey\ we 

t r* t ^<2 i 


have the sum of the partial fractions 


(x- ey 


+ corresponding to any quadratic factor, say 

p x + Q 

+ q, we have a partial fraction of the form r~r — . ^ 

^ + px + q. 

Thus, if ^{x) (x — a) (x — eY^ {x^ /?r + ?) • • •» then 

<j){x) X — X - (x eY * * * ^ (x - 

+ + 

+ px +q 


dx=^ A log, (y - fir); f - dx - £i log, 

X Q J A * £ 


(-Y- e); 


f E, 

J(x-ey 


.dx (when r > 1)=£, 


hx-er 


, p (x-e)-'+' 

dx ^ E, , 

— /• + 1 . 


We shall consider the form 


Px + Q 
^ + px + q 


dx in the next article. 
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FAAMFLE 


Find ( 1 ) j ^ 2 )~(it - 3 ) I x(x + 3 f 


H) Let 


+ ^ 


B 


+ 


{x- I) {X -r 2) {lx- 3) ~^x-l * x-\-2 ' 2x- 3 
To find A, put a' ^ 1 in the expression on the left, neglecting the factor x - I. 

1 
3 

4 4 

(-1) (- 7) 21 ’ 


Bv substitutinj^ .v 


" ox- ])’ 

3 

2 and .v j similarly, we obtain B ■- 


(i) (4) 7- 


I f dx 


Integral - -^3 j — 7 


4 C dx 


-f~ : 


dx 


21 JxA-l ' 7J2x~~ 3 

14 9 

- - j log, (x - 1) + ^ log, ix + 2) + j^ log, ( 2 ;c - 3) + constant 

12 ) Since the numerator is not of lower degree than the denominator we 
divide out and obtain 


Let 


.r* 1 

lc(JTW 

6x^ f 10 a: -f I 


- 1 - 


6x^ -F lOx + 1 
xix +“3)^ ' 

B C 


-^d L 

x{x 3)- Af ‘ AC -i- 3 ' (a: + 3)^ 

6a'" -r 10 a: ~f~ i ^ A(x H- 3)® 4” Bx(x -{-* 3) -h Cat 


-1- 


Since this is an identity we can equate the coefficients of like powers of x 
on either side, or give x any convenient values. Using the latter method— 

Letx =0, ^ = i 


Let ;c - - 3, 54 - 30 + 1 - - 3 C, 

Letx-=-l, 6~\0 + 1^4A-2B~C. 

„„ 4 , 25 , , 106 

, . 2i9 — ^ “f* “1“ 3 ~ TT** 

25 r 


?5 

3 


■ s = ^ 

■® 9 


: 4 “ ‘ 


- r 


Integral . ^ 

1 53 : 25 

•= a: - 5 log, jr - log, C* + 3) - j| - - — + constant 


45. Integrals of the Types 

Px +Q 

j?, 4- px '+ q 


' &)J 


dx lb) 


I 


Px+ Q 
Vu^ + px + q 


dx 
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(a) 

Accordingly we write 


wj 


fx + Q 


dx 


dx 


Vq + px — x^ 

log„(x^ + /,x + 9)[by(nLl)] 


J x-- + px + q 


* A -2 


2x+p 


l^i2x + p) + Q~ 

J X® + px + q 


2 


dx 


dx 


-px+q 


(1II.3) . 


J. 


‘ + px + q 

The first integral on the right is known; we have now to consider 

dx 

f + px + q 

By ‘‘completing the square” we can express + px + in the 
form (x + d)^ + or (x + a)^ — ft-. 

i dx 

Let z = X + a, x = z-- a and 7 == t 

. dz 

C dl 

Pf /— 1 / (x) dx so that 7 — /W the variable is changed 

from X to z, so that / (x) becomes <f)(z), then 




dl dl dx 

' dz dx dz 

Integrating with respect to Zj we have 

dx j 
dz 




dx 

% 


=J^(z) 


Hence, when changing the variable from x to z, we replace 
/ C^) by and dx by ^ dz. This method of substitution of a hew 
variable is frequently used in order to simplify integration.] 


Hence, 


^. 7 . 


dx 


(x + af + ^ 


h 


dz 


1 z 

j^tan"*’^ (see standard integrals) 
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.. r r “-A 

^ J(x t }z^ /?* 2^‘°®'z + iS 

Noil If -i p\ q IS resolvable into two linear factors, we use 
the method of partial fractions as in Art 44 

I ^P^ + q [by Art 43] 


Accordingly we write 

f 

J \ r® 4 /i\ ^ ^ 

P f 2x f /> 

- , d\ 

J \ x- f tjr 


. Pp 

^ (2\ 4- ;?) f- g — ^ 

t \ ^ p\+q 




+ />A + 9 


(III 6) 


The first integral on the right is known, the second we have now 
to consider 

As already indicated \“ + /)\ t ? ~ (x 4 a)® _c ~ z® 4. 


I / ^“ a,~ 3 ~ ‘'inb ' '^■4— 

J + /?■ ^ /? 

\ 4- 4- V(v 4- ay -t 

Se ^ 


:.-p /, 

In® ' i-ai-V(x + ay~^^ 


,1 4 


(III 8) 


(c) By similai reasoning we write 

f + e 

J \ ^ 4- pv - t® J 
Pt p-2x , 


2x + p) + g + -y 
\^q + px — 




PVq + px— X“ J 


2 / J Vq +px — 

dx 

Vq 4- px—x? 


(in.9) 



To pnd 
Let 

Integral 
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i \ /)“ -z-dz 

2 “ /S sm 0, dz - /> cos 0 dO 
- \l)cos() (itOi^OdO 

^ '2 cos tIJO 

(1 ( cos 2«)</0 




^ [6 f i sin 20 ] 


2 


1 


. r r^ /i'- 

j) /)- 

EXAMPLIj 

find (1) |s3v ~4x 5 ci\ (2) \\6-3x-x: i/\ 

(1) 3\ -4v S 3(;« ‘ V h ) 3Uc- ) r 


(III H) 


Let \ 

V H 

S 

smh 0^ d\ 

^ ^ cosh 0 dO 

Integial 


\ 11 \ 
^ cosh 0 

^ tosh 0 dO 


1!\ 3 

18 

J 2 cosh OdO 



11% 3 


(\ )\ \x 


18 

1 1 


11V3 

18 

Fsinh ^ — 

L ^ n 

~(3a 2)V3v- 

(2) 6 3i 

33 

' 4 

(' 1) 


Let V 1 

— sin 0 d\ 

2 

^Pco»0M 

2 

Integral 

cos 0 cos 0 dO 

J 


] 


J2cos-Orf0 


33 


[0 I- i wn 20] 
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47, Defiiiite Integrals* Fig. 21 shows part of the graph of the 
continuous function v — /(.v). We consider the area included by 
the curve, the v-axis, and the ordinates AX, BL at a* = x b 
rcspccli\ely. Ordinates PM and QN are drawn through any point 
P{x, \) on the cuj\e between A and B, and a neighbouring point 
Q(,\ 'f A\, t A]'). Let the area AKMP be denoted by 5, and 
hence the area PMNQ by A5. Since we assume Aa small, we can 
regard PMSQ as a trapezium. 


AA - 10 + \y) • 



Fig. 21 


In the limit when A.v (and, therefore, Ay) tends to zero, we 
have v = y{v). 

Integrating, -S’ ^ J/ {x)(ix = y!(x) j- C, where ^ f(x) = / (x) and 
C is a constant. 

To find C we note that when P is at A, i.e. when .y — a, 5 = 0; 
hence, 0 yia) + C, C ==-~ ip{a). 

S = y<x)- i/'(a) 

Suppose now that P moves up to 5; then .v becomes equal to b. 
Hence, 

Area ^ 5= yK^)- ?<«) • • (III. 14) 
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The value of {x)dx between x ^ a and x = is then 
xp{b) — ip{a\ where f{x) is the indefinite integral of/ (x). We write 

||'y(xV/x - i/<&) - ^ia) . .(111.15) 


the integral being now definite, as there is no arbitrary constant 
in the result. 

It follows that in order to evaluate a definite integral ^^f{x)dx 

we must find ^(a) and then substitute in order in y’(x) the values 
V (the upper limit) and x ™ a (the lower limit), and finally we 
must subtract the second result from the first. No arbitrary constant 
appears in this result. 

If when b is increased indefinitely (or a is decreased indefinitely) 
the value of J^/(x)rfx tends to some definite limit, the function 
j (x) remaining finite and continuous over the range x = to x -= b, 
then we denote this limit by £ / {x)dx ^or J {x)dx^> 

Fundamentally, every definite integral denotes an area, although 
the notion of area may not be present in the problem which gives 
rise to the integral. 


EXAMPLE 1 

Evaluate _ and -dx 

Jo X*® + 9 J 2 x(x~ 1) 

dx \f x\^ 1 

3\2 J 6 


r^dx— I ^ — dx 

2x(x- 1 ) J 2 x(x- t) 


/.S 

I Idx + 
h 


p x-% 

Jzx^x- 1 ) 


(lx 



- (3-2) 


[2iog,.v- log^{A - l)j 


J 

2 



==» 1 + log<»4*5-~log^4 
- 1 +loge 1-125=* M178 


4 — (T.eio) 
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EXAMPLE 2 

*2?r .iiiT 

Evaluat<5 sin nx lix and cos nx dx (n being an integer) 
JO 


, r cos/u-|2*^ I 
sin nx dx ^ — I - (cos Im 

Jo L « Jo « 

[ sin 

n Jo 


cos 0) 


l )-0 . 
n 


cos nx dx -■ 


~ “ (sin 2mr — sin 0) 

= 1 ( 0 - 0 ) = 0 
n 


aiLU) 


(111.17) 


48. Integration of Trigonometrical Fimctions. The integrals of 
sin X, cos X, tan x, and cot x have already been found; there remain 

cosec X and sec x to be considered. ^ x 

2 tan r 

X X XX 2 

Since sin x = 2 sin j • cos - = 2 tan . cos‘^ and 


'(.anf) 

J cosec X dx 


1 X 

2 2 


sec^ 


A Y 

sec^2 


■ dx ■■ 


2 tan- 


'(™l) 


tan: 


log, ^taE0 


(III.18) 


Also J’ sec xdx — j" cosec ^ + x'^ dx^ tog, tan ^ ^ (III. 19) 

As in Ex. 3, Art. 37, we express a sin x -{■ b cos a- in the form 

^ 

R sin (x -i- a), where R — Va^-j-b^ and « = tan“^ hence, 
f dx If 

J 1 J 


1 A + a 

- log, tan -y— 

log, tan i ^A + tan~^ 


EXAMPLE 


dx ■ I 


(ni.20) 
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A similar method gives 


I dx 1 j dx 

J (a sin .V ± h cos x)“ ” J sin- (x dr a) 

== J cosec^ (a' ± a) cix 


cot yx dr tan ^ 


. MlUl) 


The integrais 


dx 

J a sin a: d b 


and 


dx 

a cos X + b 


Let t tan then, as above, sin x 


2 tan 


sec-* 


can be found as follows- 

X 

2 It 

c i 'r 


X 2 

and cos a: == 2 cos- - — 1 ^ . 


2 

1 ~ 

1 = r^T«. Also dt == Ki d- f^)dx 


Hence, 


and 


J a sin AC + b 


i + 


^ 

J a cos AC 


+ 6" 


lat 

1 + 

2dt 


+ b 


1 


aji - 
J 1 4- ,8 


+ b 


1 d- 

'' ^\b¥ 

‘I, 


dt 

+ 2at ~r b 


dt 


(b — a)f^ d {b d- a) 


(11L22) 


(111.23) 


We have thus reduced the integrals to forms already dealt with. 
The actual evaluation will depend on the relative magnitudes of 
a and 6. 


EXAMPLE 


Find f' > and f" 

J 3 sin a: d* 4 

Putting 


dx 


4 — 5 cos a: 


/ ™ tan J, I (1 + t^) dx, we have 


r dx __ r dt ^ r 
J3sinA:4-4 ^J4r®d-6fd-4 

-f I) j 


dt 


(t -h |r)® d- 


- i 'tan-^ i 
V7 
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VVHh the hdtnc substitution, 


J 4 5 cos i h 9/ 

^ i 


^ i 

- f --‘hiiill 

' ['«S 4 '-f fj] 


, V 1 t I 

loc; 

^ 2(\ 1) 


Uog»(l -2^) Jlog.l 


0 20S neai ly 
^ /v 

To obtain , > , > s\e change the vaiiable from 

J sm- \ f- b- cos*^ \ ^ 

\ to tan \ as follows 


l'’ th r sec.** X (i\ 

J sin*^ % c cos- t j tan^ ± 

I I* d/(a tan \) 

~~ a J (t? tan x)^ ± 

With the plus sign before b-, we obtain 
, 1 , (a tan \\ 


and with the minus sign 




tan X — 
tan r + 


(in.24) 


(IIL25) 


ih djim x) 

*0 sin- X h 4 cos- \ “Jo ten® \ -f 4 


. r /'tan \\ 


r 

a 

— 1 
f4?i 

Jo 

. r. /^tan flr\ 

. /tanOM 


— , 

H 

1 



- i [w — 0] ™ 



EKAMPLE 



IMKii< MION 


49 Integration of Po^-vers of Sin \ and Cos \, Since 
cos 2\ 1-2 SID- \ 2 cos- \ } 

we ha\e — 

f sin*' T (h - 11(1- cos 2\)ih ~l(\ 1 sin 2\) (111 26) 

1 If! 1 cos 2\)tl\ l{\ 1 lsm2\) (11127) 

FXAMPLF 


I inci j^sin pt (it and j^sos pt t' whcie p is an inttgci 
(^sm /./rfr =•[/-- sin j 

Air A r r* ”1 ^ 

J^cos-y?f = J^(l — bin />/) ^// Ljo""* s 


(111 2 S) 


(lU 29) 


In Art. 54 we establish reduction foi niulae foi tsm'^ \ cos \ dx, 
where m and n are positive integers, but when m and n are not 
inconveniently large, we can proceed as follows — 

(1) If eithei rn or n is odd, then, whether the other be odd or even, 
we can express jsm^ x . cos” x dx as 

jsinw-i . cos” X . sm X dx 

m—X 

i.e. (1 — cos^ x) ^ cos” X d{co% x\ 

where m is odd; and as 

J sin”^ X . cos” " ^ T . cos X dx 


f sin”^ X .(] — sm^ x) “ rf(sin r), 


where n is odd. 


EXAMPLE 


Find fsin® \ cos- x dx and cos x d\ 

Jo 

cos- \ dx - JU — cos x) cos- x sin \ d\ 
f(cos \ cos^ y)^(cos \) 


cos*x . cos V 


' cos** X dx 


“ J- (! - sm** v)^ cosxdx 

n 

— (1 — 2 sm* X -F sin* x) ^(sin y) 

10 
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sin 1-3 sm" A. I- 5 sin' 


(■-! 0 


(2) If m and n are both even integers, we transform sin^^ x . cos" x 
into an expression containing sines and cosines of multiple angles. 
'Fhe examples worked out below will illustrate the method. 


l \AMPLh 


tmd I sin \ cos"^ \ iL and lsin‘ \ dx 

j sm* \ cos* X d\ j (sin x . cos v)® cos*^ \ ch 


’^sin-2v I L cos 2a, 


^ f sin® 2x d\ ~ f sm® 2xd (sm 2x)J 


\ — jMn 4xJ 


Nn‘ \d\ - j (* — ^ ~ — 2 cos 2x + cos® lx) dx 

- i (A — sin 2^) p JJ(1 + cos 4x) dx 

- 1* — i sin 2* + Jx + }, sin 4x 

- ix— i sm2* + sin4je 


50. Integration of the Products of SSnes and Cosines of Multiple 
Angles. 

sin px . cos qx = Msin(/> + q)x + sin(p — q)x] 
sin px . sin qx — - i[cos(/3 f q)x - co^p ~ q)x] 
cos px ,cosqx^ i[cos(;i + q)x + cos(p — q)x] 

Hence, 


fsin px . cos qx dx = MlsinO? + q)xdx+ JsinO - q)x dx] 


cos(p + q)x _ c os(p — q)x 

^ + q) ^p-q) 


(ni.30) 
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Similarly, 


fsin px . bin qx eix 


sm(j> -\-q)\ sint/J ~ q)x 
Tip 1 q) 2{p-q) 


(Ill.il) 


^ ^ 2(p + q) 2(p - q) 

We leave the leader to deduce the important results that, 

[ 2?t 

Sin /?\ cos ifx dx 

I 


sin px sin qx dx - cos p\ cos q\ dx - 0 


(ITl.33) 


z\hmhE 

Find Jsin 3pt . sin pt dt and fcos (pt -I a) . cos {pt j ft) dt 
Jsin 3 / 7 / sm pt dt hi (cos Apt — cos 2pt) dt ‘ 

fcos (pt -1 a) . cos (pt f ^)dt — \ f[cos {2pt , a + /i) } cos (a /?)] dt 

sin (2ptj cf\fd) )^kMaL- />’) 

4/7 2 

51. Integration of Powers of Tan x. Let 

~ J'tan” X dx^ where n is an integer > 1. 

Then = Jtan^-^x . tan® .y dx 

= Jtan^"® X fsec® x — 1) dx 
= Jtan”~®Y . ^/(tan x) — ftan"*”® x dx 


tan””^ X 


(111.34) 


tan'^^”"® X 

Similarly, and so on. 


If n is odd, we arrive ultimately at = ftan x dx — log sec y, 
and, if n is even, at = J]//x = y. 

If Un^ Jcot” X dx, we obtain in like manner 

COt^“"^ X 


(111.35) 



96 


PRACTICAL MATHEMATICS 


EXAMPLE 


rr 

Find I ^ tari*^ -v c/a and Jtan^ a dx 

Jo 


I ^ tan^ A* dx 
h 


111, 


rr I ^ 

* (sec- A — Wx “ ftan a- — a]^ — tan ^ . 

Jo 0 ^ 


7 T 

4 


Jtan^ A dx = 


tan* A 


ih 


tan* A 


/tan^A \ 

V-2--'V 


L 


tan* A 


tan- A 
2 


logs sec A 


52. Useful Substitutions. In order to change an expression into 
a form readily integrable we have often to substitute a new variable — 
a method already illustrated in some of the examples worked out 
in previous articles. The student will learn from experience which 
substitution, if any, will enable him to integrate a given expression. 
We give below a list of substitutions applicable to certain types of 
expressions. 


Type of Expression to be Integrated 

Substitution Suggested 

Expression containing Vo* — a® 

» ■V'** + 0* 

„ „ Vx‘-a‘ 

1 

(a + a)Vpx^ -f ^A 4- 

1 

x(px*^ + q) 

Expression containing fractional 
powers of a 

(Function of a®) . a 

Function of a and \'px 4- q 

A = i2sm6orA==a! tanh B 
A=atanOorA=a sinh 6 
x=a seed or x^a cosh 0 

, 1 

A 4 - u - 
z 

n. 1 

A*” — - 
Z 

X — z^, where r is the L.C.M. of the 
denominators of the fractional 
indices 

A® == z. 

/?A 4 - ^ — z® 

„ „ v/(a-u:)(a~-j&)| 

„ „ v'(x-o)(6-;r) 

A — ^ ~ (a — a)z^ 

A — A ~ (a - a}z^ 

„ vV® -h ^A + ^ 

X + Vx^ + px + q = z 


EXAMPLE 1 


Evaluate tihe 




and fx(l — A®)^ dx 
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dx 


0-11778. (UX.) 


Prove that ()) f(\ - x^)klx ---- ^ (2) f^-, — , , 

J(j 4 Ji {,v r 2) 

The hrst integral is sin~‘ a\ We shall, however, wwk oiit the result from the 
substitution .v ™ sin $ ; then dx = cos d d6. 

. r * 1 f ^ e jQ -1 

Integral = ^ ^ dO = 0 -= sm -^ a* 

The second integral === 'i|({ — a-)^ d{x^) ~ ij(l — z)^ dz^ where z = a- 

With the substitution a = sin 0, dx ^ cos B dO, 

IT 

/•I 


f (I A")^ dx = cos^ 0 dO^ since 0 0, “ when a ~ 0, 

Jo Jo ■2 

1 r 1 \ IT __7r 

= _[e + _si„20j- = 2-2-4 


Using partial fractions, we have 


dx j* 

V _ 


t \A -f 1 A + 2y 


[log. (* + 1) - log, (x + 2)j J 


3 2 

log- 4 -log. 3 


= log. (1-1) = log. I =0-11778 


EXAMPLE 2 


Find 


dx 


and Jq Vlax — a® dx 


^ v'x + a Va 

Rationalizing the denominator, we have 

r ^ j V + Vx _ I 


‘ Va + ^ Va 


(a + fl) — A 


^A = i I (i/a + + Va) <fA 


3 a 


Ka + a)i + Atl 


^ V 2ax — A® <afA ~ ^ VflS — (jc— a)® ^x 
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Let .V a - a sin 0, /. dx ^ a cos d dd. Also b when ^ 0, ^ 


Integral <2 cos ^ cos y . dO = 

^ J zt 


cos^ 0 dd 


^[« + jsta»]“, 

f[«-(-i)]' 


-n-a- 

T 


r Y r dx r 

3;(1) (2) — (3) I 

J \ -1 2 *■ — 2 *’f 


fS X -r 2 

'sxVx+ 1 


dx 


EXAMPLE 3 
Find: 

(I) Let ^ then dx ^ 2zdz 

•■■ = J ih. ■ 2 Jf? 2 = 2 J (z - 2 + ^)rfz 

= 2[|-2z4-41oge(z + 2>] 

— jf — 4Vjt -f 8 loge (V^ + 2) 

<2) Let .Y "h Vx- ~r 2 ,t - 2 - r: then X“ + 2y — 2 == (z — x)'\ which gives 
H- 2 


2 (r + 1 ) 


Also 


V vV + 2x-2/ 


Integral 


Vx* + 2 x- 2 . 
(• 2 (z + 1 ) rfz 


rfx — - rfz, i.e ■ 


dx 


Vx’* + 2 x -2 2+1 

h 1 Jz 


lz^ + 2 v'2‘*®“''V2 


z‘ + 2 z + 1 

./:r . J^+-^~x^ + 2x-~2\ 

==V2.tan-(^ — ~ j 

(3) Let X + 1 = z*; then rfx = 2zrfz; also z — 2, 3, when x = 3, 8, 
. r* I ^2*+! 2zdz „f3z«- 1+2^ 

.. Integral ~ = 2 rfz 


-2 


/a + 


dz 


I 


-2 + 2aog.i-log.i) 
-211+ log, l-5]= 2-811. 
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53. Integration by Parts. If u and v are functions of a single 

independent variable x, then*^ (mv) = + v ^ (see Art. 30). 

ax dx dx 

Integrating , uv ju^dx + jv~dx = judv + ^vdu 

fi- . r j 1 dl dv , d! dldx dv dx 
For, if i — « v" dx, then ~r ^ ^~T and -j- == ™ — - ~ 

L * j dx dx dx dv dx dv dx dv 

i.e. ^ ~ u, and hence / = j i/ ™ ^/jc ~ J udv 
Similarly, jv^dx==^ j* v<af« J 


udv = uv - 


. (111.36) 


A function which cannot be integrated directly or can with 
difficulty be so integrated, can sometimes be broken up into the 
product of two functions u and dv, such that Jvdu is readily obtain- 
able; the above formula for ‘'integration by parts” will then give 
fu dv. 


EXAMPLE 

J "c IbtfTix 

X cos dx 

0 ^ 


Then integral ~ x sin~^ x — Jx</(sin“^ x) / 


(« an integer) 


— X sin ^ X — I* dx^ X sin“^ x + V 1 — x® 

(2) Let u = logtf X, dv ~ x Vx, so that v = 

» * ji^n + 1 \ ■+'1 ^ 1 

Then integral = j log, xd j = iTl ^ “ J ^ ‘ 

X** ^ 1 /* 

x^ 

[If n = 1, Sx log, xdx = (log, * — J); and if « = 0, flog, jc rf* == 

ji:(lDg.jc- 1)1 


x'‘ + » r, 1 n 
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2r//\ 

X cos t/v (h sothitv * SI 

t 

i hen integral ("sin 


>r/ 


r 

L. 

It Znnx . ] 

e sm 

bin 

d\ 

L ( Jo 

m 

C ' 


C if 2r«\“j I 

2.«r"2-.„ . JJ 


4-n 


[COb 2'T// cos OJ 


t 

2m 


[1 - l] _ 0 

4'' rt 

He e in piove similaily that x sm dx 

T ) pud sm pt Jt and jw. ^ cos pt dt Let 

4 - sin pt dt and 4 cos pt dt 

Then 4 -= sin pt d\^ \ = j- sm /?/ - y ./7 cos pt dt 

^ P r 

= ^ sm pt — ^ h 

r /e^^\ 1 

Again 4 == I cos pt d ( 1 ~ ^ * cos pt— — (— jp sin pt)dt 

= i cos pt+^ h 

Hence, A/i + ph - e*' sin pt = 0, 
and pli - A/j \ e*-* cos pt = 0 

_ 

I ^\p cos pt A sin pt) e' '(p sm /?/ f A cos pt) 

I 

- (A^ i p^) 


I e 


and 


/, 


4 = 


sm pt~p cos pt) 
h? + p‘‘ 

f ** (/> sin pt -{- k co s pt) 
k‘ + p^ 


(III 37) 
(HI 38) 
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Otherwise /. 1 //j fc"(cos/jr + / ^in pt)Jt 
- |e" 




-f ,6^^(cos/?r r / sin /?0 
k" i /?“ 

~~ z « j /> sin /?0 4 / (k sin pt -- p cos /;/)] 

A," -f 

Equating real and imaginary parts, we obtain /j and /, as jbove 


EXAMPLE 

Evaluate the integral I hm*— dt (U L ) 

We can write the result down at once ftom above, but it is the method of 
obtaining this lesult that the student must note 



We work out below some examples to indicate other types ot 
integrals to which this method of “mtegiation by parts” may be 
applied 

(1) sin 2\ d\ - - ^|a^z/(cos2\) 

|[x^cos2\-~ j cos2\ 

^ . 1 QQg 2x + J\^ cos 2\: dx 

Also ( cos Ik dx = } ) K^d(sm 2x) 

— I [\- sin 2x — f sm 2a . 2a ^/a] 

I sm 2x — Ja sin 2 a dx 
Again j \ sm 2\ dx 1 j xd(cos 2a) 

- l[x cos 2 x — J cos 2\ dx] 

U cos 2\ 4* } sm 2\ 
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« 


(3) cos’ A ^/y and sin* x 

1 ^ 

Let cos A + ^ sin v — r, then cos a * / sin \ (Compare 
Art. 16, Example.) 

1 

Also cos /i\ r z sin ;l\— c"; cos nx—i sm and 

1 I 1 ^ 

2 cos X r i 2 / sin x - r - 2 cos /7x ~ 2 / sin nx 

I z z z” 

cos .x)» - (z + i)' ^ + is) + + ^ 3 ) 

f + i) — 2 cos 5x J- 10 cos 3x 4 20 cos x. 

cos® X ~ ^ [cos S.ic + 5 cos 3x + 10 cos x] 


Again (2 / sin x)* =. ^z- 1) = (z* + i^) _ 4^z® + p) + 6 

= 2 cos 4x — 8 cos 2x + 6 
sm® X = i[cos 4x — 4 cos 2x 4- 3] 

Hence, Jr® cos® x flfx -- la [Jx® cos 5x dx + 5Jx® cos 3x dx + 
lOJx® cos X dx] ; and these integrals can be found as in Example (1). 
A so Je?®® sin® x dx - - |i[Jc®® cos 4x dbr — 4je®® cos 2x dx + 3 Je®®dx]. 

Now Je®*(/x = Je®®. and the other two integrals can be found by 
using 11.38). 


54. Rednction Formulae, [m and n positive integers.] 

ir w IT 

fS , f2 

sm^" X . cos^ xdx; sm^ x dx; oos^ x dx. 
•tO do do 
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Tsin'" X . cos” \ f/\ 

a P 


Sin'” \ . cos” ’ X c/(sin \) 


/w 4" I 


mil 


r 

cos”-’ 

Jii 

1 

2 

- [[cos”“^ X .v] 


— X 1 )cos” - x(— sm x) r/rj 

Jo 

73 

1 C- 

““ cos”"*^ x{\ - cos^ 

n T 

n — \ r- i'2 

— — [ sin'” x . — sin'” x . cos” xdx] 

m + iVo Jo 




(m + 1 +■ « — l)fm, n = (^ “" 1)4 j, «-2 

/ - ^L- 1 / 

■ W -t M ■ ’" " 


(I1I.40> 


By writing 


we obtain similarly 


H n = ( cos'* X . sin™-* A- rf(— cos x) 
Jo 

Tt 

1 r2 

= ^(cos”+^ x) 


m— 1 
m + n 


• -^w-2, n 


. (IIL41) 


Thus, by applying the results (IIi.40) and (IIL41) in succession, 

Ci n 

we find that 4t « depends on /o, o = ~ o’ 

^77 Jo ^ T 

even integers; on 4, a xdx = [ - cos x] ~ I, if w is 

Jo 0 
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odd and ti e^en, on 4 i cos \ ch [sin \]o ~ 1, if m is 


even and n odd» and on /i i - sin \ cos \ dx 
if m and n are both odd 


sin 2 \ d\ 


TXAMPLF 1 


^ sin V <.os X d\ 


5 sm \ cos ^ A cix 


5 4- 

fl 9 j ^ 

Yj ^ ^ M sm* X cos- A d\ 

5 4 3 2." 

n 9 7 5 M 

5 4^21. 

H 9 7 5 

£^321 _& 

11 9 7 5 3 693 


By putting w — 0 in the result (III 40) above, we have 


J-2 cos” ’ 


1 /I — 3 
n « — 2 ^ 


/ 2 -~ t 3 — 5 ^ 

« /z— 2 iz— 4 


and so on Ultimately we arrive at /j M cos vz/a - I, if n is odd, and 


at 4 — p i/v -= x, d « IS even 
!o ^ 

Putting « ~ 0 in the result (III 41), we have 


4,^ psm”*jc< 
Jo 


/?!- 1 /n— 3 
m m ~ 2 ^ 


and so on In this case we airive ultimately at A - sm ~ 1, if zw is 
^ TT Jo 

odd and at 4 == \^dx -- r li m is even 


EXAMPLE 2 

Prove that 12 J sm*- Hd0 - — sm^ 0 . cos 6 + II J sm^® 0 S, and deduce 

ff 

the value of sm'* 0d0 (U L ) 
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isin'-OrfO - f sin“0rf(tose) 

- [!>n“0co&0- j cosO llMn>'« losWOJ 

— sin“6 cos 0 + 11 J sm*'’©'! — sin 0)d0 
sm"0cos0J- 11 I sin'«0£?0- 11 Jsin' Odd 

12 j sm'“ 6 dd sm“ 0 cos 0 4 n J sin'" OdO 


Asgdin sin^i 0 ^ hence 


E 


11 

^ sm^ 6 dO —J ^ 


ddO 




n £ 7 5 3 1 
12 10 8 6 4 2 

23l7r 

2 048 



bXAMPLE 3 


Evaluate 


" COb'* X ill 
0 


, 1 7 5 3 1 fj , 

8 6 4^ do 


35ir 

256 


EXAMPLES III 

Emd the values of the following integials — 


|*^4Va:— ~ hSA*'— 3^^\ 


r du 
2 


5^ 


(1) 

( 2 ) 

«> /(^ 

(4) K2x: I 7)>rfji 

J 4 ^ 1 

(7) llO^dx 

(8) Jsin (:>/ b 2) ij/f 


.i) 




(9) cos J/ di 
lo 

<■«) 


(ID /: 

r .- 

in) J 


dK 

4 4- X*- 
dx 


4 — 

10 dx 


25 


f/Y 


Vx* 1 4 
o ^/a 


ksVzS-x- 

( 15 ) (- 7 =^ 

J v';« 4 - 25 
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(16) 

/• 6r - 5 ^ 

Js/'- 5r +4* 

(17) 

f sin A cos X , 

1 — 

•'I sin A *“ cos A 

(18) 

r c/. 

Ja ^ 2x'^_ v-2 

(m 

r 3.V®- 8 

J(A 2)(2v-3l ' 

(20) 

f 

Jl2/- v- 35 

(21) 

p 2- A® 

3)(v-4)-^ 

(22) 

J IS/r* - 9p 20 

(23) 

j* i/x 

Ja® 6x 14 

(24) 

J4v' 1 28y-3 

(25) 

J2«®- K— 9 

(26) 

f 9^ 

j3A^ + 4A ^ 15 

(27) 

j’ - „ dx 

(28) 

f 1 - 8v 

J Vl6y“ + 40v-47 

(29) 

j' dx 

Jv^2^Sx<‘ 

(30) 

lie- 11 

j ; 

JV4 t- 7x-x‘ 

(31) 

r 

J O' - 9) ()>“ - 9)/ + 1) 

(32) 

J(:c+ l)'(;c«-3)‘^ 

(33) J'V v' r 6v ' 11 (/v 

(34) Jv2jc'^~2jc-1 t/x 

(35) fVS h4x-'6i?dx 


(36) 

rZir 

(37) sin 6 a: dx 

fA 


™j; 

(39, f. 

<40) 




COS lx dx 
dt 


J 1- e-®* 

5 sin T: f 12 cos ^ 

^ ^ J(3s’mr -4cosr)‘' 

(42) P 
Jo 


f2 ^ 

2 4 3 cos .V 


f 

(44) 


dx 


4 sin® a: 4 5 cos® a* 
xdx 


J V 1 - a:® 

«=> 


(«,J- 




12 

wj 

,•4 X 


Uy 


>«>r 


V9 + 


dx 


(49) 

Jo 

37r 


(50) I * sin' e. cos 0 c/e 
Jo 

(51) Jsm®0 . cos® (? i/0 

TT 

(52) cos 5 kt . cos 3 kt dt 

(53) j ^ sin apt . cos bpt dt 

'' ^ {a and h int^ers) 

(54) /lan^Xi/A 
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(55) 

(56) 


r2er 


dx 


h 


Ja \ 2ax — 

Jt 

J _ I 

(57) -h <3f®) dx 
dx 

(x^ + a^) ^ 

xdx 

(a"~ x^) 


(d6) sia2 \ </y 
(67) fc ‘ cos*^ A d\ 

( 08 ) ((a sin /?/ 6 cos /?/*)<• ^ ^ 


<58, Jj 
(59, 

(60) I (a^— dx 
Jo 

*'> /,■ 


iof' / /j - 


m 

JO 

(70) 


Jo 


sm ’ 6 dO 

cos‘* (I dO 


dt 


(71) I "sin^ fi . cos' 
Jo 

(72) pi 
Jo 


“ sin^ 6 cos'6</(i 


/(/- i) t h 1 


y„ 


mj- 


Z + 4 
V4-~ z 
!•(» dy 


dz 


(73) M 


Jr' 


a . cos." 0 (/o 


Jo (1 +fy 

(64) jA®l0g^A'^fA 
m ^ 5 ) liSLTT-^xdx 


(74) 


j‘ 


tan ^ A i/a 


(75) JJosinO , 4cos0)*</e 
12dx 


(76) By substi^g 2 ' for 9-x\ prove that = - 0 41 8 

(77) De fine cosh x ah^ sinh a, and prove the relation between them. Integrate 
Va^ dx and xV dx. 

The force on a body dista^^^ from a fixed point is Find the 

woik done in moving the body from a a to a — 2a. (U.L.) 


, fco flbc dx 

(78) Work out the integrals - 


-H 4 


(U.L.) 


Jo A® + 4* 

(79) If = a^A’^ + c, differentiate with respect to a the functions 
logf (aA + y), Ay, and express the results in terms of y. Hence, or otherwise, 


evaluate the integrals J ”, f ydx. Prove that I'Vx^ -- 4 dx — - 2 log« 2 

(U.L.) 


(80) By substituting 3 sin^ B for a, evaluate 


p /yl 

Jo^ 3 - X 


dx 


(81) By writing sin ^ sin ^ * sin show that 
dd 


/ ■ j “ 
V sin o'- 


Sin-® 


0 


- 2 


V 


i — sin® 2 • sin® 4 



H)b 
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L\pinU the intLgiand of the last expicssion m ascending powers ot sm as fai 
as sin®«f» and evaluate the integial to this degiee of accuracy Estimate the 

77 

percentage ctror resulting from the neglect of the term m sin® ^ if a = - 

(UL) 

(82) Piove that cos* 61 — | + i cos 2^ 4 i cos 46, hence evaluate 

T 

cos* Odd 

lo 

*i(81) Evaluate (i) J log (! x) dx, (n) f^\ sin \ dx (U L ) 

Jo 

(84) State the formula foi integration by paits Find the value of 


(i) \c smlxdi 
(85) Evaluate the integrals 


6 sm’ 6 dO 


jf86) Ev aluate the integi al J ( v 4)^d\ 


^ 2v" 3 

i I 


dx (ill) 


(V— ^ 

Jo"^ 2 A 


By aid ol the substitution v 2 sin 6 sin oi otheiwise, show that 
I \ cos 26 

I ' -(^2 l )/2 


(87) Prove that, if p and ^ aie integers and p /=■ q, 

(i) cos p\ cos qx dx ~ sin px sm qx dx 0 

(ii) cos/?i sm qx d\ O^ifq p is even, and 

(88) Fmd the values of J 4 ^ J ^ pj^<^ve that 

n ^ 

Jq a^QQS^x-i b^%\Tpx lab ^ (UL) 


2a® - 3a, f 4 


(89) Work out the integrals ?T8 

(90) Prove that j \-(/i - xY dx P x^{n - xydx^ and find the common 

Jo Jo 

value of the two integrals (U l ) 

(91) Evaluate (i) \x^e^d\, (u) r*''tan''Wv, (m) f;t;“ (I - (iv) 

/ 1 -h 2 COS X , *^0 

j(2 1 - cos 
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(92) Lvahiatc th^ intcg! ils 


/ 1 

t m ‘ \ </\ 


h 1 

V 

>0 

CO. V 

Ip sin V 2<.os Jo (\ 

l)(\ 


(UL) 

(9^) P\'i!uait the 1 >llovung inte.,ials 

(1 if) 

if\, t sm2\tA f(i (UL) 

(9<i) Fvaluatc the mtcgials 

(!) \ tan h f/v (ii) j- sin‘veos \ (A, (iii) 

f . 1 



CHAPTER IV 


EXPANSION OF FUNCTIONS IN POWER SERIES— 
MACLAURIN’S THEOREM AND TAYLOR’S THEOREM 
—GRAPHICAL SOLUTION OF EQUATIONS— LIMITS 

55. Expansion in Power Series, The infinite series 

Oo + OiX f flaX® + . J- a„x^ + . . . 

is known as a power series. Let J{x) be any finite, continuous, 
single-valued function of v. By suitably choosing the values of 
Uo, Cl, fla, etc., we can ensure that the relation 

/(.v) = Uo + + • • • (FV.l) 

is satisfied for (n + 1) values of x. Thus, consider the values of 

jc; Xi, -Vs . . . x„, where x„ > .Yn and Xj - y# = Xg — Xi 

— X, - Xa = . . . = Y„ - x„ . 1 . Substituting these values in turn 
in (IV.I), we have the (n H 1 ) relations 

f (-Vo) = Uo "1 + • - • + Oi,X(,” 

/(Xi) = Uo i- 0x^1 -I- + ■ . • + OnXi” 

/(xa) = So + fli-Ya t- a2-V + ^sXs^ + . . . + a„Xa” 


Uq 4" “i" 0 ^ 1 ^ "b UgXj,^ 4“ . . . 4“ 

From these equations we can find the values of the n 4- 1 constants 
flo, fli, etc., . . . a„. On substituting these values in (IV.I) we 
obtain a finite series, which has the same values as f(x) for the 
n 4- 1 given values of x. If the graphs of / (x) and of this series are 
drawn in the same figure, from x = Xj to x = .x„, they will intersect 
at -f 1 points whose projections on the axis of x will be equally 
spaced along the axis. If, now, we assume n to be increased so that 
n tends to infinity, the number of points of intersection will tend to 
infinity also, and the graph of the series will approach more and 
more closely to that of/(x). In the limit the graphs will coincide 
and the function and the power series will become equivalent for 
values of x inside the given range. Thus we have the relation 

fix) — a„ + ajX 4- u^x* 4- UaX* 4- ... 4- a«Y“ 4- . . . (IV.3) 

which holds for values of .x within the given range x == Xo to x = x„. 

no 
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We have assumed that /(.v) can be expanded in a convergent 
power series. For this to be possible J (x) and its derivatives must 
be finite and continuous throughout the given range as well as at the 
end points. We shall assume that (IV.3) is differentiable, i.e. that 

+ 2a2.v + Sos-x® ^ . . . I- na^x”-^ + . . . 

For a discussion of the validity of this and other assumptions 
made above, readers are referred to treatises on pure mathematics. 
We showed how to expand (1 + x)’* in Art. 7, and gave a power 
series for c" in (1.15). We shall now deal with a general method of 
expanding functions of x in the form of power series. 


56. Maclaurin’s Theorem. We begin with the relation (IV.3) and 


by differentiating both sides obtain a power series for /'(-'•’) 



Then by differentiating again and again we obtain in succession 
series for/"(x),/"'(x), . . ./<"> (x) . . . Thus 

/(x) = flo + 4- + Uj-x® + %x‘ + . . . 

/'(x) = \.ai + 2 m^x + 3.a3X® + -j- 5.^5 x‘ -f . . 

fix) = 2. 1 . 0-2 + 3.2.a3X + 4.3.a4.x^ 4 5 . 4.05 .x^ 

+ 6.5.08 x^ 1- . . . 


/ "'(.x) = 3.2. 1.0, + 4.3.2.a4X + 5.4.3.05 .x^ 

-f- 6.5.4.flg .X® 7.6.5.O7 -I- . . . 


h av.4) 


On putting .x — 0 in each of the above, we obtain Oo = /(O), 
a, -=- / '( 0 ), 02 - ^ / "( 0 ), 03 = ” / "'( 0 ), etc., and from the method 

of obtaining these we see that fl„ = 


We have, then, on substitution in (IV.3) 

/(A-) =/(0) 4 xfXO) + j^/"(0) + ^/"'(O) 


+ • 


4 f" (0) 4 
In 


(IV.5) 


which is known as Macfaurin's Series. 
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Assuming that ie'^) te' \ find a power series for f" 

Here 

/ (A) - t" S./ '(') - '(') — ■ ■ ■ J =- • • • 


Hence, 

/(O) r= e» = ],/ '( 0 ) = c,/"( 0 ) = cS . . ( 0 ) - cV« = 6 '‘, . . . 

and 


l + cxA- | 2 - + |^ + 


lv4 


C^X 

l4 


+ 


c‘x” 


as given in (1. 1 5). 

To expand (a + r)" m a power series. 
Here 


f(x) -- (a J- xy‘,f'(K) - «(« + at)” \J"{x) = n.n~ I (a x)"-^, 
. . . J ^'\x) ~ n . n - 1 . « -2 ... n r ) 1 (a i x)" 


and 


/■(O) = a»,/'(0) = na”-\f"iO) = n(n- l)a«-^ . . . 

/<'•> (0) = « .n- 1 . . . 'n-r+l a”-*-. 

Hence, 

(a + x)** = a“ + x 


+ 


+ 


n.n- 


l.n-2 


n-r + 1 


a«-^x'+ . . .(1V.6) 


which we gave in (1.6). If n is a positive integer this series terminates 
after « + 1 terms; otherwise it is an infinite series which as we have 
seen in Art. 7 is convergent if lx] < \a\. 

To obtain a series for logs (1 + x). 

This series is easily obtained by Maclaurin’s theorem, but we 
shall obtain it by a different method. By continued division 

T7— = 1 - a: + a:®~ jc* + x* - .X® + a:® . . • 

1 + x 


Hence, integrating both sides between the limits 0 and x, we have 


log, (1+a:)=s=a: — ^ + j — 



(IV.7) 
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IM 


Both the above seues are con\erji^‘!it for \ lines o{ \ between 
V — 1 and V — [ I 


Putting “ \ for v, we get 
log, (1 X) ~ ~ \ \ ~ \ 


V* 

5 


7 


and subtracting (1V.8) fiom (IV.7), we have, since log 
log, (1 ' x) log (1 v) 

1 “f X 


. (1V,8) 
i V 


log, 




{IV.9) 


Since (IV.7) and (IV.8) are convergent for |y| < 1, this last 
series holds for all positive values of J since this varies from 
zero to infinity as x varies from - I to f 1. 

. l-far, r n. 

Putting — ~ “ f I ^ (1V.9), we have, since on solving this 

1 

^~2n+ 1 ’ 

log, rn - log, » + 2 

+ jpTTT)- + • ■ •) • ■ ■ 

a rapidly converging series for positive values of n. 

By giving to n the values 1, 2, 3, etc., m succession we find the 
values of log,. 2, logs 3, log, 4, log, 5, etc. Since log 4 — 2 log 
2 and log 6 = log 2 + log 3, etc., it is only necessary to use the 
series for calculating the logarithms of prime numbers. 


57. The Series for Sin .r and Cos Put J (x) — sin then 

J Xx) — cos x,f'’ix) — — sin x,J '"{x) -- cos \, / (.v) - + sin a, 
etc. Also/(0) = Q,J '(0) - IJ "(0) - 0, / ' '(0) - - 1, / <«> (0) - 0, 
etc. 

Substituting in (IV.5), we have 


. (IV.tl) 
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By dilTerentiation of this result, or by an application of Maclaunn’s 
theorem as in the case of sin x, we have 


12 + 14 16 ^ 18 


. (IV.12) 


58. Taylor’s Theorem. Now consider the function f{x + h). 

d d 

j\x ^ h) means ^ (x + /O ™ U 

this is the same as (.v f h). Hence, in (IV.4) we may substitute 

f(x-^h)hrj(x\f'(x It) fox f'{x),f"{x ■\ //) for/'Xx), etc. On 

putting T - 0 in these wc have f (h) instead of /(0),/'(A) instead 
and generally instead of Thus, instead of the 

relation flV.5) we ha\e 

f(x i- /o -y (/;) t- .yjv>) f |/"(A) + + . . . 

+ py<“>(A)-+ ... . (IV.13) 

!« 

which IS known as Taylor's Series. 

Expand tan (a +- .x) as far as the fifth power of .r. 

Jifl x) - tan (« 4- jf) and putting x ~0 
J (a) — tan a 

f'{a 4 x) - sec- (a 4- -v) = 1 4- tan® (a 4- x) and 
f’{a) -- I *- tan® a. 

/"{a 4- .y) - 2 tan (a 4- x) sec® (a 4- x) 

— 1 tan (a -r x) { 1 4- tan® (a 4- Jc) ] 

— 2 tan (a -I- .v) 4- 2 tan® (a 4- x\ and 

/"(a) -= 2 tan a f 2 tan® a 

/ '"(a 4- Jf) =2 sec® (a 4- .x) 4- 6 tan® (a 4- x) sec® (a 4- x) 

= 24-8 tan® (a 4- Jf) 4- 6 tan* (a -f x), and 
y "\a) = 24-8 tan® a 4 - 6 tan* a 

/<*>fa 4 - x) =16 tan (a 4 - x) sec® (a -f x) 4- 24 tan® (a x) 

sec* (a 4 - x) 

= 16 tan (a 1- x) -f 40 tan® (a 4- x) 

4- 24 tan® (a -f x), and 
= 16 tan a 4- 40 tan® a 4- 24 tan ®a 


/(*)(a) 
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/ ‘®’(a + -v) -- 16 sec® (a t x) ) 120 tan® (a f \') see® (a ( Jt) 

f- 120 tan"* (a 4 v) sec® (a + .r) 

== 16 + 136 tan® (a ■+ j:) -|- 240 tan* (a + -v) 

+ 120 tan® (a + x), and 
= 16 + 136 tan® a + 240 tan* a + 120 tan® a. 

Hence, writing t for tan a, and substituting in (.IV. 1 3), we have 

tan (a f .V) - 1 + (1 + t®)v f /(I /®)y® + .r* 

, 1(2 + 51® -f 31*) . , 2 + 171'® + 301* 1- ISl® . 

+ ^ — X^+ vM . . . 

Tf a - 0, f ~ tan a — 0, and 

tan.r - . f . 

If a = “ 7 , ? = tan a "= I, and 

4’ 

tan^^ + .v^ = I + 2x + Iv® + + y.v* f + . . . 

It is sometimes necessary to have an expansion for /(jc + h) in a 
series of powers of h. Interchanging x and h in (IV. 13) we obtain 
Taylor’s series in the form 

fix + h) ^ fix) + hf'ix) + 1 + . . . 

+ rf^"'(x) 1- (IV. 14) 

i« 

In Arts. 57 and 58 we have assumed that it is possible to expand 
fix) or/(x + h) in a convergent series of ascending positive integral 
powers of x (or h). To be rigorous we should investigate the condi- 
tions under which our assumption is justifiable. We shall, however, 
content ourselves here with stating the conditions. The reader will 
find a proof in any standard textbook on the differential calculus. 

Provided that /(x), f'ix), fix) /*"'(x) are all finite and 

continuous functions between the limits x to .r + A of x, then we 
can write the relation (IV. 14) as 

fix + h) =/(x) I- hf'ix) + |/"(^) + Y^f'ix) + . . . 

+ r/‘”’ 

\n 


where 1 > 6 > 0. 
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Similarly we can write the relation (IV.5) as 

y (.V) =y (0) f xj '(0) t |/"(o) f j~/'"(0) h- . . . + 

the limits of ,y bein^ now 0 to v. * 

fjn 

If Lt. f Oh) — i\ where e is less than any assignable 

n—jf IfL 

quantity, however small, then we are justified in assuming the 
expansion of f(x + h) to be that given in (IV. 14). Similarly, the 
expansion (IV.5) holds if Lt. f^”\0x) is less than any assignable 
quantity, howwcr small. " 

The terms are known as Lag- 

range’s forms of the remainder after n terms in Taylor’s and Mac- 
laurin’s series respectively. 

59. Approximations. If h is sufficiently small A^e may write as 
successive approximations to the values o{f(x + h) the quantities 

fix hh)^f(x) + hfXx) .... X 


f(x + h)^f{x) {^hfXx) + 'Lf'Xx) . . 

f(.x + h) =^f(x) + hfXx) + ’^f'ix) + p'"(x) 


(IV.15) 


The first of these is usually sufficient to enable us to find the 
value of / (.T + h) when the value of / (x) is known and h is small. 

The quantity /"(.v), which is added to give the next approximation, 

serves as a measure of the degree of accuracy of the first approxima- 
tion. Similarly, if we proceed to a second approximation, the 

/j[3 

term ^ f"Xx) used as a measure of accuracy. 

EXAMPLE 1 


Tan 30® Find tan ST. 

^ 3 

From the above tan (x -f /i) ==. tan jc + ^ ^ (tan x) approx. 

« tan X'h h sec^ x 
« tan ^ -f ft (1 + tan* x) 
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Now, 3r - 0*5410521 radian, and 30’’ - 0-52359S8 uidian 
Hence, .v =- 0*5235988 and h 0 0174533. 

tan 31° - tan (jc i h) ^ tan 30’ + 0*0174533 (1 ]) 

^- 0*5773503 [- 0*0232711 
0*6006214 approx. 

To find a second approximation, we take the next term in the senes, which 

is Now f' {X)-~ f tan^ a) - 2 tan sec*’ a. 

12 ' dx 


Hence, the third term is 
0*0174533^ 

2 


and 


X 2tan30’scc‘30" 0*0174533** ' 0*5773503 

-- 0*0002345 

tan 31° - 0*6006214 r 0*0002345 
- 0*6008559 approx. 


The next term in the senes is % f '"'M and f " (x) - -r* (2 tan a sec** .v) 

i3 dx 


A 

dx 

0*01745^ 


or 


(2 tan A* I 2 tan^ a ) 2 sec** a 6 tan- a . sec’ a, and the fourth term is 

X (2 X \ [ 6 \ 1 . \) -- 0*0000047 

tan 31° =- 0*6008559 } 00000047 
- 0*6008606 

tan 3r == 0*600861 correct to six significant figures. 


EXAMPLE 2 

Given sin 30° — 0*500000. cos 30° -=• 0*8660254, find sin 31° coiTect to five 
significant figures. 

30° is equivalent to ^ radians, therefore Jc = ~ and h = 0*0174533 radian. 
6 o 

f(x^h)^f(x) hhf'(x), and f(x) ^ sin a,/ - cos .v,/' '(at) - - sin a. 
hence, substituting, 

sin (a 4- A) — sin A -f ^ cos x 

and sin 31° - 0*500000 h 0*0174533 0*8660254 

“ 0*515115 approx. 

For the second approximation we add the f {x} 

0 * 174533 *® 

^r\x) - — (- 0*500000) - - 0*0000761 

and sin 31° « 0*515115 - 0*0000761 

= 0*515039 approx. 
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f Of the thiid appioxiniiition we add the term 


: f 


sm 31 ^ 


( cos \) 


0*0174533^ 


(- 0 8660254) 


- 0-0000007 - O-OOOOOl appiox. 

0 515038 approx. 

0*51504 coirect to five significant figuies. 


60, Expansion in a Power Series by Differentiation or Integration 
of a Known Series. In Art. 57 we obtained the series for cos x by 
differentiating that for sin a; and we found a series for logg(l + x) 

by integrating the series for j These methods are often con- 
venient, and we give further examples of each. 

The series for tan a is given up to the term in by 

A*® , 2x^ 

tanA = ^+ 3 + . . . 


Hence, differentiating both sides 

sec^ X = 1 -f -f |a^ + . . . 

a result which is easily verified, for tan^x f 1 = sec** x, and therefore 

.2 


sec‘^ X = 1 + 




+ 3 +U + 


-)■ 


I + 4- 


Again, by continued division 

^ = 1 - jc* + X *- :(;« + j;:!® + ■ • 

Integrating both sides between the limits 0 and x 


tan jr — x 


f |.£! 

3^5 


x’’ x® 

J + -g 


vll 


11 


+ 


(IV.16) 


Similarly, expanding by the binomial theorem 


1 


VI -X® 


(1 — x*)~i= 1 + ^ 


2'4 


jc* + 


1.3.5 

2.4.6' 




Hence, integrating between the limits 0 and x 


sin“ 


1 V , 1.3 


,5 V 


3 +2T4- 5 + 27^- 7 


+ . . . (IV.I7) 
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We can obtain a senes for Hndmg the value of n from each of the 
relations (IV.16) and (IV. 17). Putting v - 1 in the former and 


V ~ I in the latter, we obtain 

TT 


1 


4 
and 

7T I 


I i- 1 . 

3 15 


} + ‘r 


^ 1 1 1.3 

2 2 • 3 . 2» *■ 2.4' 


I 1^.5 ! 

2 " ^ 2 . 4 . 6 • 7 . 2 ' 


(IV. 1 8) 


(IV.19) 


The series (1V.19) is much the better series for purposes of calcula- 
tion, as it converges more rapidly than the other. 

It is important to notice that in obtaining the series for tan x 
and sin v we have assumed that \x\ is less than I. 


EXAMPLE 

X 

From the equation + I tt j 

!z 


and 


2x , 4x^ , 
+ 12 + ir 14 + 


, , , JC® , JC® , . 

1 f ^ + ^+_.+. 


+ . . . 


-1+y 

dx 1 
civ i > 


- 1 - V 


^ 1 3 4 


ZL 

5 " 


prove that^^ 
dx 


From this prove that jc ~ y — ly® -f* \y^ — + 

dy 
dx 


-My. 

(UX.) 


6L Solution of Equations by Graphs. The reader is familiar with 
the methods of solving by algebraic methods simple equations and 
quadratic equations. Methods are known of solving algebraic 
equations of the third and fourth degrees, but these are tedious and 
complicated, and graphical methods of solution are usually preferred. 
Equations of degree higher than the fourth cannot generally be 
solved by algebraic methods. There are also equations involving 
quantities which are not algebraic, such as sin {ax + b\ log^ x. 
sinh X, etc. Such equations (transcendental equations) cannot in 
general be solved without the use of tables or graphs. We shall 
describe a method of solving equations^by graphs, and shall illustrate 
the method by solving a few equations. 
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Let ji(x) =/a(-Y) represent any equation in one unknown. The 
method of solution is— 

(1) Bring both quantities on to the left-hand side, thus 

MX) (iv.20) 

Mx)-Mx) ■=- 0, or writing <f>(x) for /i(x) -Mx) 

<Kx) -0 (IV.21) 

(2) Draw the graph of y = and measure the values of x foi 
which the values of y are zero. Let these values be a, b, c\ etc., 
respectively. These are approximate roots of (IV.2n or of (IV.20). 

(3) In order to obtain any particular root, say, x a, with a 
greater degree of accuracy, calculate values of (j>(x) for values of 
X between n — /i and a + k^ where h and k are as small as possible 
consistent with the condition that / (a — h) and / {a + k) must be of 
opposite signs. Plot the graph over this range of values of choosing 
jour scale for values of x so that the length representing h f k is as 
large as possible. The value of x for which the value of y is zero, 
IS a more accurate \alue of the required root than a. This operation 
can be repeated until the root is found with the required degree of 
accuracy. 

EXAMPLE I 

Find, conect to foui significant figures, a root of x®— lOx -t- 17 = 0, 

and find approximate values of the other roots. 

Lety - X® -* lOx +17-0. 

We calculate the values in Table 1— 


TABLE I 


X 

' -4 

-3 

-2 

- 1 

0 

> 

2 

3 

4 

aM 17 

,-47 ! 

-10 

9 

16 

17 

18 

25 

44 

81 

1 

i 28-8 

16-2 

7-2 1 

1*8 

1 0 

1*8 

7*2 

16*2 

28*8 

l ' 8 x » t 10 .V 

- 1 L 2 


- 128 

- 8*2 

0 

11*8 

27‘2 

46*2 

68*8 

J 

1 - 35‘8 

1 38 

218 

24*2 

i7 

6*2 

- 2‘2 

- 2*2 

12*2 


The quantities in the second, third, and fourth lines are arranged for con- 
venience in calculation. Drawing a graph of these results (Fig. 22), we see that 
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the roots are appio\imately ~ — 3-1, a: =* 1*6, and a - 3 23. To determine 
more accurately the loot which is nearly jc = 1*6, we draw up Table 11. 


TABLE 11 



1-6 

1-65 

1*70 

V ^ n ' 

21-096 

21*4921 

21*9130 

1-8x2 

4-608 

4-9005 

5 2020 

1-8x^ f lOx 

20-608 

21-4005 1 

22 2020 

y 

0*488 ; 

0*0916 

-- 0*2890 


Drawing the graph of these in Fig. 23, we see that the root is x 1-662 correct 
to four significant figures. 

The reader is warned against attempting to obtain more accuracy than the 
data permit of. We have no information about the accuracy of the coefficients 
in the given equation, and the above answer is only correct to four significant 
figures if the coefficients are correct to five significant figures. In many cases, 
when solving equations by graphs, it is only necessary to draw one graph. In 
the above case, after filling in Table I, and thus locating the root between x — 1 
and = 2, we could have drawn up a table of values between = 1 and =- 2, 
in which way increasing x by 0*2 at a step we should have located the root 
between x 1^6 and x - 1*8. A further tabulation would then have suggested 

5~{T.6io) 
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any required d^^of *^urac Jhrol r locate the root to 

graph only when such a nmnori! tabulation alone, and we have recourse to a 
The reader should notice that the the operation of finding the root, 

and that we could have left oS f Practtcally a straight line, 

drawing the graph S a ^ T = 0-488 from thi graph, 

should be nolced that this gSnSLm bfriri^® 

from the figures in Table ll L their 



change in the value of the function 

X, we have 


are proportional to changes in the value of 


_ UUyi6 . 

1*70 -- 1*65 6^3806* we find a ^ 0*012 


and 


X -- 1*662 as before. 


example 2 

Solve the equation x 4 - logj^ x ■ 


= 3*375 


Here we find it convenient to varv our mii* rn 
equanon m the fonn below. ptotti?tK2L^of ‘ 

the abscissa of their point of mtera^i™ ^V- functions and findi 

O'/. W »d/*) SSpt” 
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Transposing the term x, we have 

logic X ==' 3*375 — ,v- 

We find values of the functions y ~ logio x and ~ 3*375 — .v below. 


X 

0*5 

1 ! 

1 1 2 ; 

■ ■ 3 ■ i 

4 

login AT 

-0-3010 

1 0 I 0*3010 

0*4771 * 

0*6021 

3*375 

2*875 ^ 

1 ““ 


- 0*625 


The graphs of the two functions are drawn in Fig. 24, and their point of 
intersection has x == 2*9 as abscissa. This is a first approximation to the root. 



Now, writing the equation in the form j = jc + logic x — 3*375 — 0, we tabulate 
values of y for values of x between ~ 2-9 and x- ~ 2*92. 


X 

2*9 

1 2*91 

1 2*92 

logioX 

0*4624 

0*4639 

0*4654 

^ + logic X 

3*3624 

3*3739 

3*3854 

y — X logic a: — 3*375 

- 0*0126 

- 0*0011 

0*0104 
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A poition oi the guph of 7 - x logi,, a* — 3-375 is drawn m Fig. 25, and 
the \alue of .v is found to be y - 2 911. The reader should note that as the 
number 3 375 and the logarithms in the table are correct only to four significant 
figures, the root jc “*2-911 is probably correct to three significant figures only. 



EXAMPLE 3 

Show that there aic two roots of the equation 

2 logio X - X® — 5a 6 
and find the root which is between a* - 3 and x — 4, 

Tabulating the values of 7 2 log^ x and 7 a^ - 5a' ' 6, we obtain 


1 

1 

^ ^ 1 

1 

1 

2 1 

1 

1 3 

4 

2-5 

V 

2 logic a: 

-00 1 

0 

0-6021 

0-9542 

1-2041 

0-7959 

y 


6 j 

2 ' 

0 

I 

0 

2 

-~0*25 


The graphs are shown in Fig. 26, and they intersect in the points for which 
A ~ 1*7 and a ^ 3-6 approximately. To find a more accurate value of the 
second root, we tabulate again after writing the equation in the form 

7 ~ 2 logio A — A® + 5 a — 6 = 0 


A 

‘ 3-5 

i - ' 

3-6 

37 

3-68 

3-67 

2 logic X 

1-0882 ; 

M126 

1-1364 

1-1316 

1-1294 

5a 

17-5000 

18-0000 

18-5000 

18-4000 

18-3500 

2 logic A >1 5 a 

18-5882 

19-1126 

19-6364 

19-5316 

19-4794 

x-^ ^ 6 

18-2500 

18-9600 

19-6900 

19*5424 

19-4689 

7 

0-3382 

0-1526 

- 0-0536 

- 0*0108 

0-0105 
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The reader should uoticc that vse calculated the values of the functions fot 
the values of a m the order of then occurrence in the lop line of thRj above 
table, first locating the loot between a - J*6 and x 3-7, and then between 
A - 3*67 and a- - 3*68. By proportion or by the graph (Fig. 27), we find that 
X — 3-675 is the root correct to four significant figures. 



Show that 3 sin A ~ i has an infinite number of roots and that some of these 

X 

are given approximately for large values of « by a «= wtt where « is a positive 
or negative integer. Find the root which is nearly a — 0*6. 
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hig 2S siH)ws the giaphs of i and v ^ sin \. t^oi Jdigc value** ol \ 
I ^ 

V - IS piactically coincident with the axis of a. The roots are given approxi- 

nialely by x ~ 0*6, 3*1, Itt, S-n-, etc., and x: ~ — 0*6, — 3*1, ~ 2rr^ — Stt, etc. Thus, 
the roots with laige numerical values aic given approximately by x ==-- mr where 
n IS any large integer positive or negative. To find more accurately the value of 



the root, which is nearly .v 0*6, we tabulate aftei putting the equation in the 
form V 3 sin V ^ 0. 

A' 


V 

0 6981 

0*5760 j 

0 6109 j 

0 5934 

3 sin X 

j 1 9284 

1*6338 

I 7208 

1 

1*6776 

1 

X 

1*433 

1*736 

1*637 

1 

1 1*685 

y ~ 3 sin X — - 

X 

1 0*495 

- 0*102 

[ 

1 0-084 

1 

-0-007 


Fig. 29 shows the graph of y ~ 3 sin x* — The graph is assumed to be 

straight over the given range. The root is x — 0*595 correct to three significant 
figures. A more accurate result would be obtained by using tables giving more 
than four figure accuracy, and values of sines of angles differing by less than 
one degree. Calculating the root by proportion, we have, if x — 0*5934 -f a, 
0*007 

a - ^ (0*6109 — 0*5934) 0*0013 and x - 0 595 as above. 

U*0(/7 *7" v*0o4 
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62. Approximating more Closely to Roots of Equations. Newton’s 
Method. Method of Iteration. In Examples 1 and 4 above we 
showed how to find by proportion a closer approximation to a root. 
We shall find a formula based on this method. 

Let the equation be f (.v) -=^ 0, and suppose we have found that 
/ (^) ~ ^ ^J^d f {a + h) ^ — where f and tj are small quantities. 
Suppose PQ (Fig. 30) to be the graph of ^/(x) between x — a 
and X — a h. Then we have, if PM and QN are ordinates, 



PM - NQ % OM - a, and MiV - h. if PQ cuts OX at S, 
and we assume PQ to be such a short arc of the graph that we can 

, . , .... ..... MS PM 

take It to be a straight line, we have by similar triangles 


- But 

MN MS ^ SN 


MS *- 


5 + 1 / 


, and the 
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loot ol the equation is 

\ a MS — a + 

le X « + F^ (IV22) 

i + ri 

When vve have found a first approximation to a loot (IV 22) may 
be applied repeatedly so as to pioduce closei and closer appioxima- 
tions to the actual lOOt The method is rather tedious as it involves 
the calculation of two values of the function (for values of \ one 
greater than and the other less than the actual root) in each approxi- 
mation If, however, Ii, and ?; arc sufficiently small, substitution 
of their values m (IV 22) will give a close approximation to the root 
of the equation We have made use of (IV 22) m solving Examples (1) 
and (4) above We shall now explain a method of approximation 
due to Newton and known as New tons Method 
Taking the first of the approximations (IV 15) we have, if h is 
sufficiently small, /(\ i A) =/(x) + hj '(v) If a is a first approxi- 
mation to a root of / (\) = 0, and n 4 A is a second approximation, 
then since 



/(v) 

0 IS approximately satisfied 


b} A a 

r /j, J {a ^ h) 

0 approximately 



f{d)^ hj'ia) 

0 


or 

/?-= 

fia) 

/'(«) 

(IV 23) 

Hence, 

X — 

0 h 


1 e 

\ =: 

n 

fXa) 

(IV 24) 

IS a second approximation to the root 



By taking this value of x as the value of a in (IV 24) we get a 
third approximation to the root By successive applications of this 
method we may obtain a fourth, fifth, etc , approximation to the 
root, and m this way we can usually find a root of /(jc) = 0 to any 
required possible degree of accuracy. 

The reader is again warned that the greatest degree of accuracy 
possible depends upon the degree of accuracy of the numbers 
involved m the equation and of the tables of values used, if any 
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rXAMPU 1 

Sohc the equation v I bx U)\ 17 0 of \it 61 to lind the root, 

which IS ntiirl} 1 6 

Looking upon ^ 1 6 is a first ij.pio\imation \ve issumc as a second 

tppioximation thtt \ ^ a h sshcre h is giscn bv (l\ 2^) ind the root is then 
16/1 

Sc cond Appt o \ i malum 



\ 1 S\ I0\ 

r 0 

then / ( \ ) U 

Htncc 

/H 6) 

16 IS 

1 6 

16 r 0 4bS 

ind 

/ (1 6) 

3 1 6 

"6 1 

( 10 SO 

Hcncc 

h 

/<I6) 
t (1 6) 

04SS 

bOb 

0 06 ncirly 

ird the loot is 

\ 

1 6 h 

1 66 neai > 



Thud ippioximation 
/(I 66) 
and f 0 66) 

Hence h 

ind the root is \ - 

Fourth Approximation 

/a 6619)- 1 6619®- 1 8 1 6619 16619 17 -- 000042 

f (1 6619) =- 3 \ 1 6619"- 3 6 \ 1 6619- 10 - 7 697 

„4 -OOOCKK 

/ (i 6619) 7 697 

The root is theiefore x 1 6619 I h 1 66184 oi conect to foui significant 
figures, r 1 662 

Fig 31 shows how the successive approximations approach the actual value 
of the root PRSQ is the graph PT^ is the tangent at P and PT^ that at R 


166’' lb 1 66 -166 17 001422 

3 V 1 66“ 3 6 1 66 10 ™ - 7 7092 

/(I 66) 0 01422 


/ (I 66) 7 7092 

166 h 166!9neaily 


0 0019 
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PM, Rli, NQ aic ojtliiules to Ihc cuivc. It OM 1 6 and 

PM 

/(I ’6) - PM, fU 1-6) - slope of PTi — and therefor 

M7] 

fa^6) _ ¥m 
f (1*6) ~PM 

m. 



The fii St approximation IS \ OM 

The second approximation is x ~ OM — 


/( 1 ‘ 6 ) 

MTy 


- OM~ 

- OT^ 

We thus obtain the second approximation, x — OTi, from ti 
by erecting the ordinate MP and drawing the tangent PT^. 



by erecting the ordi nate and drawing the tangent RT^ w 
approximation x ~ OJi. By repeating this operation as 
dotted lines, we obtain closer and closer approximations t 
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lU 

\ OS. li the til St tippiOMmalion is \ OA instead in \ 0\f, the insl 

tangent QAf will cut O Y on the left of S', and the suecc‘<si\e appioxmiations 
will then approach the actual lool from the lelt, as hcfoie. 

The second approximation obtained by Newton's method may be less accurate 
than the lirst. If, however, aftci the second, the higher approximations approach 
closer and closci to the actual lOot, the method "will still woik. It is possible, 
however, that instead of approaching moie closely to the actual loot/thc suc- 
cessive “approximations” will actually leccdc fiom it, in which ease the method 
fails. The m etho d fails if there is a maximum or minimum value of/ ( x ) between tnc 
points X OM and \ OS^ as in Fig. 32. It will probably fail if thcie is a point 
of inflexion near to S, as m Fig. 33, oi if the slope of P7 1 is small, as in Fig. 34. 
The leader should draw giaphs of ditfeicnt kinds and examine foi himself each 
case to see il the method applies. 



Method ofltetation. If the equation to be solved, i.e. f {x) 0, can be wiitten 

in the form x — f(x), and x^ is a first approximation to the root, we can obtain 
a second approximation by substituting Xi for x in F{x). Successive approxima- 
tions to the root are therefore X 2 — F(xi\ -- Fix^X xi Fix^h etc. Some- 
times these successive approximations converge rapidly, but often they either 
converge slowly or diverge, so that the method, known as the method of iteration, 
is not of general application. By carrying out the above operations on a graph 
the reader will see that if the gradient of the graph of y Fix) is numeiically 
greater than unity in the neighbourhood of its intersection with the graph of 
V ™ X, the series Xi, Xg, Xa, xj, etc., is divergent. If the gradient of the former 
graph is numerically less than unity, the series is conveigent. If the gradient 
IS nearly equal to unity, the iteration method becomes very lengthy. 

EXAMPLE 2 

Show graphically that the equation x® — 7 logw x - 2 347 has two real 
positive roots, and find the larger correct to three places of decimals. (U.L.) 

The roots of the equation are the abscissae of the points of intersection of 
the graphs of y == x^ and y 7 logjox 4 2*347. These are drawn in Fig. 35, 
and the approximate roots are x - 0*5, and x ~ 2*2. 

Write the equation in the form 

' 1.(7 log, oX 2-347) 
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2 2 and X , 2 2 ^^^°^’' 

,22 -1 2 * 347 ) 

5 .^^ < 7108 ,. 2 1561 

2 347 ) - 2 1719 


2 347 ) - 2 1662 

<7 l « E „ 2-1662 

2 347 ) 

2 1682 

2i6 » 2 "'°*"-'®^ 

2 347 ) 

2 1676 


The loot i\ theretore, 2 168 conect to four significant figures. Foui -figure 
accuracy is impossible in this case, unless the numbei on the right of the equation 
IS 2*3470 coirect to five significant figures. 

63. Limiting Values. In Chapter I we found certain limiting 
values. By means of Taylor’s series we can obtain a method of 
finding the limiting value of a quotient of two functions which 
both vanish for a given value of the independent variable. Thus, 
suppose F{a) mdj(a) are both zero and we require to find the 

1 r. r 1 

value of Lf. . r > , we have 

r XT J 

Tt It 

~ ,if(a + h) 

F(fl) + hF'{a) +^F"(a) + . . . 

^Lt L 

"■^/(a) + V'(a) + pr(«)+ • ■ ■ 

or, since F{a) —/(a) — 0, 

FXa) + ^ F'(a) + F'Xd) + . . . 

Lt. = Lt. I- 

' *■ +H / "(a) + /"'(a) + ■ . . 


It 

fia) 


([V.25) 


unless F{a) and /'(a) are both zero, in which case the limiting 

, . , F'{a) 

value IS evidently 
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If this last fraction has both numerator and denominator zero the 
F"'(a) 

limiting value is^ ,7,^^ If the first n deiivatives of both Fix) and 
fix) are zero for the value a -- a the above limit is easiK seen to 

F("Tl)(q) 

Fix) 

Tn a similar way we can find the limiting \aluc of as x ap- 
proaches a when F{a) f (a) / , for in this case we write 


i-Ht 1 


where ^(a) — 6 (a) = 0. 


EXAMPLE 1 




V 


Fix) 


fix) 

0i\) 


Find Lt. ^1?''. (Compaie Art. 4.J 

j- -u a 


Heie F{x) 
Hence, 


sin X, F (a) — cos ~ X, / (i) 


1 

I 


EXAMPLE 2 

yn^ 

Find U ^ ^ 


(Art. 8, Ex. 5.) 


Here F(ic) — a” — F {x) •= (x) ~ x- a^f '(x) 1 

o r.F{x) fF'ix)! _ 

Hence, LL ^ ~ ^ 

£t-x-0 / C-^) W d X — tf 1 


EXAMPLE 3 


Find La 

r— X — a 

F(x) “ sin <3 — <3® sin jc, F'(x) -- Zx sm a - < 2 ** cos x,J (.x) .x — / (x) 


Hence, 


Fix) _ rF(x)l _ 2a sin a cos a 


I 


* Examples 1 and 2 are simple applications of the method of this article and 
must not be taken as formal proofs of the results. Formal proofs are given in 
Articles 4 and 8. 
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Lt. \“ <m a a- sin x 


a{2 sin a- a cos a) 


fcXAMPLt 4 

Find Li. I 
( -1 .V -- I 

HeicF(\) log, ru) /(V) x-lJ’M 1 


r * 1 

U. . £ - 1 

, >1 .V - 1 L IJ^ _ 1 


EXAMPLE 5 

r*'* j T ^ Sin A- A 

find Lt, ; — 

j- va 

F(x) - sin X — X, F (> ) cos x— 1, / (x) ~ J '{x) ~ 3x^ 

- sin A - A rcosA— 11 0 

Hence, Lt. — — — — ^ - 

^-.0 A-* L 3a“ Jjr = o 0 

In this case we put 

J"iO) L 6a J,i==.u 0 

Wc have next 

F(x)_F-m r~cosAl I 

r'iO) L 6 Ja-^o 6 


. f(x) r 


EXAMPLE 6 

^ tan 3 a 

Find Lt. 

tan A 

Here F{a) j {a) - oc, and we have 
, ^ tan 3a 


w cot 3a 


which takes the form Putting ^(a) ™ cot a and 0(a) == cot 3a, we have 

^'{x) = — cosec* A and QXx) ~ — 3 cosec* 3a. From (IV,25) we have, therefore, 

Lt r= Lt ““ cosec* A _ J. 

^ cot 3a tt — 3 cosec* 3a 3 


which is the required limit. 
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EXAMPLES IV 

(1) Use Maciaunn's theoicm to obtain the expansion of a m a pov^rcr sciies* 

(2) Obtain the lir^t thiee terms of the senes foi sm \,ih) tan H*. 

(3i Show that if wc wiite Av for A-v ibi clc., and assume that we 

r/> iix^ 

may write an expiession such as A'*r «A» ’i* t /?A'* y ... my in the 
form (A"» \ £rA” ^ AA” - ... /w)i, then TaylorN theoicm ma\ he 
stated briefly as /“{.v v) 

(4) Show by means of a graph that ^ is the slope ot the choid 

joining the two points which lie on the graph of i f ixh and whose abscissae 
are a: and .v i h respectively. Hence, show that if h is small, / (a* //) / (v) 

r hj (x 1 Oh) where 0 < I and fix) and its dciivative^ are continuous inside 
the range x a to a v h, 

(5) Expand e" '' in a senes of poweis of //, and also obtain voui lesult directlv 
from the series foi t'C 

(6) Expand tan .v and tan {a nr) as far as the term in i *. C'alculale tan 3 
and tan 44^ correct to four significant figures. 

(I) Use Maclauiin’s theorem to find expansions for sinh a and cosh a, and 
show that for small values of - the quantity y - cosh may without great 

c- 2 ( ^ 

error be leplaced by v ' . Find the greatest percentage error in making 

this replacement if the greatest value of v ^ c. 

(8) Obtain a series for tanh ^ a, and show by means of this senes and those 
for log, (1 r a) and log, (I - a) that tanh“^ x - h log, ^ Prove this also 

by making use of the lelation x — tanh y — - 

(9) Write down the values of sin a and cos a in series of ascending powers 
of A. 

Prove that the length of an arc of a circle is given approximately by the 
formula UZb a), where a Is the chord of the arc and b the chord of half the arc. 

Show that the error made in the length of an arc which subtends an angle 
of 90° at the centre of the circle calculated by this formula is about 
radius. (U.L.) 

(10) Write down the series for sin 0 and cos 0 in powers of and verify that 
the series satisfy the relation ^ (sin 0) == cos 0, Using the series, prove that 

cot ^ + 6^ coscc-* ^ ^ <00 j^i 4- ^ “f . . .J (UX.) 

(II) Write down the expansion of log (1 1- a) as a series in ascending powers 
of A, stating for what values of a the series is convergent. 
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Show that for a certain range of real \alues of .v the two series 
L 2 ( 1 - xf 2 (1 -- xY 

\l 1 xJ 3(14-^)® ' 5 (1 -h a:)® * 

. . . 

represent the same function, and determine that range. (U.L.) 

(12) State the series for the expansion of log^ (1 + jc) in ascending powers 
of X, and find the condition for the convergency of the series. 

If a and b are small compared with show that 

log. (X r- a) ~ log, ■*•■=1(1 ^ (-’f + 6 ) - log, x] (U.L.) 

(13) Obtain the expansion of log<, (1 -r x) in ascending powers of x, stating 
the conditions under which the expansion is possible. 

Obtain a series which will give the value of log^ 5, and calculate its value 
to four places of decimals, ( U.L.) 

(14) Using the logarithmic expansion, show how the value of log^ (a + h) 
may be found, where h is less than a and the value of log <5 a is given. 

Prove that, if h and k aie less than a, 

h - fL(\-l!L\ (UL') 

A ’ j Jog, {a ‘ k) — loge k\ 2a/ 

2a 


(15) Given iogio 73 “ 1*863323 correct to seven significant figures, use the 
method of Art. 59 to find correct to six significant figures logio 73*55. 

(log, AT - 2*302585 logxoT/) 

(16) Sin 4L -- 0*6560590, cos 4r - 0*7547096. Find sin 42° and cos 42° 
correct to six significant figures. 

(17) Find the error in assuming that for large values of N, log, (N + 1) 


- log, iV 4 * 


2 

2iV H- » ‘ 


What is the approximate error when Af = 50? 


(18) Show that a root of the equation 3 jc® — - 19x 4 - 31 « 0 lies between 
1 and 2. Determine, graphically or otherwise, this root correct to four signi- 
ficant figures, 

(19) Show by means of a rough graph that the least positive root of the 

equation tan x ~ ix lies between w and . Find this least root correct to 
four significant figures, ^ (U.L.) 


(20) If f ix) ~ X* 4 - 2 a:® 4- 6 x® 4* 20x— 15, show that /"Qc) is positive for all 
values of x. Thence show that/(x) ~ 0 cannot have more than two real roots. 

Given that x = — 3 is approximately a root of the last equation, find this 
root to three significant figures. (U.L.) 


(21) Prove that if x — a is an approximate value of a root of the equation 
fix) « 0 , then a is in general a closer approximation. 

Illustrate this graphically, and indicate the circumstances in which this method 
of procedure will fail to give a closer approximation. (U.L.) 

(22) Find the positive root of the equation x* -f x® — 2.r2 — 6 x — 8 ~ 0 

accurately to four significant figures. (U.L.) 
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(23) Solve the equation tan 0 0 foi the uiot which is neaiiv J {0 is in 

radians). Find the equivalent numbci of degrees. Show also that for large 

values of 0, the roots are approximately "iven b} (2n 1)-, where /i is an}- 

integer. " ‘ 2 

(24) Show that the equation v"’ 2 a ^ - 4 r** “ 8 a - 17 0 has not more 

than one positive root, and calculate this root to four significant figures. (U.L.) 

(25) If a root of the equation /(v) 0 is known to lie between two values 

of A, a and a i //, wheie /? is small, and if /(a) and /(«'! /O — 
where < and 7j are small, show that a second appioximation to the root is 

^ — * 

i -j- tj 

Prove that the equation a'*’- 4a ' 1 0 has a loot l 3 ^ing between 1 and 2, 

and find it correct to two decimal places. (U.l .) 

(26) The equation a-* (2 -i x) 11*54 has a root which does not dilfer much 
from 1 *5 ; find this root correct to tw o decimal places. Use the iteration method. 

(27) Using Maclaurin\s theorem, expand 0 in d series of ascending powcis 
of A as far as the te^ m a", given that sin 0 sin a . cos a, where a is constant. 

(28) Expand Vl — a by (1) the binomial thcoicm, and (2) Maclauiin's 
theorem. 

(29) Piove the “lule of proportional pans'’ for logaiithms, i.e. piove that 

if « is a large number (> 1000 say) and h 4 - h approx. 

^ ^ Iog(/H l)-log« 

Given logic 9779 - 3-9902944 and logic 9780 - 3*9903389, find logic 9779*4. 

(30) Show, graphically or otherwise, that the equation 4-" — 5a* - 0 has two 
real roots, and state between which integers these roots lie. Find the smaller 
root correct to three decimal places, 

(31) If /(a) == 0 and F(a) — 0 while f'(a) and F (a) are not both zero, prove 

Fix) F (a) 

Work out the following limits — 

Urn. . lim. L. ‘-7 “i! 


A® — 


0-^a (sin 0 


sin ay 
(U.L.) 


(32) The equation x ^ 


has a root a — 1. Try to determine this root 

2 4- A® 

by the iteration method assuming as a first approximation a - 0*9. Why does 
the method fail? Sketch the graphs of a and illustrate your answer. 


cos A - 


(33) Find the values of XL 

(34) Find the following limits*- 


1 . _ ^ 2 cos A - 

— and Lt 


' 2 4- A® 


a;-K) 


. cosh A — 1 . sinh a - 

^^0 £-->0 A ® 


A sinh A* 
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(35) 1 ind U. 

I A 


^ , , X 

, ani U. 

- — /I- r vu 


tfX" i 


/)A 


(36) Shou Ihdt Lt. , 

I (t\ 4 cx 


7a' h 8 a-* 9a - 26 
Y» 9a** 7a \~ U '~ 
^ cy^ by ^ 5 

y vl) e\ d d 


- b'^ 

i37) Findi-/, , (1) by using the icldtion (l\.25), (2) by using the 

I ^0 A 

expansions in power senes of a*" and h\ 

\ I 


(38) Piove that Lt. 

t \ I 


and lind 


Lt, 
r 4 \ I 


A - M ~ A 
X** I - A** 
V 1 I A X 1 - A** 


\ - M 



CHAPifcR \ 


AND MINIMA-^PARHAL Dirf'ERENHATION 


i and Minima. In a great many practical problems 
he engineer has to deal it is necessary to find the greatest 
ue of some function and the particular value of the 
ich gives the function such a value. We proceed to 
es by means of which we may determine these turning 
hey are often called^ and may be able to distinguish 
m. 


N. A function v — /'(.v) is said to ha\c a maximum 
= a, if/(a ~ h) and j (a + h) are always less than J (a), 

^ small but finite interval, and f{x) is said to have a 
ilue at X =r a, if f (a — h) and } (a h) are always 

m, 

it must note that the terms maximum and minimum as 
definition do not necessarily mean the greatest possible 
ossible values. There may, in fact, be more than one 
r minimum value of a function. 

i point F to travel from left to right along the curve 
lown in Fig. 36. As F approaches the point H the 
:reases up to the value HK^ which it assumes when 
, and as F recedes from H the ordinate decreases. Again, 
aches the point L the ordinate decreases down to the 
vhich it assumes when F reaches X, and as F recedes 
ordinate increases. According to the definition above, 
as a maximum value HK when x OK^ and a minimum 
hen X == OM. As F approaches I the ordinate increases 
^alue IN which it assumes when P reaches /, and as F 
n J the ordinate continues to increase. At each of the 
, and I the tangent to the curve is parallel to the x-axis, 
dv 

dient -J- is zero. A necessary condition, therefore, for 


i or minimum value 


dv 

of J = /(r) is — — 0; but that this 


i not suflScient is evident from the existence of a point 
m the curve, / is called a “point of inflexion” on the 
:onsider such points more fully in Art, 65. 
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dy 


The rate of increase of the gradient 
d dh rfv , 


with respect to x is given 
d^y 

by ~ or so that if “ is increasing as increases, ^ 

IS positive, and if is decreasing, ^ is negative. Confining 

our attention to positions of our travelling point P in the neighbour- 

dy 

hood of //, L, and /, we note the behaviour of the quantities, y, 



tl 

dx^ 


in the various positions of P. The results are tabulated below. 


Position of P 


Ordinate y 


1 


Gradient 

i 


dx 


~ tan yj 


Rate of 
Increase of 
Gradient 

" dx^ 


Approaching B, 
AtH. 

Receding from H. 
Approaching L. 
At L, 

Receding from L. 
Approaching I 
AIL 

Receding from /. 


Increasing 
HK (max. value). 
Decreasing. 
Decreasing. 

LM (mm. value) 
Increasing. 
Increasing 
IK 

Increasing. 


Positive and decreasing. 
Zero. 

Negative and decreasing. 
Negative and increasing, 
^ro. 

Positive and increasing. 
Positive and decreasing. 
Zero. 

Positive and mcreasing. 


I Negative. 
> Positive. 

K 

Negative. 

Zero. 

Positive. 


A consideration of this table shows us that a second test for 


maximum and minimum values 


of)' — f (x) is that ^ changes from 
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positive to negative as i passes through a maxinuim \aliie, and from 
negative to positive as v passes throuish a mminuim value; or, 

alternatively, that is negative at a maximum point on the curve 

and positive at a minimum point. Sometimes it is convenient to 
use the former of these two alternative tests, at other times the latter. 

It may happen, however, that a value of .v which makes zero, 

also makes zero. A further test is then necessary. By ravloi's 

theorem we have 

/(v4 //)= fix) F hj'(x) • ^ . 


Suppose that when x — a all the differential coefficients from 
f'(x) to vanish; then 

f(a h h) -fid) -= / <'>(a) i (V.l) 

We can, in general, take h so small that the first term of the 
series on the right is numerically greater than the sum of all the 
terms which follow. The sign of /(a ^ h) - f{a) will then depend 

on that of ’(flf). Now, if r be odd, / {a t- h) -* / (^) will change 

sign with //, and therefore .v *= a will give neither a maximum nor a 
minimum value of / (x); if r be even, then, irrespective of the sign of 
h,f(a + h)>f (a) if is positive, and / (a) is then a minimum 
value; and f (a + h) < f(a) if is negative, and J (a) is then a 
maximum value. 

In many practical problems common sense tells us whether ttie 
value obtained for a given function is a maximum or minimum, 
and no further test is necessary. 


EXAMPLE 1 

If m testing for a maximum or a minimum value of j ~ fM, it is found that 
d^y 

= 0, what further tests must be tned"^ 
dx^ 

A wire 3 ft long has to be bent into the form of a rectangle with an external 
circular loop at one comer, and the rectangle is to have one side double the other. 
Fmd the dimensions of the circle and rectangle so that the total area enclosed is 
a minimum. (U.L.) 
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The tests icquired are discussed in Art. 64 above. Let v and 2a be the sides of 
the rectangle and v the radius of the ciicle. Then by data, 

6v - Iny 3 . . . • (1) 

Also total area A 2x^ ttv- (2) 

From U) X - (3 — 27rv), and substituting this value in (2) we obtain A in 

teims of y only. 

Thus, /< -= .4 (3 - IttvV I TTV* 


A- ^(3- 2,ryy I nf 
liA I 

N3 2^vH 2;r) I l-ny 


[(9 r 2n)y- 3] 


If /I is a minimuni, 


0, whence v 


Again, ~ =r- ^ (9 i itr), which is a positive quantity. 

Therefore for the total area enclosed to be a minimum, the radius of the circle 

must equal — ft (~ 0- 1 96 ft), 

9 4- 27r 

From above, x -\-( 2 27r • ft. 

6 \ 9 r 2iry 219 f 27r) 

9 9 

Therefore sides of rectangle are — r™. ft and -* — ~ ft, i.e. 0-294 ft 

2(9 b 2tt) 9 h 2Tr 

and 0*589 ft. 

EXAMPLE 2 

The cross-section of a sheep trough is an arc of a circle of central angle 20 
and radius the length of the trough is a constant /. For a given internal trough 
volume find 0, so that the material used may be a maximum or a minimum, and 
discriminate between them. (U.L.) 

The length of the arc ~ 2r0, and the area bounded by the arc and its chord 
Jr^(20 — sin 20). Then volume of trough = 4r®(26 — sin 20)1 F, say; and 
surface area (inside) — 2r0l « say. 

2V 

Fis given, and r - -- 7 ; — T—rTir,* so that, in terms of the single variable 6 >, 
^ (20 - sin 20)1 ^ 

^2 — g/J/ „ 

(20 — sin 20 )/ 20 — sin 20 

A will be a maximum or minimum when A^ is a maximum or minimum (since 


we are dealing with essentially positive quantities), i.e. when 


20 — sin 20 , 


20 — sin 20 


maximum or minimum, i.e. when is a minin 

condition is ^ 

d /20-sm20\ . 

dOK 0* / 

. ^ 02(2 - 2 cos 20) - (20 - sin 20) . 20 


is a minimum or maximum. The 


^ [sin 20 -0(1 + cos 20)]- 0 
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Hence, 2 sin 0 cos 20 cos'* 0, ^^hich ghcs cosO 0, oi tan 0 0, i.e. 
0 - 90'’ 01 257*5° (nearly). (See Ex. IV, No. 23.) 

Let ^ ~ ^ [2 sin 0 cos 0 — 20 cos^ U] - [tan 0-0], 1 he sign of E 

will depend on that of tan 0 - 6, since cos-0 is positive and 0 is positj\e. Now, 
when 0 is slightly less than 90 \ tan 0 is positive and greater than 0, Therefore 
E is positive. When 0 is slightly greater than 90°, tan 0 is negative, and therefore 
E is negative. Hence, since E changes from positive to negative as 0 passes 

through the value 90°, is a maximum when 0 - 90’, and therefore A 

is a rninimum when 0 - 90\ 

The value 6 -=r 257*5'’ has no application hcic as it would make the cential 
angle greater than 360'’. 


EXAMPLE 3 

Find the maximum and minimum values of the function .t’ 
-20x^-5, 

:^.s„ 7.5^4 L 20 x ^ - 20\2 - 5 . 


7*5a* ^ 20^*^ 


Let j = 




Then ^ 5x^ - 30^** 60a‘ - 40jk 5x{x - 2)'*; and - 0 when a 0 or 2. 


dx 

Again, ^ = aOc* - 90x‘ i 120 a- 

When A - 0,^^ 

dx^ 

When X = 2, ^ 
required. 


Now, ^ =- 10(6a=- 18a + 12), and when a 
- 0 . 


dx 

40 10(2.\**~9a-* - 12a* 4). 

40, so that j is a maximum when a 0 and v«w\ - - 5, 

10(16- 36 - 24 -4) - O, so that a further test is 

dy _ 


2, 


dx^ 


10(24 36 i 12) 

Again, ^ = 10(1 2a-* 18) 60(2a - 3), and when a -= 2, f 60. 

dx* dx* 

Hence, since this differential coefficient is of even order and positive, y is a mini- 


mum when A -*= 2; and — 32— 120 * 160 - 80 — 5 = — 13. 


dy 


Note. In this example it is easy to deduce that if a is slightly less than 2, 

dy 

is negative, and if a is slightly greater than 2, ^ is positive; and hence a — 2 
gives a minimum value of y. But we have adopted the alternative method in 

dy 

order to show the application of the further tests necessary when ^ 0. 


65. Concavity and Convexity. Points of Inflexion. Consider the 
curve shown in Fig. 37. As a point moves along the curve from 

dv 

left to right in the neighbourhood of the point A, the gradient -j- 

rfSy ^ 

(= tan %p) increases, so that at A, is positive. By a similar 
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argument we deduce that at B, ^ is negative. At A the curve is 
said to be concave upwards and at B convex upwards. Hence, a 

. . dy . 

curve is concave upwards at any point (x, ;>) on it if ^ is positive 

d^y 

at that point, and convex upwards if is negative at that point. 


We can regard the point C as the junction of two parts of the 
curve, the one concave upwards and the other convex upwards, 

so that the gradient J- increases up to C, and thereafter decreases. 



dv 


Tt follows that at C, ~ has a maximum value and therefore, by Art. 
d^y 

64, ^ == 0, At the point D which joins a part of the curve convex 

dy 

upwards with a part concave upwards, obviously has a minimum 
value, and again ^ = 0. C and D are called “points of inflexion” 


on the curve. The tests for these points of inflexion are really, as 
indicated above, the tests for maximum or minimum values of 

dx 

Hence, the curve j == f{x) has a point of inflexion at x = ^ 3 ! 

d^y d^y 

if ^ ~ ® when .x — a; and (2) ^ changes sign as x passes 

through the value a. 

On referring to Fig. 36 and the table in Art. 64, the student will 
note that the above conditions are satisfied at the point /, which is. 
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therefore, a point of inflexion, but although 0 at /, this is 
not a necessary condition for a point of inflexion. 


EXAMPLE 1 

Find the maximum and minimum ordinates of the cut s c v ( x 2) ’( x 7 ), 

and the position of the point of inflexion 

dy 

Here-- (v 2)^ (1) (v 7).2.(\ 2) 

- (V - 2)(v 2 \ 1\ 14) [\ 2) Ov IM 

Foi turning values of 0, whence (v 2)(3v 16) 0, \ 2oi5', 

a . d^y 

Again, ^ - (.r - 2)3 {- (3v 16) (1) ^ 6x 22. 


When a: = 2, ~ is negative ( 10), and when 5‘, ^ is positive 

(— h 10); so that V is a maximum when v 2 and a minimum when x 5^ 
Maximum ordinate — 12 - 2)'*(2 7) 0, 

Minimum 01 dmate (5, 2)^(5^, — 7) - 18* X 

When ^ -- 0, 6\ 22, or a* also vxhen v is slightly less than ^ ^ 

ax'^ i ^ j 0 cix'^ 

IS negative, and when v is slightly greater than , is positive. There is, 


therefore, a point of inflexion at the 


point 


(- - 


2^\ 

27/’ 


EXAMPLE 2 

Give the tests for a point of inflexion (contra-flexure) in a plane. A beam of 

length 2/ is supported at the same level at distances ~ from each end, the load is 

2W and distributed so that at any point the load per unit length - kz where 
z “ distance from nearer end. The bending moment being approximately 

find its value at any point distant x from the centre and determine {a) the 

deflection at any point, (6) the slope at the supports, (c) the points of inflexion. 

(U.L,) 

The tests required are given above. 

J 7 kl^ kl^ 

kzdz — ; hence, - IF, and therefore 

k — By symmetry the reactions at the supports each ^ W (Fig. 38). Let 

P be a point distant x from the centre of the beam; then the load on an element 
of the portion PB kzLz and its moment about P — kz — x — z). 
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\4h 


Bending moment at P 



ni 

n4 ^ 


(7 t 

0 

i{l \ .Wz 

3/- 4a: 

2W 

b- 


4 

P 

■ jr)-j -yjo 



-xf 


4- - 

- w— 

3/“ 


IV 

\2lx^ 1 

5/‘J 

U) 


d^y 

The poinUs of contid-flexure occur where ~ Q, i.e. where 4v * 

0. On solving, we obtain a 0 744/ approximately. 
Integrating (1) we have 




4/\ * 


5/'’a] . 


12/x^ 1 5/' 


( 2 ) 



dy 

the constant of integration being zero, since ^ when jc = 0. 

dy 3/ 

Now, the slope at each support value of ^ when x — 

MEIP 1256 16 " 4 J 

2Q31VP 

1024E/ 

Integrating (2) we have 

r Tjc^ , , S/sjcH 

'la/'Ls 2~j ■ • • 

the constant of integration being zero, since v ^ 0 when x ^ 0 by our choice 
of origin. 

Hence, the deflection at E =- value of at point of support — value of y at P. 
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Now al point oi siippoit, v 

H 1 
12 /// 1 




w 1 

[5823 1 



12EIT 1 

15120^ J 


Deflection at P ~ 

w 1 

Lsiao 3 

5P\n 

\2EIE 1 

2 J 


66, Forces in the Members of Over-rigid Frames. Fig. 39 bhows a 
framework of bars forming the quadrilateral ABC D, The bars arc 
connected by frictionless pin joints at 
their ends, and additional bars join B to 
D and C to A. If one of the bars were 
removed, say BD, the framework would 
still remain rigid, and it would be pos- 
sible to find the stress in each member 
due to the application of an external 
system of balanced forces to the points 
B^ C, Z>. Frames or structures of this 
type are said to be redundant or over- 
rigid. Assuming that all the bars remain 
it is obvious that the structure may be 
self-strained. If, for instance, the bar AB is put in last and it is longer 
than the gap AB in the figure, the structure would need to be strained 
in order to get this bar into position. When such a structure is 
dealt with the assumption is usually made that, when there are no 
external forces acting, the stress in each member is zero. The 
stresses in the various parts due to any external system of loads 
cannot be determined by the use of the triangle or polygon of 
forces, or by ordinary analytical means as the number of unknown 
stresses is greater than the number of equations obtainable from 
statical principles. In order to solve the problem we make use of 
the ‘'Principle of Least Action,” which states that in any position 
of equilibrium of a material system the total energy of the system 
is a maximum or a minimum. The method of dealing with problems 
concerning redundant frames is shown in the following example — 

EXAMPLE 

A square ABCD with its diagonals BZ), AC, forms a braced structure. It is 
fixed in a vertical position with AB attached to a vertical wall. A load W lb is 
hung from C. Find the forces in the bars AD, DC, CB, BD, and AC. 

Let jp, Q, R, S, The the forces in the bars jSC, CA, BD, CD, DA, as shown in 
Fig. 39, and let a be the magnitude of the angle ACB. Resolving horizontally 
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and veiticall)' ft^r the cijuilibiium of Ihe foices acting at the points C and /), 
we have 

(2 cos a - P i.e. G V 2 . P (since oc 45°) 


Q sin « ^ fV-' S 
R sin ot "" S 
R cos IX - r 


A S--W-P 
A R - s/liW- P) 
T w ~p 


These four equations contain the five unknowns, P, Q, R, T. To obtain a 
fifth equation we apply the above principle. It is proved in textbooks on strength 
of materials that the elastic energy of a straight bar of length L and cross-sectional 

F^L 

area A under the action of an axial tension or thrust Fis * z-;, where £is constant. 

2EA 

If the side of the square is of length L the diagonal is of length V2L, Suppose 
A to be the same for all the bars and that the bars are all made of the same 
material. Then 


U ~~ total elastic energy of the bars 


2EA 


[P^ - ^26= 1 I- r^l 


Substitute for Q, R, 5, and T in terms of P so as to obtain C/ as a function of 
Fonly. Then 

u - .f;- {P- 2\‘'zp‘ , 2\ 20V pv I ov- pv 1 (fv- py} 


W3 4\ 2) -21VP(2\ 2 2) \ 2WHs^2 ‘ ')) 

By the principle of least action U Is a. maximum or a minimum. Hence 
^-0, i.e.(3 , 4V2)P -a^^2 J 2W,otP 0-558«^. 


By substitution, we find that Q - 0-789 H', R =■ 0-625 5 - r = 0-442 if". 

In this solution we have assumed the bar AB fixed to the wall to be infinitely 
rigid. If the bar is free to stretch or contract its strain energy must be included in 
the expression for U. 


67. Partial Differentiation. Let z == / (x, y) be a continuous 
function of x and v. If .v is assumed constant and z is differentiated 
with respect to x, the result so obtained is called the partial differential 


coefficient of z with respect to and is denoted by the symbol 
Similarly is the partial differential coefficient of z with respect 
to y, X being assumed constant. 

The geometrical interpretation of these partial differential co- 
efficients is evident from a study of Fig. 40, which shows part of the 
surface z =f(x, y). Let the planes x = a, y — b evt the surface 
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along the curves APB, CPD respectively, and let the tangents to these 
curves at P meet the x, y plane at T and R respectively. The equal ion 
of the curve APB in the plane .v - a is r f(a, v), so that in this 


Dr 


plane has the same meaning as 


it 

ti}' 


i.e. 


Dr 

^ -= -ftan PTM 
?y *■ 


’gradient of curve APB at P 


(V.2) 



By similar reasoning we find that 
3z 

^ — tan PRM — gradient of curve CPD at P (V.3) 

Du 

In general, if a == f(x, v, • • •). T" found by differentiating 

Dm 

with respect to x, assuming v, r, etc., constant; ^ by differentiating 
with respect to y, assuming x, r, etc., constant, and so on. 

By differentiating ^ and ^ with respect to .x and y in turn, we 
obtain the second partial differential coefficients as given below 

Dx® 3x \.3xy ‘ Dx 3/ Dx' \5y) 

_ 1 . i 

3)A ~ 3y VDv/ ‘ D v Dx Dr \3.\'/ 
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la general, -z — z- — zr- so that the order in which the dilFeren- 

° dx Jv dv i'r 

tiations are performed does not affect the final result. 

EXAMPLE 1 

Differentiate tan" ‘ partially with respect to x and also with respect to y. 


Verify that, if z 

3xy~ y^ 

' (/ 

2x ) , then 

< 

a®z 

Xx By 

B^z , a^r 

a«z _ / a^z y 

aj;- Vajc By/ 

- tan"* 1 


- -i-, 1 

z' 

)---y 

a.v 

\xy 


< x‘^ 

f -{ y^ 

tan"* ( 

ay 

<Z) 

<x/ 

JC- 

0 

X 

x^ -f 


r = 3xy - / -r (y* - Zat)’ 

^ ^ 3y + i (y»- Ze)! (- 2) - 3iy- (y^- 2^:)*] 

uX 

g = - (y» - 2*)-* • (- 2) =- 3{y* - IxF* 

~ = 3[l - i(y“ - 2.r)-i {2y)] .= 3[1 - y(y^ - 2xri] 

^ = 3x- 3f + .\(y‘-2x)i- (2y) = 3[;e- y^ + y(f-2x)^} 

Ip - 3t- 2y + (j>‘-2x)i + |(y«- ZxH ■ ( 2 y)] 

= 3[- 2y + (y* - 2;r)l + y V - 2;c)-i] 

^==3[l +|0>vic)-i.(-2)] =3[l-y(y«-2;r)-»] 

We see that 

By Bx Bx By 

3p'3f>^ - 2jr)-5- 3[ - 2y r (v^ - 2x)i - y^(y^ 2x) M 

- 9[ - 2y(y»~ Z«r- I 1 i y*(y- - 2x) ’] 

- 9tl-y{y*-2*)-ip 


/ 3>z y 

" Wav/ 


EXAMPLE 2 

The ellipsoid ~ ^ 1 is cut by the plane jr - 3 ; find the gradient of 

the curve of section at the point where y 1 ’5 and z is positive. 
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LXAMPLE 3 

If r be a function of v and j, and u and i be tvto othci \aiiables, such that 
u lx 1 my 

v lx m\ 


show that 






{/’ f //r) 


\?ii^ Oi-V 


assuming that, on the right-hand side of this last equation, r is expressed as a 
function of u and v only. ( U.L.) 


We hd\c 


3v 

ax' 

Dy 


Since z may be regarded as a function of u and v, where u and r are each func- 
tions of X and jy, then by (V. 10) 


dz dz Ou Oz Dv 
ax " Bn Ox ^ Ov Ox 


/ 



Dr 

av 


and 


ax“ Ou \ Ou Ov) Ox ^ Ov \ Ou 

f OH 0H\ f OH 




av 

Tx 

(- m) 



OH 

j OH 

- 2hn 

a®z 

OH 

i.e. 


^ a/A 

OuOx 



OH 

, a®r 


OH 

„a®z 

Similarly, 

Oy® 

Oii^ 

■* 2lm 

OiiOv 

- 



OH 

OH 



By addition 


al® 

' ay® 



avV 


71. Small Corrections. We have shown in Art. 40 that if j is a 
function of a single variable x, then the change Ajp in y due to 
a small change Ax in x is given approximately by the relation 
dy 

Av “ Ax. We have now to find a corresponding relation in the 
case of a function of two or more variables. This is supplied by the 
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result obtained in (V.6), namely, that if z — /(x, }\ u, . . .), then 
the total variation Az in z due to changes A;c, Ay, Aw, . . . in 
.r, V, w, . . . is given by 

Dr Dr Dz , 

Az “ ^ A.Y t Av Aw 4" • • • 

Dv jy ' du 

The following examples illustrate the application of this relation 
to the calculation of small corrections. 


FiXAMPLP 1 

The angles of a triangle arc calculated from the sides a, b, c\ if small changes 
ba, dh, ()c arc made in the sides, show that approximately 

SA - • cos C — <5c • cos B) 

where A is the area of the triangle. 

Apply the formula to calculate in degrees and minutes the angle A of a triangle 
in which a - 99*5, h 100*2, c 100*7. [1 degree * 0*0175 radian.] (Q.L.) 

IN'ote, The symbol d is frequently used as in this example to denote “a small 
increment of.’’ Thus, da, dh, . . . mean the same as Aa, A6, . . .] 


We have 


cos A 


2bc 


Let z log cos A — log 1 c- - a-) ~ - log 2 — log 6 — log c. 


dj 


-la 

-la 

a 


c"^a 


1 - - a® 

Ibc cos A 

be cos A 




2b 

[ 2b 

1 h — c cos A 

a cos C 



} 

h Ihc cos A 

b he cos A 

be cos A 

dz 

a cos B 





be cos A 





l&y(y.6) dr = 5aogcos^> = ^.da + 


i.e. 


sin ^ . a . , a cos C a cos B . 

. ^^,dA -- - -da t 7 -f ^ -<5c 

cos A be cos A be cos A be cos A 


bA . _ Ida — dh- cos C - de . cos B] 

sm /t 

^ [<3a — ‘ cos C— dc cos B] 


Assume a ^ b c — 100, then ^ radians; also da = — 0*5, = -f 0*2, 

de - } 0*?; and A area of triangle - 2500^1 
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Hence, 


100 ^ 

5000 X ^ '■ 

0 210^) 0Jd>5)j 



' [0-5 

50^ 3 

0 1 0-35 i 



' 0-95 

150 

0-01 1 ladun 

l.C. 


— 38 minutes 



A 

60 38 s<) 

22 

LXAMPLF 2 





The shape of a hanging rod of unifoim strength is given b}^ v wheic 

y is the radius at any height .v above a fived poin't and /h ir, and' /’are constants. 
Find the change in y produced by small changes in w and <y‘ in /. Show that 

the percentage eiror in >’ is times the difference m the percentage errors in 
w and f. / 

By Art. 69. i)v • <)h- . .'if 

dH’ 0/ 

ie ^ = 

y / L w / J 

whence it follows that the percentage error in y 

noo.^-ioo.fl 
y f L w /J 

— •^[difference of percentage errors in w and/]. 

72. Extension of Taylor’s Theorem. In Art. 58 we have 
Jix + h)^J (X) + hf '{X) 4- |/"(.V) -}- ^~f"'{x) -I . . . (V. 11) 

Treating <^x + h, y + as a function of a single variable .y, we 
have by the above series 

+ h,y + k) = ^(.Y, ;’ + *)•+■ h-^ jix, y + k) + 

A* a® . 


<V.12) 
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Now, looking upon v + as a function of a single variable y 
k)~ cl>(\\y) +■ ^ i') + • * • (V.13) 

In the same way 

^ y + k)-^ <l>ix, v) + y) + . . . (V.14) 

and ^(.v, _r I- ^) 5^2 ^^(•V,v) t- <!S(x, v) -f- . . . (V.I5) 


Substituting from (V.I3), (V.14), and (V.I5) in (V.12) and writing 
^ <i{\% r) for ^ :r- i(.v, v\ we have as far as terms of the second 

degree in h and k 

4>(x -I h, y H- k) - <i(.Y, _v) + <f>{x, j) + (f>ix, y)j 


f 32 


(V.16) 


We make use of the result (V.16) in the next article to discriminate 
between maximum and minimum values of a function of two 
variables. 


73. Maxima and Minima of a Function of Two Variables. Let 
u y) be a continuous function of the variables x and j. Then 

u has a maximum or minimum value when x ==: a, 7 = 6 if b) is 
always greater or always less than <f>(a + h, b + k% where h and k 
are small but finite intervals. In other words, if w has a maximum 
or minimum value, the function ^{x + h^ y + k) — (f>(x, y) must 
preserve the same sign as h and k vary over their small but finite 
ranges. Now, by (V.16) 

4 - /;, r 4. /:) - ^(X, y) = ^ (h^ 

By taking h, k sufficiently small we can make the sign of the 
expression on the left depend on that of + k^. Now this 

cX cV 

latter expression changes sign with h, k so that a necessary condition 
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. . 1 j* I 1 j 

lor a raaxitnum or nnniinuni value ol u ib /?. ^ /v\ - 0, and, ub 

t\V 4? I 

h and k are quite independent of each other, this implies that 
0 and ^ ' 0 simultaneously. With this condition satisfied 
(V.17) becomes 

<t>(x * A') <^(a-, V) -- -I i A“ 


j2( ' aY“ 

+ terms containing higher powers of h and A 


cXv.iv 


avV 

(V.18) 


For small values of h and k the algebraic sign of the left-hand 
side of fV.18) is the same as that of the tenn in brackets on the 
right-hand side. Thus ti is a maximum or minimum according 
as Alt^' -f- 2Hhk Bk^ is negative or positive, where 


A 


^11 „ _ ^ 
" cV’ ^ av .■'.r' ^ ” cS'® 


Now Ah^ f 2Hhk Bk^ 


= A 

= A 




+ 


AB- 


A^ 





which has the same sign for all values of h and k if, and only if, 
If this condition is satisfied, u is either a maximum or 
minimum, and A and B are of the same sign. The sign of the expres- 
sion Ah^ + 2Hhk + Bk’^ is then that of A. 

We see, then, that the conditions that u — <^(x, y) should have a 
maximum or a minimum value, are 


aw ^ Dw ^ / a®w 

ajc “ dy " av* • ^ vax: Ov/ 


(V.19) 


These conditions being satisfied w is a maximum or minimum 
according as the sign of ^ or is negative or positive. 
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FXAMPLE 1 

Find the values of x and v for which k -= l 
value. 

dll 


y- 

du 


6x f 12 has a minimum 


i.e. X 




■- 2x-^ 6,- 

dj, V 

Hence, for stationary ^aIues, 2 .y ^ 6 - O). 

V - 0) ' 

Ag“m. ■ 

Hence, the conditions (V.19) are satisfied and u has a stationary value for 


2, ■r"> - 2, and 
’ dx dy 


0 


d^U 

V 3, y - 0. Also, since ^ is positive, the value is a mmimum, 

EXAMPLE 2 

If -=• 6xy {- 9, find the values of x and y for which z has a stationary value. 

, _ dz 3y dz 3x 

, ^ -t Vdory 9. Hence. 5;^ ^ ± and^^ ± 

dz dz 

For stationaiy values, ^ 0» and ^ 0 

3y 

,==0ory = 0 


and 


V6xy ^ 9 
3a: 


==* 0 or a: = 0 


^607 + 9 

There is a stationary value when x — 0 and y ~ 0, 
dh 9y^ d^z . 9x^ 

__ _L 


(6xy h 9)‘ dy^ 




(6xy + 9) ' dxdy (6xy + 9) 


Hence, the condition ^ ^ > {^^y) 


becomes 


SlxY \ _8K^y_+J)^ 

{6xy + 9)® / (6xy + 9)® 

which is not satisfied by a: — 0, y = 0. Hence, the stationary value is not a 


maximum or a minimum. 


EXAMPLE 3 

Prove that the rectangular solid of maximum volume which can be inscribed 
in a given sphere is a cube. 

Let AT, y, z, be the length, breadth, and height of the solid, and let d be the 
diameter of the sphere. Then, a diagonal of the solid will be a diameter of the 
sphere; whence a:® + y® -f z® = (i\ 

If p' =s volume of solid, then V = xyz = xyV a;® y®. 

Now, if K is a maximum, K® .x®y®(<^® — jc® -- y®) = d®x®y® — x^y^ — x^y^ is 
also a maximum. 



M \\m \ *\Nn MINIM \ 


16! 


The initial conditions aic 




and 


D(r-) 


2J’\r ■* 2.VV* 

2.\*v 4 a ‘ v^ 


0 

0 


Since A* ~ 0 does not apply hcic, these equations reduce to il^ - 2\^ 

“ 0 and ci^ v- - 0, which give a ) 2 . 

' 2t/H’ 2x^ 12x^1 8\i 

Oy- 
f/J) 

4iF\v 8v V hxi* dv* 

av*M 

OqF*^) P- 
We see that 

33(1/2) dA- 

5^ is negative. 

Hence, (and therefore lO is a maximum when a* - y - z; the solid is then 
a cube. 


HK“) 

3v3 


p(r^)y* 
V 3.y3v / 


64a‘* ™ 16a'^ is positixe, and that 


(when X y 2 and 
therefoie 3\' 


EXAMPLES V 

(1) The horse-power generated by a Pelt on wheel is proportional to //(v ~ w). 
where u ~ velocity of wheel which is variable and v ■= velocity of jet which is 
fixed. Show that the maximum efficiency is given when u ™ iv. 

(2) Prove that the curve given by the equation y^ ^ (a q- 1) (2 a*3— lx H 7) 

has turning points at a - - 0 and x - 1 % and a point" of inflexion at a -= 1. Give 
a graph of the curve for values of a > 3. (U.L.) 

(3) Find the maximum and minimum values of ^ ^ ^ and distinguish 
between them. 

(4) Find the values of a* for which v ' — has stationary values. 

^ 1 h X 

Sketch the curve representing y as a function of a, and show that y does not 
differ from unity by as much as 0*0008 for any value of a between 0 and 0*6. 

(U.L.) 

(5) The stress p lb per sq in. on a section of a wheel tooth which makes an 

6P sin 0 cos 0 

angle 0 with the pitch surface is given by p - — , where P is the load 

acting on a corner of the tooth and the constants b and t are its breadth and 
thickness respectively in inches. For what value of 0 is a maximum, and what 
is the maximum stress? 

(6) The greatest horse-power which a belt can transmit is given by P 

/ )VV®\ 

™ /c I Tv I, where v — the velocity in feel per second, w — the weight in 

pounds of a piece of belt 1 ft in length, g — 32*2, and T is the greatest tensile 
strength of the belt. Find v for maximum horse-power. 

(7) Find the dimensions of (1) the heaviest, (2) the strongest, (3) the stiffest 
beam of rectangular section which can be cut from a round log of wood of length 
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L it and diameter D ft. [If h ^ breadth and d -- depth of beam, ihc strength 
varies as bd^ and the stiffness as bd^,] 

(8) A rectangular tank, open at the top and with a square base, is to have a 
gi\en inner surface area A ; find the dimensions (inner) of the tank for maximum 
capacity. Find also the dimensions under the same conditions of a tank with a 
closed top. 

(9) Woik Ex. 8, assuming that the tank is in the form of a right circulai 
cylinder. 

dy 

(10) Find ^-wheny -= log,.v. ^ 

If in a submarine cable the range of signalling varies as x'^ log, where .v is 


the ratio of the radius of the core to that of the cable, find the value of x for which 
the range of signalling is a maximum. (U.L.) 

(11) Draw a rough graph of the expression 4x® 3x® - 18x~ 9, calculating 

the positions of the turning points and the point of inflexion. Find from your 
graph the positive value of'x for which the expression is zero, and, by the use of 
Taylor’s theorem, calculate a better approximation to this value. (U.L.) 

( 12) The shape of a hole bored by a drill is a cone surmounting a cylinder. Jf 
the cylinder be of height h and radius r, and the semi-vertical angle of the cone be 


a where tan ot ^ show that for a total fixed depth Hoi the hole the volume 
^ H ~ 

removed is a maximum if ^ -7 (v'?— 1). (U.L.) 

6 


(13) Prove that the necessary and sufficient conditions for fix) to have a 
maximum or minimum value when x — <2 are that / '(«) should vanish and f'{x) 
change sign as / (x) passes through the value / id). 

How much water must be put into a cylindrical vessel standing on a horizontal 
plane in order to bring the centre of mass as low as possible, the weight of the 
vessel being four-fifths of the weight of the water it can contain, and the centre of 
mass of the vessel being taken at the middle point of its height? (U.L.) 

(14) Show that in general, /(x) has a maximum or minimum value, when x is 
one of the roots of the equation/ '(jc) — 0. If the above method gives a maximum 
value of/ (x) in the interval from x~atox^b^h this necessarily the greatest 
value of fix) in this interval? 

A uniform beam of weight W rests on supports at its extremities A and B. 
The beam carries a load W at C, where AC = lAB, Prove that, if IV' ^ I W, 
the bending moment is greatest at a point of the beam between C and the mid- 
point of AB; but that if fV' 2 fV, the bending moment is greatest at C. 

(UX.) 

(15) A right circular cone, including a flat circular base, is constructed of 
sheet metal of uniform small thickness. Express the total area of surface in 
terms of the volume and vertical semi-angle of the cone, and show that for a 
given volume the area of surface is a minimum if the vertical semi-angle ~ sin""^ J. 

(U.L.) 

( 1 6) The weight fV lb of gas flowing through the throat of a nozzle of area A 

is given by fV A H’o/?o(a^ — , where g-jy, Wo,/?o are constants. 

Find the value of oc for which Who. maximum and find the numerical value of 
a in this case given that y 141. 
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(17) If /7 sin 6 //( v -t p cos- /)j, whcic h and p die constants, show that 

/? IS a minimum when cot 20 — //. 

(18) The efficiency i* of a screv^ jack is gt\en b) e ^ where 

<i> ^ constant. Prove that for maximum cHicienc) 7 45 ^ and that the 

^ . 1 ^ sin 

maximum efficiency is , - . ~ . 

^ I sin 

(19) The discharge Q gallons pei houi of water thiough a ciiculai channel of 

radius r is given by Q kt , whcie 0 is the angle subtended b} the 

wetted perimeter at the centie of the circle. Show that for maximum discharge 
sin 0 ^ 0{3 cos 6—2) and show by plotting or otherwise that this is approximalcly 
satisfied by 0 308°. 

aol 

(20) In £ - ^ ^ E.M.F. of a dynamo in \olts, / the current in 

amperes, fo the angular velocity of the armature, and a and A arc constants. If 

E 

r and R are the internal and external resistances respectively, then ^ ^ 

and the power P given out is proportional to Find the \ alue of R which 
makes P a maximum, having given oo> - 1*2, A: 0*03, and r - OTO. 

(21 ) The total cost C of a ship per hour (including interest, wages, depreciation, 

V* 

coal, etc.) is given (in pounds) by C 3*2 | where v speed of ship in 

knots. For what value of v will the total cost of a passage of 1 500 nautical miles 
be a minimum? 


(22) If 3 ’ = fix) discuss the conditions that 3 ’ may have a maximum or 
minimum value. 

A uniform thin rod of length / and mass m is suspended by one end so that it 
can oscillate as a pendulum; a particle of mass is attached to the rod at a 
distance x from the point of support. Determine x, so that the period for small 
oscillations may be a minimum, and find the period. (U.L.) 

(23) Show that there are three points of inflexion on the graph of y - 

- 1 - 10;c* ~ IOjsc® — 60:«** -r 5, and hence find the ranges of x over which the graph 
is convex upwards. 

(24) Find the ranges over which the following graphs are convex upwards or 

X 1 

downwards: (l) y log^x; (2) the catenary j - ccosh^; (3) j (where 

« > 1); (4) 3 ; -= where n is (< 2 ) an even positive integer, (h) an odd positive 
integer. 

(25) A rectangular table of length L and breadth B is supported on four legs. 
A load IF lb is placed on the table at a distance / from one of the edges X, and a 
distance b from one of the edges B. Find the forces in each of the four legs. (Use 
the principle of least action, neglecting the weight of the table.) 

(26) A braced structure is in the form of a rectangle ABCD with its diagonals 
BD, AC* It is fixed in a vertical position with AB attached to a vertical wall. 
A load of 24 lb is hung from C. Find the forces in the bars AD, DC, CB, BD, 
and AC, given that AB - } ft, AD ~ 4 ft. All bars of the same cross-section. 



Iht 


PRACnCAL MATHEMATICS 


t)// 

(2/) Find and m the following cases: (!) ii Sx*— 4v’'‘; 
(2) « sin' ; (3) ii log, tan (at) 


(28) IfFf.xo’,?) ^ 

3F OF 
equation/— q m-^ 


2r, where a and h are constants, show that the 
/a my 


0 reduces to * 


(29) The equation of the tangent plane to the surface Fi,x, z) - 0 at the 

point (jci, Vi, Zj) is (.V A'i) ^ (y- Vi) ‘ (:: -i) 0, where 

tUi ' ' Oyi ^Zi civq 

p/? OF OF DF PF 

_♦ _ are the values of — , ~ respectively when v .vi, y - Vi, r -- Zj . 

PVi Pzx Pa" Py Pz ^ ^3 % „3 

For example, if the equation of the surface be F(x, j, z) — H j\-r — ~ I 
PF 2v PF 2v OF Iz 

0, then V- ~ — ” ~7, and the equation of the tangent plane at 

Pa a- P^' h- Pz r- 2z 

the point (xu Vi, ^i) on the surface is (a — aJ ^ (y - Vi) i (z - z^ 

' 0“ 

0, which reduces to ^ I- 1" ^ “ 1* 

cr 

Find the equations of the tangent planes to the surfaces — 

(1) A- I y ~ z- ” 14 at the point (I, 2, 3); 

(2) 2z ~ 4 a^ - Sy at the point (0*5, 2, — 9*5). 

(30) Assuming pv - RO, where R is constant, show that 

06 06 / dp' dp dpi Pv 

(31) If A, j are the rectangular co-ordinates and r, 6 the polar co-ordinates of 

a point on a plane, express r in terms of a and /, and show that r ^ —a, 
dr 

r ~ y. (See Art. 77.) 

dy 

(32) Find ^ from the following implicit relations — 


(1) Sa® 2xy ^ 4a - 5 y M - 0 (2) a^ + 

(3) xy (4) xy log^ (a + j) -= 1 

(33) Let a, V, j be the three edges of a rectangular homogeneous solid at 
temperature 0 degrees, and let a, b, c be the values of a, y, z respectively when 
0^0, Assuming the coefficient of linear expansion to be k, find the volume of 
the solid at temperature 6, Hence, show that the coefficient of expansion of 
volume is three times that of length. 

(34) Two adjacent sides of a rectangle are wft and vft in length, and are 
increasing at rates of ri ft/sec and ra ft/sec respectively; prove that the area is 
increasing at the rate wfa + yf'i ftVsec. Use your result to illustrate the truth of 

the relation ^ (wv) ^ ^ 

dt dt dt 
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lilustiatc also the iclation , (iivw) 
(It 


tlw 
m « 
tit 


dii 

lit 


dv 

U7/ *7 

dt 


(35) Find the total differential dz in each of the follow ini* ca^cs 


(1) I -- •' (2) r 

,v -- V 


Zx'^y 3x:v* \K (3) r 


log, (cos-') 


(36) A captive balloon, 500 ft high, is mo\ mg hoi i^ontally at the constant 
late of 20 ft/sec and is also rising at the rate of 6 ft/ sec. At w hat rule is it receding 
from a point ovei which it passed 15 seconds ago .* 

(37) The height of a fiustum of a light circular cone is increasing at the rate 
of 5 in./ sec, and the radii of its ends aie each decreasing at the rate of 2 in./sec. 
At what rate is the volume changing when the height is 50 in. and the ladii of 

^rrh 

the ends are 24 in. and 18 in. respectively .’[1 - //), where 

h ^ height and ri and n arc the radii of the ends.] ^ 

(38) If u is a homogeneous function of the//th dcgice in a, w , then 

■X V r ~ ft u. This result is known as Euler's Theorem 


( 1 ) « ■ 
(3) u 


x\\z 

A*‘ y' 
V *“ y 


(2) tt 

A'sin(:;) 

(4) H 

tan 2 ' 


r 


(39) Verify the relation 


cTv :>Y 


( 1 ) :: 


a r y 


cVr 

0 V Av 

' ‘ i 
vy 


m each of the following cases- 
. (2) r - log, (3) z ix~~y}\ .? i >. 


on' 


(40) Show that Laplace's equation c- . 1 

^ Dy- 

1 0** F D- r 

r ; show' also that ^ 7 ~ 0 is satisfied by I 

7-2 Av- 0y*2 


0 is satisfied by 


tan 


\ ! y2 


<0 






(41) Show that the equation ^ ^ 

(42) If fix, y, z) = 0, prove that ^ ™ ^ - 1. 

(43) If u = f(x,y) and v ' <Kx), prove that 


— IS satisfied by z ~ f{x I- cr) 
9 -t- 


dx 


^ jL ^ 

?x Oy * dx 


(44) Given r -= i>ipc,y) and u fi(z), v f\{z) prove that ^ 

A.u . ^ ^ ‘ 

andthat- (a-) =-(«-) 


0 V 

by ^x 


(45) Define a partial differential coefficient. 

Denoting by suffixes those variables which are taken as independent in each 
case, show that if x, y, z are connected by a relation f (or, y, z) ~ 0, it is not, in 
fBxS^ 


VaiTW, OilWr Wliaii JIX .iV, Ji', m 

general, true that (|)^_^^l/(|) 
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The prcssuie /;, volume \\ and absolute temperature T of a gas are connected 
by the equation pv RT^ where R is a constant. Prove that if Q is a function 

of the state of the gas such that then ) ■= 4- 

f^Q\ ^ 7 /p,T / V, r 

(U.L.) 


and find the value of 


(46) If // - <^Cx, }, 

da dx ~i ^ d\ 
?x 


zh show that to 



the first order of small quantities, 


The position of a point P with reference to a measured base line AB of length 
a IS given by the angles PAB and PBA, Find the percentage error in the calculated 
distance of P from AB, when a -- 500 yd, PAB = 30°, and PBA ~ 60°, due to 
undei estimating a by 5 ft, and each angle by 5 minutes, (U.L.) 


(47) If A area of a triangle ABC, find the error in A due to— 

(1) errors da, db, dc in the sides a, b, c, 

(2) errors da, db, dC in the sides a, b, and the angle C. 

(3) errors dA, dB, dc in the angles A, B, and the side c. 

(4) errors da, db, dc in a, b, c, the sum remaining constant. 

(48) Two sides of a triangle are 70 ft and 40 ft in length; the angle between 
these sides is 64° 42', but this is measured by mistake as 65°. What is the error 
in the calculated length of the third side? 

(49) A beam of span / in. is freely supported at its ends, and carries a load of 
w lb per inch run. The curvature at any point distant x from one end is given 

'’y S/I' + (!)?’• The value of I at the end is assuming this to be 

small compared with unity. Prove that the fractional error in the value of the 

dAy 

curvature at the end due to assuming the curvature to be is - ■■ and 

^ dx^ 

calculate the value of this when w — 300, / = 240, £ — 30 000 000 , 1 ~ 500. 

(50) The indicated horse-power {/) of an engine is calculated from the formula 

i — where A — Assuming that errors of r per cent may have been 

•SO UlAi 4 

made in measuring P, L, N, and d, find the greatest possible error in /. Show 
that the error in 1 cannot be less than r per cent. 


(51) The angular momentum M of the earth is given by M ~= loo, where / is 
the moment of inertia of the earth’s mass about its axis of rotation, and oo is the 
speed of rotation in radians per second. Prove that, if M remains constant, and 
the earth’s radius R contracts by r per cent, where r is small, the day will shorten 

by 2r per cent ^ where m — mass of earth.J 


(52) The time o^wing / of a pendulum of length / under certain conditions is 
given by r ~ lirj L where g' - g ^ . Find the error in t due to errors of 
p per cent in h and q per cent in /, 
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(b3) It - small conipaied \Mlh d, show that 

{d~ rY Ui ry ‘ 

4/A/ 

F approximately, and that the percentage eiioMs 200 

(54) Given that y ~ A sm(f.\ ‘ x)cos(^// /O, linU the eiror in y due to 

small errors A.v in x and d/ in f. 


(55) Prove thaU if C A/ aS r%wheic( constant, and there arc 
small changes t)M m M and A7 m /, then /VU V/fH/ ^ ^ ^ 6 hi 0. 

it 


(56) The distance v of a point on the eaith's suridcc Ironi the meridian of 
Greenwich is given by v r sin sm A, where 0 latitude, / longitude and 
r - radius at the given point. Assuming 
errors h/% 00, /)/., in /, 0, /, find the ciroi 
in X 

(57) If z is a function of x and v, explain 
and justify the equation 

dz * ™~ f/A — dr 

cH r^y 

Establish the tests for a maximuni oi mini- 
mum value of z. The plan of the part of a 
matchbox which contains the matches is as 
sketched; if z be the depth and the volume be 36 cni*^, find x, y, and z foi 
minimum wood used. (The two y sides near together are shown separated, 
actually they are in contact.) (Fig. 42.) (G.L.) 

(58) Prove that the rectangular solid of maximum volume fur a given surface 
area is a cube. 

3 4 5 

(59) If-4 r-“’6, find the values of x v, :r which make x y r z a 

X y z 

minimum. 

(60) The sum of three numbers is constant; prove that their product is a 
maximum when they are equal. 

(61) Show that if the perimeter of a triangle is constant, the triangle has 

maximum area when it is equilateral. _ 

[Use the formula: Area of A = a) (s • d)(s— c).] 

(62) Given / (x, y, z) ^ values of x, y, z for which 

f(x, y, z) is a maximum with the condition xyz ~ 8. 

(63) Find the co-ordinates of a point P(x, y) such that the sum of the squares 
of its distances from the rectangular axes of reference OX, O Y and the line 
x -f y = 8 is a minimum. 



Fig. 42 


(64) Show that the expression 
3^' 


2sin*I-:ii^cos^rJ^4 
2 2 


cos (x f y) is a 

minimum when .v y - and find for what values of x and y the expression 
is a maximum. ^ 

(65) A tent has its plan a square (side equal to x), its sides are vertical and of 
height z, and the top is a regular pyramid of height L Find x and h in terms of 
z if the area of the material is a minimum, when x, z, and h all vary subject to the 
condition that the volume of the tent is given. (U.L.) 
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(66) Show that y sin ax sin bt {a and b constants) has turning values for 
any of the points x “ 2^’ ^ where p and q are integers. 


(67) The following values of ,v andy follow approximately the lawy = ax h b^ 
(A. L y -- 3), {x - 4, y = 4), (x 7, y - 4*5). Find by the method of least 
squares the probable values of a and />. ' [The method of least squares assumes 
that the sum of the squares of the errors is a minimum.] 

(68) Jf the base BC of a triangle 4BC is kept fixed and the vertex A moved to 
r, where AA \ of small length dx, is paiallel to BC and in the direction B to C, 
find the corresponding changes in the lengths of the sides /!.>, AC, and prove 
that the change in the angle A, expressed in radians, is 



where h is the unaltered height of the triangle. (U.L.) 

(69) A tent on a square base of side la consists of four vertical sides of height 
h surmounted by a regular pyramid of height h. If the volume enclosed is V, 
show that the area of canvas in the tent is 


— “ ^ a/i -} + a~ 

a 3 


Hence, show that, if a and h can both vary, the least area of canvas corre- 
sponding to a given volume Twill be given by 


a 



ih 


(U.L.) 


(70) If T ™ f{z) where z“ — x^ and x and t are independent variables, 
show that zdVIdt == / dfidz. Show that if V satisfies the equation 

„ ~ then f(z) is a solution of the equation -1 L -p 0 

^ dz^ zdz 

(U.L.) 



CHAPTER VI 


TANGENTS AND NORMALS TO PLANE CURVES-^- 
CURVATURE 


74. Summary. It is convenient at this stage to summarize briefly 
certain import^^nt results in elementary co-ordinate geometry. The 
reader will already be acquainted with the results (a) to (/?), and he 
should revise the proofs of these from a standard textbook on the 
subject. 

(a) The equation of a straight line can be expressed in any one 
of the following forms — 

(i) ax + + c -= 0 c constants). 


X y 

(ii) ~ 4 - [ (k, I intercepts on .y and y axes). 

(iii) X cos a + y sin a = p (/? == length of perpendicular from the 
origin on the line, and a = angle between this perpendicular and 
positive direction of x-axis). 


If the equation (i) be written as y - 


a 



mx 4 /i, 


m gives the gradient of the line, so that tan v? ” m, where ip is the 
angle between the line and the positive direction of the x-axis. 

(b) The length of the perpendicular from a point (x\ y') to a 

...... , . ax' + by i- c ,, 

straight line is x cos a + / sm a — /? or ~ , according 

Xf Cr 0“ 

as the equation of the line is given in the form (iii) or (i) above. 

(c) The angle 0 between two straight lines y == m^x + fix and 


y == m^pc + «2 is given by the relation tan 0 = 

lines are parallel, /?% = if the lines are at right angles 1 + ntxm^ 

== 0, or mo . 

rrix 

{d) The equation y — j’" = m(x — x') represents a straight line 
of gradient m through the point {x\ /)• 

{e The equation of the straight line through two given points 

. V - Vi X“ V| 

(a'i, I’l) and (.x'a, y^) is - ' « _ ^ ’ 
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(J ) If the equation of a curve is r referred to rectangular 

axes OX, O Y, then its equation referred to rectangular axes O'X', 
O' Y' through a given point O'ip, q) and parallel respectively to OX, 
OY,Ky + q =-J (x -f p), the v and y now referring to the new axes. 

(g) If the axes OX, O r in (/) be each turned through an angle 0 
in the same direction, then the equation v =• / (-v), when referred 
to the new axes, becomes v sin fl f _i’ cos 0 =-J (x cos 0 r sin ff), 
the -Y and r now referring to these new axes. (Art. 1 19.) 



(ft) The equation of a circle of radius a, whose centre is at the 
point (p, q) is (x — />)* + (y — 9 )* = a*; and if the centre is at the 
origin, the equation becomes y® + y® = a^. 

(i) In Fig. 43 P' is any point on the circle y '* + y® = and the 

FN b 

ordinate F'N is divided at P such that -jTt — - (b < a). Now 

PN a ^ 

ON^ -r P'N^ - OP'^ =■ a\ and P'N = ~PN. Hence, om + 

ON^ PN'^ ]>■“ 

= a® or - » + , „ - 1 . The locus of P is, then, the curve -; + v; 
u D* cr 0 ^ 

= 1. This curve is an ellipse, and OA (== a) and OB{ = b) are called 
the semi-major and semi-minor axes respectively. The circle y® + v® 
= a® is called the auxiliary circle of the ellipse (see Art. 89). 

75. Equations of Tang^ and Normals. Let jP(yi, yj be any 
point on a curve y ==/(y) (Fig. 44); then the equation of any 
straight line through P is y - y^ — m(x — Yj) (Art. 74 (d ) ). If this 
line is a tangent to the curve at P, its gradient m will be equal to the 
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gradient of the curve at whence m value at P (Art. 25). 

dx 

The equation of the tangent to the curve \ J{x} at the point 
(^i» yi) is then 

r A-,) . . . {VI. 1) 

dv 

where )\ are substituted for r, y in the expression for 
The normal to the curve at P is perpendicular to the tangent 
and its gradient is, therefore, equal to -- J- (Art, 74 (c)). The 

./V ^ 

equation of the normal at P is then r - I’l -- — a‘ 0, or 

O'- + -A-,) . . {V1.2) 

where, as before, Xj, Vi arc substituted for v, v in the expression 
for 

dx 

If the equation of the curve is given in the implicit form J (x, v) - 0, 

y 

then, since ^ — ** ^(Art. 70), the equation of the tangent at the 

dx cj 


point (xi, Vi) becomes 




. (VI.3) 


and the equation of the nonnal becomes 

where x^, Vi are substituted for .y, y in the partial differential co- 


Df 3f 

efficients ^ after differentiation. 
3.Y dy 


EXAMPLE 1 

ItX 

(i) For the plane curve y b sin — , find the equations to the tangent and 

^ a 

normal at the point on the curve where a ^ (U.L,) 
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(ii) Eind the equations of the tangent and noimal to the ellipse f 
at the point f\i, Vi) 

ciy rb r\ ^ ^ a ih 

— cos — , and when x, -j 
a a ^ a\ 

b 


(ij Hcic 


d\ 


ul) TT irb 

— cos - - — ~ 
a 4 A 2a 


(' :) 


Also, when \ ^ 6 sin ^ 

Equation of tangent is 
h Tfb 

V 2 \ 2a 

and the equation of the noi nial is 

(' (' :) 

( 11 ) Here/(v )) ’ ^10 

,^1 
/ 6” 


\ 2 


oi4(v 2 a) Wn) ab{A w), 


dx 


a 


\ 1 . 

a- h 

b \i 

a 


0 oi 2(^ 2 nh} 

y 

Da 


2t/x) 


and 

a cv 


h 


Irrh 


At point {xu Vi) 


Equation ot tangent it point (it, vi) is 

li 


Now - 


> 


bxt \\i 


111 

h 


Xi 

a 


y± 


1 , since (\i >i) IS a point on the ellipse, so that the equation 


ot the tangent at (\i ^i,) is 
0 


a b- 


I The equation of the normal is 


EXAMPLE 2 

Find the equation of the tangent at the point {am-, anf) on the curve ay^ x' 
The tangent at a point P on this curve cuts the curve again at g, and is normal 
to It there, find the value of w at ? (U L ) 

Differentiating, we have 2at ^ 3 a® or ^ ~ ” 

_ ^ , ,dy 3a^m^ 3m 

At the point (am-, and) ~ y 

Equation of tangent at the point {and, and) is 
3m 

y — aird ~ - «/«“) or 2y =- /n(3x: — am-) (1) 

Let Q be the point (amj®, ami®) on the curve The condition that Q lies on the 
tangent (1) is 2am^ ~ m{3amx^ — am\ which reduces to (mj — m)®(2mi + w) 
0 The solution mi w obviously does not apply here, hence, 

m = 2mx 


( 2 ) 
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Agam» the gudicnt of the noimai i* Q 

normal to the cuivc at Q - will equal 
Substituting in the elation (2) Wv ln\c 


II d it the 


\NhclHC iUi 


Unt,^ nt at P IS 
4 

9m 


m 



2 \ 2 


76 Subtangents and Subnormals, if the tangent and noimal at 
P (Fig 44) cut the \-axis at 7 and G respecuveh and it \ is the iott 



of the ordinate of P, the intercept TN is called the subtangent ^ and 
the intercept NG the subnormal of the point P 

Subtangent TN == PN cot ^ ~ (VI 5) 

Subnormal NG = PN tan ip (since NPG — — i (VI 6) 

where Aj, \i are substituted for \, v m these two expiessions 


EXAMPLE 

Obtain the equations of the tangent and normal at any point f— , on 

the parabola 1 ^^ 4^r 

Show that the subtangent is double the abscissa, and that the subnormal is 
constant (U L ) 


Differentiating, we have 
dy 
dx 


2y ^ 4a, or ^ and at the point { , 

dx d\ \ ^ mJ 
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The equation oi the tangent is y 
and the equation of the noimal is ^ \ 


m 
2a\ 

- -jm 
mJ 


( 


i.e. y - mx H ■ 


77 V 


1 e. my 





The subtangent 

2 - — , double the abscissa; and the 

subnormal v - w 2a 

dx m 

constant. 

The latter of these two results is 
important in connection with the 
theory of the centrifugal governor 
for controlling the speed of the 
steam engine or internal combustion engine. The speed of the engine 
is a function of the ‘‘height” of the governor. If the governor balls 
move on a parabolic path the “height” is the subnormal, and as 
this is constant the speed is constant. In an isochronous governor, 



Fig. 46 


therefore, the path of the balls in a vertical plane rotating with 
them is a parabola with its axis vertical. 

77. Polar Co-ordSnates. Let 0 (Fig. 45) be a fixed point and OX 
a fixed straight line in a plane; let P be a point in that plane such 

that XOP = d and OP ^ r. Then, if r and B be known, the position 
of P in the plane is uniquely determined. The quantities r and 0 are 



r\NOENl& AND NORM \l S 


175 


called the poiai co-ordinates of tlie point If the rectangular 
co-ordinates of P be (a% ^0 referred to axes O V, O y\ then we see 

from the figure that /• - f tan 0 x r cos 0, and 
r = r sin 6. 

Let P be the point (r, 0) on a given cur\e (Fig. 46) and Q the point 
(r + A/‘, d + AO). Draw PN 1. OQ and produce the line QP to 
any point R, Let arc PQ A^. 

Then NQ OQ-^ ON = r + Ar - r cos AO 

~ A/' + r (1 — cos AO) Ar ^ r ,2 sih*^ 
and PN r sm AO 

Since Lt. ~ 1, we have to the first order of small quantities 

aa~vo 

NQ Ar and PN rAO. 

Let <!> be the angle between OP (the ‘Tadius vector/' as it is termed) 
and the tangent to the curve at P drawn on the side of OP on which 
d lies; then as AO approaches the limit zero, the line QPR tends to 
the position of the tangent PT at P, and the angles OQR and OPR 
both tend to the value Hence, 



tan ^ = 

Li. tan OQR 

PN 
■ NQ 

, rlO 
== Ar = 

dO 

"''dr 

(V1.7) 

and 

cot <l> == 

1 dr 
r dd 



• 

(V1.8) 

Also 

sin <l> =- 

Li. sin OQR ■ 

, PN 
- Lt. PQ - 

1 

I 

dd 

''(Is • 

(VI.9) 

and 

cos ^ — 

Lt. cos OQR 

, nq 
L t. PQ 

Ar 

Lt—- 

Is 

dr 

cLs 

(Vl.lO) 


EXAMPLE 

Express in polar form the equation of the rectangular hyperbola 

and deduce that the lines which bisect the angles between the radius vector and 
the tangent at any point on the curve have a constant gradient. 

By substituting rcos 6 and y = r sin 0, we obtain as the equation of 
the rectangular hyperbola r-^(cos^ 0 — sin® 6) or cos 20 - a'^; hence, 

2r 4 - a' 4 (sec 2(5) - 2a^ sec 20 tan 20. 
dB dB 
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1 * » . , \ ib a isCcW ,itxn 20 

With the notation above, cot ^ — - — tan 2a so 

f ilO /- 

that <l> ^ 20. Nov., the angle between tlie bisector of the angle and the 

iM Jt 

positive diiection of the v-axis is obMOusly equal to 0 4 and with the value 
of ^ just found this is 0 t- Z - o Hence, the bisector is of constant gradient 
1; and the other bisectoi is pci pendicular to this line. 

78. Polar Subtangents and Subnormals. In Fig. 47 P is any point 
(r, 6) on a given curve and KOH is drawn perpendicular to OP to 
meet the tangent and the normal to the curve at P in the points 
H and K respectively. OH is called the polar mhtangent and OK 



the polar subnormal of the point P. Using the results of Art. 77, we 
have 

Polar subtangent 

== OH = tan ~ r . . . (Vf.l 1) 

Polar subnormal 

= OK.OPMi-r:j%-% . .(VU2) 

EXAMPLE 

Find the lengths of the polar subtangent and the polar subnormal the 
curve r—aO (spiral of Archimedes). 

dr , dd I 

Here a and - 

dO dr a 
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.. Poldi subtdngent 
(constant). 



^ 01 aO% and polai ^ubnomial 


(if 

tiO 


a 


79, Curvature. The tangents at the extremiticb, P, Q of an arc 
PQ of length of a given curve (Fig. 48) intersect at an angle 
. Ay> . 

Af, The ratio gives the mean change of direction or ''mean 


curvature” over the arc PQ; and the limit to which this ratio tends 
as Q tends to the position P is the measure of the "curvature” of the 
given curve at the point P, i.e. 

Curvature at F ~ . . {VI.13) 

(h' 


In the case of a circle of radius p the angle A?/» between the tangents 
is equal to the angle subtended at the centre by the arc A.v, and 
A?/» 1 

DAW or -x- == ~ ~ constant. Hence the curvature -x* of a 
^ ^ As p ds 

circle is constant and equal to the reciprocal of the radius. In Fig. 48 

let a circle be drawn with the same curvature as the given curve at P 


/Is 


such that the tangent at P to the curve is also a tangent to the circle 
and the concavities of the curve and the circle are in the same sense, 

ds 

Then, if p be the radius of this circle and C its centre, P ^ is 

called the ‘‘radius of curvature,” the circle the “circle of curvature,” 
and C the “centre of curvature” of the given curve at P, In general 
p will vary as P moves along the curve; C will then trace out a 
locus, which is called the evoiute of the given curve (see Art. 83). 


(VL14) 


80. Radius of Curvature. The formula 

— ^ 

^ d'fj) * 

is immediately applicable when the equation of a curve is given in 
what is termed the “intrinsic” form, that is ^ = F(y)), For example, 
the intrinsic equation of the cycloid is .y = 4a sin tj) (see Exs, X, 
ds 

No. 44), and hence P — — ^ ¥*• 

Other formulae for p can be deduced to suit various forms of the 
equation to a curve. 

ite, with the usual notation. 


dx 


?= tan or ^ tan"“^ 
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then, differentiating^ we have 

ds dx L ^ 


[■"-‘(I)] 


\dx} 


i ' COS ^ 


I since cos w ■— , , 

V V 1 + tanV / 

Hence, when the equation of a curve is given m the form j =/ (x) 
or F{x, v) = 0, the curvature at any point on the curve is given by 

1 dx^ 

jr-t J /■%: y-r i i!-\ 


['-m 

‘ ^ 

V 1 + tan% / 


Curvature 


[> - m 


and the radius of curvature p is given by 


(VL15) 


(VL16) 


If we take the positive value of the radical / \ 4 . 


in the 


numerator, then p will have the same sign as and will therefore 

be positive or negative according as the curve is concave upwards 
or concave downwards in the neighbourhood of the point considered 
(see Art. 65), It is usually only the numericar value of p that we 
require. 


EXAMPLE 1 

Find an expression for the radius of curvature at any point of the catenary 
y c cosh 

c ■ ■ ' 
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Prove also that the radius of curvature and the normal are both equal to 

(U.L.) 

I = sinhf and [l + (|)‘]^ = [l + 


Here 


Also 


Hence, 


d^y I . -v 
^ cosh- 
dx^ c V 

cosh* i 


(coshsf)^ 


- cosh“i 


=- — ^ = ccosh»i = c(£) = £: 
icoshf '' 


Again, at any point (x, y), the normal 

= V{ordinate)^ + (subnoiTnal)*** 




EXAMPLE 2 

If the co-ordinates jc, y of a curve are given as functions of a parameter 
show that the radius of curvature at any point is 

fr^V4. f±Y]^H± & 

I we/ we/ 1 / We ‘ de^ do^ ‘ del 

Prove that the radius of curvature at any point of the cycloid x ~ < 1(6 — sin Q% 
y = a(l — cos e), is 4a sin (UX.) 

Since x and j are both functions of 6,^ -= hence, 

dx duf de 


£y 

dx^ 


.*. Radius of curvature ^ 


de W e* s' d6 ^ \ 

(S’ J 

b-(s/srf 

(dx dy\j(t 

\m'W 

dx ^ dy 

Je'W W'Je 


m 

dx 


'dry 

s) 
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f 10 m the given equations, ve have 

a{\ - cosO), 

da 

a sm 

d \ 
dih 

fl 

«sm6 ^ 

a cos 0 


Substituting in the foimulajust obtained we have 


[a-d -cos^) ii-sm-O) 
a tos Oi I cos 0) — sin 0 


[2(1 cos 0)] 
(cos — 1) 


(4 sin ®) 


0 


2 sin* 


0 


4a sin ^ (Sec note abo\e on sign of p ) 


F\AMPIE 3 

Obtain the formula foi the radius of curvature at any point of the curve 
■ f (x) In the case of beams and girders, explain why the radius can be taken 


as approximately 1 j- 




A unifoim beam of length / and weight W is supported at the extremities 

IE 

Assuming the bending moment to be — , where p is the ladius of curvature, 

SWl^ 

show that the deflection at the centie is where E is Young's modulus 

for the material of the beam, and I is the moment of inertia of a cross-section 
about the neutral axis (U L ) 

For the first part of the question, see above 

If A, and j are the co-oidmate$ of a point m a beam, the jc-axis being horizontal 

and the y-axis vertical and drawn through some convement point, ^ is small 

dx 

compared with unity Hence, to a sufficiently close degree of approximation, 




w 


The reaction at each of the supports (Fig 49) is y Taking O, the centre of 

the beam, as origin and the axes as shown m the figure, we have 
Bending moment JkT at a section of the beam distant x from O 

By hypothesis, M — , and by above, p can be taken here as 1 

p I dx^ 


IS-) 


Hence, 

Integrating, 


) 


EI^ 

dx 


W(ljx 

2/ V4 ' 


3 > 


+ constant 
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Now, when \ 

0 (i e 

a\ 

0 so that constant 0 

hi‘‘> 

1(1 




ch 

21 \ 

4 3/ 



Integrating again, 1 ly 

n //-V- 

27 \ 8 

-) 

12/ 

eonsttint 

But when \ 

0 1 

0 hO that constant 

0 


El) 

n n \ 
21 \ 8 

12/ 



I— ; H 



hiu. 49 


1 he deflection jo at the centre is> the value ot } when x. ^ 

itYil I\ 

2/ V32"^ 192/ 384 

sr/ * 

J'* 384 £/ 

The formula, EI^ = bending moment (VT 1 7) 

IS very important and should be remembered. 

81. Polar Formula for p. When the equation of a curve is given 
m the form r=f (d), an expression for p is found as follows — 

We see from Fig 46 that ip ^0 6 

^ _ 1 
dO ~ d9 

d9 

Now tan^ — (VI.7). 



182 


PRACIICAL MATHEMATICS 


0 ^ f T \ 

dr 

Kdoy 

1 

rdry cPr 

/dry dh 

dcj) 1 1 

^do) ~’'d0^ 

\do) ~ ’‘dO^ 

^ I/dry 


/•^+7-Y 

^ \d0} 



(VL18) 


Substituting irom (VI. 18) in the expression 


for above, 


do 



. (VI. 19) 


From (VI. 8), 


, 1 dr 


cosec <j> = Vl + cot® i> — J 
and from (VI.9), sin ^ 


cosec 4> • 


dd 

’’ds 

J !_* 

sin ^ ~ r dO 



„ I ds I I ^ /dry 

TTS = 7J'‘ + {W 

Dividing (VI.20) by (VI. 19) we obtain 

Mm 

tie ^ ~ \dej cw^ 


. (VI.20) 


{V1.21) 
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LXAMPLE 

Find the ladius oi cuivatuic at any point on the catdioid t ail - cos i>). 

. , (ff , chr 

tieie a sin i) and ^ a cos so that 

[/’ j Ml cos(^)-> a»sin-0] « [2(1 -cos. 0)1 

8nSui*!|; and 



f dt\^ (Pt 

^ ^ ^ \s) ^ ^ ^ ^ ( I — cos 0) 

“3 cos f)] 6a^ sin-’ !J 

Sa'sin--® 4 0 2 ,_ 

Hence, p ~ - -a^m^or:^ v 2m 

6a^ sin” | 

82. Newton’s Method. The circle of curvature at any point on a 
given curve may be defined as follows: Let Pj, P, Q (Fig. 50) be three 
contiguous points on the curve. Then, when Pi and Q move up to P 
and become ultimately coincident with P, the circle through P^, P, Q 
becomes in the limit the circle of curvature at P. The chord PiQ will 
in the limit be the tangent to the curve at P. Let this tangent be 
taken as x-axis and the normal at P as j-axis, and let Q be the 
point (x, j) m the curve. 

By the above the circle passing through Q and touching the 
Y-axis at P becomes the circle of curvature at P when Q ultimately 
coincides with P. The centre O of this circle lies on the >’-axis. 
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Let QK be drawn perpendicular to PO and let R be the other end 
of the diameter through P. Then 

QK^ 

QK^ - PK . KR, or KR - 

Now in the limit KR = 2p, where p = radius of curvature at P. 
Hence, 

2p--Lt/'^^,ov p^]Lt.~ . . {VI.22) 

If the curve touches the ^’-axis at the origin, we have similarly 

P^ILI.^. . . . (VI.23) 

This method of finding the radius of curvature of a curve at the 
origin is due to Newton. 

EXAMPLE 

Find the ladius of au vatuie of the cui\ey“(3 — x) (I \ x) ^ 8(a - i) at the 
point (i, 0). 

Transferring the oiigin to the point (I, 0) [see Ait. 74 {J )], we have as the 
new equation 

/(3 A - I)(i 4- rri) - + T 1) 

or ^*^(4 — x^) ~ 8x 

For small values of x this may be wutten y® =■ 2x, since Ll (4 — x^) = 4. 

r-^O 

The graph of this touches OF at the origin, and, using (VL23), 

P-iLtA- 1 

i.e. the radius of curvature is unity. 


83. Evolates. As stated in Art. 79, the evolute of a given curve 
is the locus of the centre of curvature. We see from Fig. 48 that if 
C be the centre of curvature for the point (x, f) on a curve, then if 
(I, fj) are the co-ordinates of C 


f = A" — p sin f 
and Tj ^ y + p cos f 


(VI.24) 



Now 
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cos v 


11 1 
secy-' ^ 1 i-ian'iyi' / A/A 



(Vr.25) 


With p, i?, rj known, the equation of the cade of curvature at the 
point (x, v) on the curve is 

(A - Sy -t 0 - VY “ • . (VI.26) 


EXAMPLE i 

Piove that the equation of a conic touching the axis of a* at the origin is of 
the form 2v — ax^ -1 Ihxy + hy\ and find the equation of the circle of curvature 
at the origin. 

A conic is drawn touching the axis of x at the origin and passing through the 
points (0, 2), (3, 1), (4, 2). Show that the equation of the circle of cuivature at 
the origin is 6v ■= -r y'^, and that it meets the conic again in the point (3, 3). 

(U.L.) 

The general equation ofa conic is /4a® + IHxy By^ 4- 2G\ *f 2Fv 4 C = 0. 

Since (0, 0) is a point on the curve, C — 0, 

Also, when y ~ 0, a must have two values each equal to zero. 

Hence, the equation Ax^ 4- 2Gx *■-- 0 must have two zero loots, whence G 0. 
The equation of the conic can then be written 

-2Fv “ IHxy t By- 

A H B 

or 2y ax^ 2hx} i by\ where « — — 

r r Jr 


7’-{T,6io) 
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Let po — radius of curvature at the origin; then, using Newton’s method, we 
have 

i (2v — Ihxy ~~ byF) 

Cl 

ft,:-- \Lt.--=kU.- 

y y 

The co-ordinates of the centre of curvature are then (o,— ), and the equation 


of the circle of curvature is + 




or 




The equation of the conic in the second part of the question must be of the 
form 2y ~ ax- + 2hxy -f by^. Since it passes through the points (0, 2), (3, 1), 
(4, 2), we must have 

4 = 6(4), 6 - I 

2 == 9n + 66 4- 1, /. 9a -|- 66 -= 1 

and 4 ~ I6« -f 166 *f 4, a + 6 = Oj 


whence a • 


. 6 - - 4. 


The equation of the conic is then 2y ^ i a*® — f jc/ + y^- 

By the above, = 1-=== 3; and the equation of the circle of curvature at 

2v “ ^ 

the origin is = jc® H- j® or 6y — + y\ 

3 

The two curves 2y ~ Jx® — fxj -f y^ and == ;c® + y^ meet where jc® — 2xy 
4- Sj® = X® 4- y% i.e. where 2/® = 2xy, The two solutions of this equation are 
j = 0 and y = x. The former solution refers to the origin; the latter implies 
that 6x = jc® 4“ Jc® (from equation of circle); whence jc = 3 and therefore j = 3. 
The circle of curvature therefore meets the conic again in the point (3, 3). 

EXAMPLE 2 

Prove that the equations of the evoiutes of the parabola j® = kx and the 

ellipse ^ -h = 1 are 276y® ~ 2(2:v— kf and (ax)^ 4- (6y)^ *=* — 6®)^ 

a- 

respectively. 


For the parabola, 2/^===^, i.e. 


dx 


k , dy 
~ and ^ = 
2j dx^ 


k dy _ ^k^ 
2y® dx 4y® 


Also 


1 4 


m- 


1 4- 


4/ 


Substituting in (VI.25), we have 

k\l( 6®^ _ ^ ^4/46® 6x4 6 

^ ^ - V-4?r- • 25 ;/ r ^ "2F“ “ ~2~ 
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and 


^ = J + 

Hence, .v - - 


( Til/ t 

\ 4v“ // \ 4W - 


+ k^) . 


” and V 


4yV 

( 


4/ 

k- 


k'^if\^ 

T/ 


Substituting in the equation y- -- kx^ we obtain 


Cubing both sides, 


4 J 
khf 


-A- 


m-kr 


16 216 

or 27kf=^ im-kf 

The equation of the evolute is then 21 ky- = 2(2.v — kf 


For the ellipse, 


?£ 

dr 


2 V dy 
dx 


0, whence 


dx 


dY 


and 


fy-x^\ fv + ^l 

d'^y _ b- I ^ f/A' J _ _ ^ a^y 

dx^ \ / ^2 L / 


^2 


^ [ay - h'^x^ 


— • ^r, 

ay a-^r‘* 


Also 1 ’ 1 — x%d^ — h‘-^)] 

^ \dx/ cdy^ edy cdy'^ 

Substituting in (VI.25) as before, we have 

, - b^)] f _ d^x\ ^ If 

^ L ay \ dYj/\ dy/ 


x[a/ — x^(a^ — d®)] _ {a^ — b'^)x^ 


and 






a^bW - /)] = - 


Hence, ^ 


Substituting in the equation -.+^=1, and simplifying, we obtain 
{«!)» + (6# =(a»-6*)i: 

The equation of the evolute is then (ox)* + (6j')* = (a® — 6*)*. 

84. Properties of Evolutes. From (VI.24) we have 
^ — X — p sin f and fj — / + p cos v' 
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DilTerentiating with respect to s, the length of arc on the original 
curve, we obtain 




dx 


ds 

ds 



dx 



"ds^ 

i.e. 

dS_ _ 


ds 

ds 

and 

II 

ds^ 


1 dp 


df I dp 

ds ' 


sm y) 


} 


ds 


• sin ip 


* sin ip 


dy T d ^ ^ dw dp 1 


i.e. 


_ dv 
ds 

drj dp 
ds ds 


1 dp 

/o sin ^ * cos ip 


cos ip 


j^For 


dip 1 ^ dx 
ds p ’ ds 

^ . dr) Id^ 

By dm, ion, 


COS tf 


dy . 1 


i.e. 


drj 


cot V' 
1 


1 


l± 

dx 


dx 


din 

Now ^ ^ gradient of tangent to the evolute at the point (I, ??); 
Idy 


(VI.27) 


(VI.28) 


and Y icfe “ gradient of normal to the original curve at the point 

(x, y). Since the normal at the point (x, y) passes through the 
corresponding point (I, rj) on the evolute, it follows that 


to 


The normal at any point on a given curve is a tangent \ -q. 

its evolute. j v • / 


From (VL27) and (VL28) we obtain in differential notation 
di dp . sin ip and drj ^ dp . cos ip. Now, if or be a length of arc 
of the evolute, 

(day == (diy^ + (df}y = (dpy [sin^ ip + cos^ f] = (dpy 
Hence, da^±dp (VI.30) 
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If the length of arc between two points Q and C» on the evolute 
be o', and pi and be the radii of curvatute at the corresponding 
points Pi and on the original curve, then on integrating {VL30), 


Hence, the length of an arc of the evolute is equal to the 
difference between the radii oj curvature at the points on 
the original curve corresponding to the extremities of 
the arc. 


(VL31) 




do 

Again, the radius of curvature p of the evolute - ^ and if = 
slope of tangent to evolute slope of normal to original curve ~ 
y + so that df' =-= dqu 

Hence, da p'dip' — p^df; and from (VL30) da ^ dp 

dp^_±(ds\ ^ ^ 
df df \dfj df^ 


dp = pdf or />' 


Hence, the radius oJ curvature of the evolute is 
where s and f refer to the original curve. 


d^s 

If 


(VL32) 
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H5. Involutes. If a curve // is an evolute of a curve a, then a is 
called an involute of />', 

From the properties (VL29) and (VI.31) of an evolute, it follows 
that if a string be supposed fixed at one end to a point on the 
curve ^ (Fig. 51) and held tight while it is wound on the curve, the 
free end will describe a curve a of which ^ is the evolute. In other 
words, a is an involute of Since any point on the string describes 
an involute of /?, a given curve has an infinite number of involutes. 
The involute curve is of importance to engineers, as the profiles 
of the teeth of gear wheels are usually involutes of circles. 

Fig. 52 shows how the involute teeth are developed for two 
toothed wheels (1) and (2) of radii i\ and respectively whose pitch 
circles touch at 6. UdaS and RTN are known as the base circles 
of (1) and (2) respectively. The tooth surface aa is an involute of the 
circle MaS^ and the tooth surface bb is an involute of the circle RTN, 
Involute teeth have practical advantages over other shapes, and their 
use is almost universal (see Theory of Machines, Pitman’s). 


EXAMPLES VI 


(1) Pind the equation of the tangent to the curve j* 2ax^ at the point 

If O is the origin, and P, Q are two points on the curve such that the angle 
POQ is a right angle, show that the locus of the intersection of the tangents 
at P and Q is the parabola 2v^ + 2a" - 3afv. (U.L.) 


dy 

(2) Show how to find ~ when x and v are connected by the implicit relation 
<Kx,y)=^0. 

Prove that the tangent to the curve a;® H y* — ^axy at the point x\ y' is 
x(x'‘^ — ay') ! yiy'^ — ax') ax'y'. Write down the equation of the tangent 


at the point - 
4a ' 

2r 21’ 


I2a 


, and verify that it meets the curve again in the point 


(U.L.) 


(3) Find the co-ordinates of the points on the curve y — 5 log^ (3 + x^) at 

which the slope is 2, and find the equations to the tangents at these points. 
Find the maximum slope of the given curve. (U.L.) 

(4) Find the equation of the tangent to the curve y ~ jtr® at the point (/, r®), 
and the condition that it should pass through the point (0,— r). 

By consideration of the graphs of y — .t® and y H- + r = 0, or otherwise, 
show that the equation + qx r ~ Q has three real roots if llr^ -f 4^® is less 
than, or equal to, zero. (U.L.) 

(5) The co-ordinates of any point on a certain curve are given by the relations 
X = pt^ and y ~ where p and q are constants. Find the equations of the 
tangent and normal to the curve at the point t, and show that the tangent cuts 

the curve again at the point — 
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(6) Innd the ecjuations ol the tangent and noinwl and the lengths of the 
subtangent and subnormaL to each of the foUovving evtises at the points given— 

(i) .V** I- y- -= 4 at the point (\^3, I)* 

y = 2)- 

(iii) Ixy \ \ at the point <0, - 1). 

(iv) Ellipse x a cos v h sin at the point where 4 

(7) Show that for the curve v ac^ * the subtangent is constant, and the 
subnormal is A v^. 

(8) A cuive is given by the equations a k cos’ fKv k sin ^h, Shov\ that 

the lengths of the tangent and norma! at any point aic , and ' , 

respectiW ' ^ 

(9) Show that in the logarithmic spiral / ihe tangent is inclined to the 

radius vector at a constant angle. 

(10) Show that in the curve r aO, the polar subnormal is constant and the 
polar subtangent is equal to aO-. 

(11) Find the angle at which the curves ez- coscc and /- /i-sec2t) 
intersect. 

(12) Find the lengths of the polar subtangent and the polar subnormal to 

the curve sin 20. 

03) Show that the angle a between the tangents to the cunes / fiO) and 
r — <^(0) at a point of intersection ir\ O') is given by 

f (O'). <H0’).f(0) 

/ \0') and (j>X^') being the values of / '(0) and <k'(0) when 0 O'. 

(14) A chord AB drawn through the pole of the cardioid r - <3(1 cos 0) 
cuts the curve at A and Prove that the tangents at A and B intersect at right 
angles. 

(15) ^ind the radius of curvature for each of the following curves- - 

til) 2x3 ^ 5y2 4 at the point {\ 2, 0). 


sin X at the point (^, . 

(^) -h (|) 1 at the point (a, I 


Cyff yj^ at the point (0, 1). 

j3 at the point (a, 0). 

fectang;ular co-ordinates of a point on a cuivc arc x a%mpi^ 
y — acos 2/?t, where p is constant and t variable. Find the direction of the 
tangen^ the point where 7 ^ 0 and the radius of curvature at the point where 
X (U.L.) 

*^7) Find the condition that must hold in order that the hyperbolae 

|! = 1 and xy — c® may intersect orthogonally, and in this case determine 
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the radu of cuwatuie at the points of intersection. What fuither condition must 
be fulhljed if these are equal in length? (U.L.) 

(1^)^ curve is given by the equations x a d, y — b cos 26, where a and b 

are constan ts. Find the radiu s of curvature at the point where ^ ~ y 

(19) Using Newton’s method/ prove that the radius of curvature at the lowest 
pbint (i.eT where F= 0) oTlhe cycloid x — a{0 + sin 0), j — a(l — cos 6) is 
equal to 4a. 

(2pjf Show that the radius of curvatuie at any point on the hypocycloid 
= gMsS'^gjfy- 

(21) ^Api^y Newton’s method to prove that the radius of cuivatuie at the 
lo\^ point of the catenary j -= c cosh - is equal to c. 

(22) Find the radius of curvature at any point on each of the following curves — 
(i) The rectangular hyperbola r- ■= sec 20, 

(li) The conic - I e cos 6, 
r 

(iii) The parabola r cos*^ 10 - a, 

(iv) The spiral r = aO, 

(23) In the equiangular spiral r — ke^ a is the constant angle which the 
curve makes with the radius vector. Show that at any point on the cuive the 
radius of curvature is / cosec a, and subtends a right angle at the pole. 

(24) Find the co-ordinates of the centre of curvature and the equation of the 
cvolute for the cycloid in Question 19. 

(25) Show that the equation of the evolute of the hyperbola I is 

(axf - iby)‘^ (g® 4- b^V- ^ 

(26) If (f, 7]) are the co-ordinates of the centre of curvature in the rectangular 

hyperbola xy ^ c®, show that 2(| -b i?) == - and 2(f — ^j) = fe— ^ 

Hence, deduce the equation of the evolute (x + y^ — (a: — y)^ = (1 6c®)^. 

(27) Find the co-ordinates of the centre of curvature at any point on the 
ellipse X — acos<l>, y — bsbi<f>, and deduce the equation of the evolute 
(axf + (by)" == (a® - b^)\ 

(28) If the involutes of two given circles touch at a point P, show that P lies on 
a common tangent to the circles. Explain the use of involutes of circles in con- 
nection with wheel gearing. 

(29) The rectangular co-ordinates of a point on a curve are given by 

X ^ asm t-- bsm-j,y ^ acost — bcos-^ 


Find the maximum distance of a point on the curve from the origin, and show 
that the curvature at such a point of maximum distance is (U.L.) 


(30) Prove from first principles that the radius of curvature at the point 0 
on the curve 

jf “ 3a cos 0 — a cos 313, y — 3g sin 0 — a sin 30, is 3a sin 0, 


(U.L.) 





CONIC SECTIONS- CXTFNARIES 

86. The Conic Sections. Let *9 (Fig. 53) be a fixed point and ZZ' a 
fixed straight line, and let a point P move in the plane of S and ZZ' 
in such a way that its distance SP from S always bears a constant 
ratio e to its distance PM from ZZ'. The curve which P traces out 
IS called a parabola, ellipse, or hyperbola, according as e is equal to, 
less than, or greater than unity. T^e quan- 
tity e is called the “eccentricity” of the 
curve, the point S is the ‘Tocus,” and the 
line ZZ" the “directrix.” The focal chord 
LSU parallel to ZZ' is called the “latus- 
rectum,” and its length is usually denoted 
by 2/. If a double right circular cone, 
generated by the rotation of two inter- 
secting straight lines about the bisector of 
the angle between them is cut by a plane, 
the curve of section is a parabola, ellipse, 
or hyperbola, according as the plane is 
parallel to a generating line of the cone, 
cuts all the generating lines on one side of 
the vertex, or cuts some generating lines on 
one side of the vertex and some on the 
other. The ellipse becomes a circle when 
the cutting plane is perpendicular to the axis. To the connection of 
these curves with the cone is due the term “conic sections” or 
“conics.” 

87. Polar Equation of Conic. In Fig. 53 let SK be drawn per- 
pendicular to ZZ' and PN perpendicular to SK. Let P be the point 
(r, 6) referred to S as pole and SK as initial line: then SP r and 

KSP-^0. We have 

r SP == ePM^e{NS + SK) 

i.e. r^ex r cos NSP +- e x (perpendicular distance of L 

fromZZO 



= — cr cos 6 + 1. 
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The polar equation of the conic is, then, 

^=l+ecose . . . (VII.l) 


88. Hie Parabola. In Fig. 54 S is the focus and ZZ' the directrix 
of a parabola. A, the mid-point of SK, which is obviously a point 
on the curve, is called the vertex of the parabola. Choose AS as 
Y-axis and A Y perpendicular to AS as y-axis, and let P be a point 
( I’l) on the curve. Tlien, since c -= 1 for a parabola, SP = PM = 
NK, where N is the foot of the ordinate of P. Let KA = AS = a; 



Rg. 54 


then SP® = NIP, i.e. SN^ + NF^ = iKA + ANf, or (Xj - af + 
ji® = (a + Xj)®, which reduces toyi® = 4axi. 

The equation of the parabola is, then, 

y®-=4ax .... (VII.2) 


Sometimes the co-ordinates of a point on the parabola are 
expressed in terms of a single variable. For example, the point 
given by x at\ y = 2ar is obviously on the parabola ;’® = 4crx; 
we can call this point the point t. Compare Art. 76, Example. 

Differentiating (VII.2), we have: 2r 4a, so that at the point 
dy 2a ' 


ixi,y^. 


dx Vj' 


CONK SfC HONS ( MI N\R|IS 


I')*! 


Ihe equation ol the (angent PI at /' is, ihcieloie 

2a 

t’, - „ (V \,) 

which reduces to 

rti 2a (\ V,) (VI1.3) 

and the equation of the notmal PG at P is 

or ( 1 - ri)2a i,(y x^) 0 (Vn.4'1 

In Fig. 54 PT and PG arc respecti\ely the tangent and normal 
to the curve at P, T and G being on the \ -aMs; let FT cut Z7 at R. 
Join SR. 

Putting 1 — 0 in (VI1.3) we obtain \ 4T v„ whence 

TA =- AN, TS- KN- PM SP and SPT STP, but STP 

MPT (TS 1 1 MP), so that SPT MPT. 

Hence, the tangent at any point on a parabola bisecu 
the angle between the line /oimng the point to the foens 
and the line through the point perpendicular to the 
directrix. 


(Vll.5) 


Since SP — PM, PR — PR, and SPR -- MPR, the triangles SPR 
and PMR are congruent. RSP — RMP — 90\ 

Hence, the part oj any tangent to a parabola intercepted | 
by the point of contact and the directrix subtends a right | (VII.6) 

angle at the focus. / 


The equation of any straight line through S' (a, 0) is v = »? ( v — a) 
(see Art. 74 (d)), and if this line is perpendicular to the tangent at 

P, m— — •^. The lines v = — «- (v- n) and _v 3 ’i — 2a (.x + Xj) 

intersect where — (x — a) = — (x + x^), which reduces to x — 0. 


The lines 

.ik 

2a'- ' }\ 

It follows that if PT cuts the y-axis (i.e. the tangent at the vertex) at 
U, then SU is perpendicular to PT. Also, if MU be joined, the 
triangles MPU and SPU are congruent and SUM is, therefore, a 
straight line. 
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Hence, the straight line through the focus perpendicular 
to any tangent to a parabola meets the tangent on the 
tangent at the vertex and passes through the foot of the } (VIL7) 
perpendicular drawn from the point of contact to the 
directrix. 

We have already proved (Art. 76) that in the parabola the sub- 
tangent TN is double the abscissa and the subnormal NG is constant. 

The straight line == mx + c meets the parabola = 4ax 
where {mx + cY =- 4<a'x, and if the line is a tangent to the parabola 
the two roots of this equation, + 2(7wc — 2«)v + = 0, 

are equal. The required condition is ^mc — Idf = Am^c"^, which 

reduces to c = ~ 
m 

a \ 

Hence, the line y = mx + — ir a tangent to the para- I ^yjj 
hola j® = Aax Jor all values of m. ) 

In the equation;;® = 4ax,;;® is essentially positive so that x cannot 
be negative; also as x increases, |v| increases, and for any given 
value of X there are two values of y differing only in sign. The 
parabola, therefore, consists of one open branch on the focal side 
of the directrix, symmetrical about the x-axis, and receding continu- 
ally without limit from both the axes of reference. 

Let RQ (Fig. 54) be the other tangent from R to the parabola. 

Then by (VII.6) RSQ = 90°; also RSP - 90°, so that PSQ is a 
straight line. ^ 

Let RQ cut the x-axis at T. We have already proved that SPT — 

STP; similarly SQT' = STQ = RTT. 

sh -f SQT = Sr? h RTT 
180°-Pie= 180°- TPr 


i.e, 


PRQ 


TRT; whence PPg = 90° 


Hence, the tangents at the extremities oj any Jocal 1 
chord intersect at right angles on the directrix. i 


(VII.9) 


In Fig. 55 P(xi, y^) and 2(xa, y^) are two points on a parabola 
such that the chord PQ is of constant gradient m'. The equation 


of the line PQ is 


IzJi 

Vs-Vi Xa-Xi 


(Art. 74 (e ) ); also ji® = 4axi 
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andja2==4a.Y2.sothatVa''- u^--=4a(v. v.),or*“ ‘‘ . 

'2 M r. t .Vi 

The equation of the line FQ becomes, then, ~ ; 

4a ^ 

Its gradient 7 — - constant). 

>2 rji 

If {x\ /) be the co-orduiates of the mid-point of PQ, then 



, M-tAa , Ji + ja . 4a 2a 

\ -- - ;y , } = —0 I 0? 

"" - z\ m 2a 

locus of B, the mid-point of jPg, is therefore the line j 

Hence, the locus of the mid-points oj a system oj ' 
parallel chords of a parabola is a straight line parallel (Vi 1. 10) 

to the axis 0 / the parabola. 

The equations of the tangents at P and Q are 1 Vi - 2a(x + .Vi) 
and v^V 2 = 2a(:x: + Vg) respectively; these lines meet at T where 

y)\ - 2axi = )y2 — 2axi 

or V = = 2a (from above) 

2a 

i.e. } = s>o that T lies on the line through B parallel 

to OX 
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The locus of the mid-points of a system of parallel chords of a 
conic is called a diameter of the conic. 

Hence, the tangents at the extremities oj any chord of\ ^ 

a parabola intersect on the diameter bisecting the chord, f 

Referring again to Fig. 54, let us suppose 5 to be a source of 
light and the curve a section of the reflecting surface of a parabolic 
mirror made by a plane through the vertex. A ray of light emanating 
from S in the direction SP will be reflected along the diameter PD 
by virtue of the property (VII.5). 

If the axis of such a mirror is directed towards the sun, the 
parallel rays of light proceeding from the sun will after reflection all 
converge towards 5, and will be intensified there. 


EXAMPLE 1 

TPy TQ arc two tangents to a parabola (Fig. 55), and a line through T parallel 
to the axis of the paiabola meets the curve in A and PQ in B; show that TA = AB 
and FB — QB. 

A telegraph wire may be assumed to hang in the form of a parabola between 
two posts a known distance apart. Show how to estimate the sag in the centre 
of the wire by observing the angle that the wire makes with the horizontal chord 
through its ends. (U.L.) 

From (VII.l 1) we deduce that PB ~ BQ. The equation of the diameter TB is 

j ^ where m = gradient of chord PQ; this diameter meets the parabola 

tn ® CL 

ja Aax where J =• i.e. where ^ ~ Again, the tangents at P and Q 

^ . 2a{x -h xj 2a(x + ^ 2 ) 

meet at T, where — 

yi 72 


i.e. where 


xiyi - xsyx 4a 


•7a 


4a 


7i 


71-72 


71-72 

also the x co-ordinate of B is 

Xi + Xs ^ 

2 8fl 

Therefore sum of a* co-ordinates of T and B 

, _ (ji + 

8 a 


7i 72. 
4a ’ 


jLy± 4. 

Sa 4a 


m 


\m 

la 


8 a 


U follows that i IS the mid-point of TB. 
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In the second part of the question, let the distance between the posts A and B 
be 2a (Fig. 56), and let O, the lowest point in the wire, be the origin, and the 
tangent at O to the curve the ,x’-axis. Then, if </ - sag in centic, B is the point 
(< 2 , d) on the curve. The equation of the curve will be } Aa* where k con- 
stant. Since the point lies on the cur\e,^ir or k , AhoA- - 2kx 
Idx j „ dv Id 2d 

" ^'dx^ ^ ^ gradient at B t (known), then 

™ / and therefore the sac d 

a ® 2 
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EXAMPLE 2 

At a point ii of a stiaight rod FQ another lod RS is rigidly attached, the two 
lods being at right angles. The frame so formed is rotated about S in the plane 
of the rods. Prove that at any instant the direction of motion of any point m the 
rod PQ is tangential to the parabola having S as focus and R as vertex, 

A parabola having S as focus and R as vertex will have PQ as the tangent at 
the vertex. Let any tangent TH to the parabola meet PQ at H (Fig. 57). Then by 



(VII.7), SH is perpendicular to this tangent. Hence, if we regard H as any point 
in PQ, its direction of motion at any instant is perpendicular to SH, since S is 
the centre of rotation. The direction of motion of H is therefore tangential to 
the parabola, 

EXAMPLE 3 

ABCD is a rectangle in which AB I, BC - b. The side AB is divided at 
Qi, Gsj Qa, . • • » into n equal parts, and the side BC is divided at P®, Pa, , 
into n equal parts. Lines are drawn through Qi, Qa, Qa, . . . , parallel to PC, 
and these lines intersect the joins ARi. ARz^ AR^, , . , , in the points Px, P®, Pj, 
, . . Show that the points Pi, P®, Pa, ... . lie on a parabola of which A is the 
vertex, and find the length of the latus-rectum of the parabola. 
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The diagram is shown in Fig. 58 . Consider the point Pi, From the similai 
triangles AQ1P4, ABR^, we have 

and generally for the point 
^64 AB ^ ^ ^ 

fjh 

QrPf BRf __ jW j . 

AQr^AB"/'' 



Let Pr be the point (x, 7) referred to AD, A B£ls axes of x and 7 ; then x QrPr 

and 7 ~ AQr ^ so that r = ^ * Substituting in (I), we have 
/I I 


X 

y 


ny b 
I n 
I 



Px 

b 


which is the equation of a parabola having A as vertex and latus-rectum equal 



EXAMPLE 4 

A particle of mass m is projected with velocity V at an angle a below the 
horizontal. Assuming that gravity is the only force acting on the particle, show 
that it describes a parabola, and that the kinetic energy which it possesses at any 
point of its path is equal to the work that would be done on the particle if it fell 
to that point from rest at the directrix. 

The horizontal and downward vertical components of the initial velocity V 
are Fcos a and Fsin a respectively. Since the horizontal motion is unaffected 
by giavity, the horizontal distance x described in time t is given by 

X - I'cos a . r . . . (1) 
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The vertical distance ;; fallen in time / is given bv 

l^sina./ 1 . , , {%) 

where g ~ acceleration due to gravity. 

Eliminating / between (1) and (2), \ve obtain 

y - K sin a f S) j Ur \ S] 

\l cos 7/ \| cosc^/ 

i.e. y-^ (1 1 p^)\\ wheie /> tan / 


This equation may be wiitten as 

2v- r 


f X ^£L*L 

,^(i }-/?“) ‘ p-U 


1- 

Uqi » w-y 


-2!i-rvu_z!n_i r . /ii'-i 

g(i + p^) L 2^(1 q- p^)j L ^(1 f /-)J 


Transferring to the point (■ 

T/9 ' 


the equation — 


^ as 

’ 2g0-^p-')J ' 


2yi ^ ii} +P‘) 2^tl -^P'' 


UsS oiigin, we obtain 


A which lepresents a parabola with vertex at the 
2V^ 2F2cos»a 

origin and latus-rectum equal to r or ■ 


^(1 + /) 




p/8 QC 

The distance of the directiix from the veilex == — i ; the distance below 

2g 

the directrix of the position of the particle at time r after projection 


- (Tsina, r 4- igt^) t- 


p^y. 


E-i COS'* a 

% 

tan® a 


2g(l^P^) 

pa ^2 

= Psin a . f + + ~ (since --4— , . 

2^ i + p^ sec® a 

Therefore the work that would be done on the particle in a fall fiom the 
directrix ~ f Psin a . f -f igt^ -f j == (2g Psin a * r f g^t^ 4- F®) 

Again, the horizontal and vertical components of the velocity of the particle 
at time t are P cos oc and Psin a 4 gt respectively. The actual velocity P of the 
particle then is given by 

Vp = (Pcos a)® 4 (Fsin a 4 gtT — F® {- 2^Psin a . t t 

and its kinetic energy = Jw [P® 4 2gV sin a . ? 4 which is the same as the 
expression found above for the work done. 


89. The Ellipse. In the ellipse e < 1, Let S be the focus and ZZ' 
the directrix as in Fig. 53, and let the line SK (Fig, 59) be divided 
internally and externally at A and A' respectively, such that 
SAIAK= e and SA'jA'K — e. A and A' are then points on the 
curve, and if points //and be taken on as shown in the figure 
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such that A'H — SA and K'A' = AK, it is evident from considera- 
tions of symmetry that we could trace out the ellipse with H as 
focus and a line through K' parallel to ZZ’ as directrix. The ellipse 
has then two foci and two directrices. Let AA' = 2a and C be the 
mid-point of A A'. AA' is called the major-axis of the ellipse. 



Now SA = e . AK. 

SA'^e. A'K 
HA = e.AK' 

Subtracting (VII. 12) from (VII. 13), we have 
SA'-SA=:eiA'K-AK) 
i.e. HS = e.AA'== 2ae 

CS = ae 

Adding (VI1.12) and (VII.14), we have 

SA + HA == eiAK -f .41^0 

i.e. 2a = e.KK' 


. (VII. 12) 
. (VII.13) 
. (VII.14) 


. (VIL15) 



(VII.16) 
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Draw C y perpendicular to CK and lei P be any point ( v, j) on 
the curve referred to CK, Cy as axes of a and v respcclivcK ; let N 
be the foot of the ordinate of P. 


Then SP ^e.NK- c{CK - CA) 

and HP ^ c . NK' e{CK' {- CV) 
SP+HP-^2a. 


(^ '■■) ■ “ 

(a \ 

V / n 


cx 

(vn.i7) 


ex 

(VILI8) 


Hence, the sum of the Jocal radii oj any point on an \ (VI 1.19) 
ellipse is constant and equal to the major-axh. ) 

Again, =- (a — exY 


i.e. 4- NS^ =-~ (a - exf 

or y^ — (a — ex)^ — {ae — y)- “ -™ .V‘X1 -- 


whence 


7^2 + 




- I 


Put <2^(1 e^) = 6®, so that I — 

ellipse becomes 


<22' 


X^ 




then the equation of the 


. (VII.20) 


This is the standard form of the equation to an ellipse. Since, 
when jc — 0, 7 == ± the lengths CS, CB' in the figure are each 

equal to 6. Now, if y is greater than 1 -* p is negative and x is 

yp* 

imaginary; similarly if x is greater than a, 1 — '^yis negative and r is 

imaginary. The ellipse is, therefore, a closed curve, its greatest 
diameter being AA' (the major-axis) and its least diameter being 
MB' (the minor-axis). 

Since B is on the ellipse, 

5J? + i/B = 2fit, :.SB-=HB = a . . . (VII.2I) 


Also AS . A'S - (a — ae){a ^ ae) — - fp) — h'- (V11.22) 
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If a circle be drawn having AA' as diameter and the ordinate IVF 

be produced to meet the circle in F\ then as in Art. 74 (/), ^ . 

loin CF' and call angle NCF\ <f>\ then ^ ^ ^ 

;c= CA-=^CP'cos>HacoS(^ . . (Vn.23) 

y =1 fN = ■= -a sin ^ = 6 sin <!> . (VIL24) 

Hence, the co-ordinate of any point on an ellipse can be expressed 
in terms of a single variable as a cos <l>, b sin ^ respectively, (f) is 



called the eccentric angle of the point F and, as stated in Art. 74 (/), 
the circle on AA' as diameter is called the auxiliary circle of the 
ellipse. 

We have proved (Art. 75, Example 1 (ii) ) that the equation of 
the tangent to the ellipse ^ + |i = 1 at the point P (.Yj, is 

xxx y\\ 

-^+■^ = 1 • • . (VII.25) 

and of the normal, 

= • • (VII.26) 

Let the tangent and normal at P (Fig. 60) meet the :!c-axis in T and 
G respectively. Putting.]- = 0 in (VII.25) and (VIL26), we have 

a® / Z)®\ 

x = CT = —and x = CG = ay 0 - ^ 
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Hence, CN.CT- x, ■ ^ --- a^ 

tVU.27) 

Also HG = HC + CG — ae \\e^ 

— e(ja + exi) = e . HP. 

. (Vll.28) 

and GS=CS-CG = ae- x,e^ 

- c(o — exi) - e .SP 

. (VII.29) 


^ __HP 
GS ~ SP 

so that PG bisects the angle HPS of the triangle HPS. 

Hence, the normal and tangent at any point on an ellipse ( 
bisect the angles between the focal radii of the point. I '■ ‘ ^ 

In Fig. 60 let SD, HD' be drawn perpendicular to the tangent at 
P. Produce SD to meet HP produced at U. By (VII.30) PD bisects 

SPU, and since PD i. SV, the triangles SPD, UPD are congruent 
and SP = PU\ HU = HP 4- PS = 2a. 

Now, since C and D are the mid-points of SH, SU respectively, 
then CD — \HU = a\» :. D lies on the auxiliary circle and we 
can prove similarly that D' also lies on this circle. 

Hence, the feet of the perpendiculars drawn from the \ /yjj 
foci to any tangent to an ellipse lie on the auxiliary circle, j 

If D'C and DS meet in F, then £ is a point on the auxiliary circle. 
Also the triangles CD'H, CES are congruent and HD' = SE. Now 
SD.SE=AS.A'S^ lf]hy (VII.22)] 

SD.HD'-=1P . . . (V1I.32) 

Let the eccentric angles of two points FUj, Vi) and ja) 
on the ellipse -h = 1 be and 4^. 

Then a cos ^ x^ — a cos 

y-i = b sin ^ Va == b sin 

The equation of the line joining P and Q is 

y~b si n <f>i _ X — a cos ^ 

*(sin <f>s — sin <^) ~ a(cos — cos 
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which reduces to 


.x: 

“COS 

a 


4^ 1 f <l> 2 
2 


hfsin 


<^ 1 _+ 4^2 
2 


cos 


4>i — 


(h't — (ho 

The gradient of this line is — - cot - — ^ moves 

parallel to itself the gradient will remain unaltered and accordingly 
4 >i + 4^2 will be constant. 

Hence, the sum of the eccentric angles of the ends of any \ 
chord of a system of parallel chords of an ellipse is constant, 1 ^ ' 


Let R (f, fj) be in the mid-point of PQ; then 

a(cos 4 >i + cos 4 >^ h(sin 4 >i + sin 4 >^ 

S = - -2 — . »? = 2 ' 

, , , , , 

71 a 2 2 £? <pi -|“ Oo 

so that T = 7 — r~7 7 T — 

2 cos — — cos — 


Now, if m be the constant gradient of the system of chords 

parallel to PQ, m — - -cot i.e. tan — ^ ; 

^2 2 2 am 

hence, ~ ^2^* The locus of R is, therefore, the straight line 

Z?2 

y — ,Y = m'x, where m' = ^ 

- ,73 m 


a^m 


a^m 


Hence, the locus of the mid-points of a system of parallel ] ^yjy 5^, 

chords of an ellipse is a diameter of the ellipse. j ^ 


Since mm' = — it follows from symmetry that the diameter 

y = mx will bisect all chords parallel to the diameter y = m'x. 
Two diameters of an ellipse which are such that each bisects all 
chords parallel to the other, are said to be conjugate, and their 
gradients m and m' are connected by the relation 

= • ■ • (VII. 35 ) 

Let CP, CV be two conjugate diameters of an ellipse, and let 
the eccentric angles of P and F be ^ and respectively. Then 
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the equation of CP is - — ^ 
y b acos<f)i 

- = - tan Na- 


tali lAj, and that of f’t is 


By (VI1.35) 


j.e. 


-tan^t-- tan^,. - 
■jdan^itan^^ f 1) - 0, 


cot ^3, and this implies that </>! - 2 i" o*" 


whence tan -- 
^ = 4 >i— 2 

Hence, the dijference of the eccentric angles of two I 
points at the ends of tii’o conjugate diameters of an ellipse {\ rf.36) 

is a right angle. j 

Again, CP^ = cos^ ^ sin® (j>i 

= fl® sin® + h® cos® ^2 ^since 
and CF® = a® cos® <^2 t iP sin® 1^0 

CP® + CF® = a®(sin® ^2 + cos® ^2) + h^fcos® ^2 -f sin® ^2) 

= a® + h® 

Hence, tAe jum 0/ the squares of two conjugate semi~ i /vil 3T) 

diameters oj an ellipse is constant and equal to a® + 6®. ) ' ^ 

Since CP bisects chords parallel to CF and a tangent is the 
limiting position of a chord, the tangent at P will be parallel to CF, 
and similarly the tangent at F will be parallel to CP. 

By (Vn.25) the equation of the tangent at V is 

;f(a cos 4 >ii , y(b sin 4 >j) _ 
a®' A'®' 


i.e. 


cos <j>i + sin = 1 


The perpendicular distance of C from this tangent is 

1 




cos^ <f>2 sin® ^2 


and CP = Va^ sin® ^2 cos® ^2, (from above) 
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Thus the area of the parallelogram formed by CP, CV, and the 
tangents at P and F is 


ab 

cos^ <560 + sin^ ^2 


sin^ <f)2 + cos^ ^2 


But the area of this parallelogram ^ CP , CV sin PCV 

CP. = cosec PCF . . (Vir.38) 


Again, by (Vll.i?) and (VII.18), 

SP . HP == (a— exi) (a + ex^), 
where P is the point (.Yj, 

= — e\xi^ 

Now CV^ ~ cos^ <^2 + sin^ 

= - (a^ — b^) sin^ ^2 

= a^[\ — cos^ ^3] 

= <32 _ 

SP.HP^CV^ 

Hence, the product of the focal radii of any point on an 
ellipse is equal to the square on the semi-diameter which is 
parallel to the tangent at the point. 


(VIL39) 


x^ y2 

90. Director Circle. The ellipse ^ == 1 is cut by the straight 

jc^ (jnx “b cf 

line j = »jx + c, where ^ ^ — - = 1, i.e. where (P 

+ la^mc . X + aHc^ — b^) = 0 . 

If the line is a tangent to the ellipse, the two roots of this equation 
will be equal ; the condition required is 

= 4(6® + a^rrf) . a®(c® - 6®) 


which reduces to c® = o®/n® + 6® 

Hence, the line y = mx + Va^m^ is a tangent 
to the ellipse for all values of m. 


(VII.40) 


The condition that the tangent (VII.40) should pass through a 
given point (x', /) is / = mxf + Va®/??® + 6®, or m^{x!^ — a®) — 
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2x\y'm + = 0; so that tuo tangents to the ellipse can 

be drawn from a given point {x\ y% 

Let the two values of m given by the above equation be mi and 
then the two tangents will be at right angles if nunu = — 1, 

or + y-i -- a- K b\ 

Hence, the locus of the point oj intersection of two perpemhcvlar 
tangents to an ellipse is the circle a- I- -h b^- This circle, 

shown dotted in Fig. 59, is called the '"‘director-cinie'' of the ellipse. 


91, Polar Equation of Ellipse Referred to Centre as Pole, If in 
Fig. 60 P is the point (r, 0) referred to C as pole and CA as initial 
line, then a: = /* cos 6, y == r sin 0, and the polar equation of the 

. cos^ 6 sin^ 0 
ellipse is — 


1 cos^ 0 sin^ 0 


. (Vn,41) 


EXAMPLE 1 

Prove that the normal at any point of an ellipse meets the axis at a distance 
from the focus which is in a constant ratio to the focal distance of the point. 

If PC is the normal at P, prove that the circle on PG as diameter inteicepts on 
the focal distances of P chords equal m length to the semi-latus rectum (U.L. ) 
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/. pf ... \/(/ + om- 


\/y2(j[ _ ^2) ^ _ ^2)2 

[since - CA™ CG = a'(1 - e^)] 


t. 

a N a 


The length of the semi-latus rectum value of j when x = CS ~ ae 


- h 




b V^l • 


a 


A 

Thus, Pf = length of semi-latus rectum; and since PG bisects HPS, the 
circle on PG as diameter will intercept on HP a chord PL equal to PF. 


EXAMPLE 2 


A particle moves in one plane in such a way that its co-ordinates at time t 
referred to rectangular axes through a fixed point O in the plane of motion are 
given by X = a cos kt, y — ^ sin kt. 

Show that the particle describes an ellipse with O as centre and that its 
acceleration is directed towards 0 and proportional to its distance from O. 

X V 

We have - — cos kt and r = sin kt\ hence, 
a 0 

~ ^ = cos® kt H- sin^ kt = 1 


Also, when t ^ Q, x — a and y = 0. The particle therefore describes an ellipse 
whose major and minor axes are along the axes of x and y. 

(Px d^y 

We find ^ — k^a QOS kt ~ k^x^ and — k^b sin kt == — k^y 


If P is the position of the particle at time t and PM is drawn perpendicular to 
the x:-axis, then, in vector notation, 

Acceleration of particle ~ vector sum of accelerations — k^x, ~ ky parallel to 
Ox^ Oy 

^-k^OM-kmP 

- k^li^ + k^lm 


^k\MO + PM)^k^fO 

i.e. acceleration of particle is directed towards G, and proportional to dis- 
tance PO. 


EXAMPLE 3 

PHQ is a focal chord of an ellipse whose foci are S and H Prove that the 
escribed circle of the triangle PSQ^ which touches PQ externally, touches PQ 
in H and has its centre at the point where the tangents to the ellipse at P and Q 
meet (U.L.) 



CONIC SECTrONS-^ATENARIES 21 1 

Let the escribed circle, centre / (Fig, 62), touch SP and SQ produced at 7 and 
T respectively and PQ at H\ Since tangents drawn from an external point to a 
circle are equal, ST = ST\ PT^PH\ QT ^ QH'; also ST CT - (SP 
+ PH') -f- (^Q + QH') == perimeter of triangle SPQ. 

But perimeter of triangle SPQ =- (SP + PH) (SQ f QH) 2a 2a - 4a 
where a == semi-major axis of the ellipse. 

/. ST — ST' = i(ST 4 - ST') — 2a; whence SP 4 - PH' = 2a, 

Therefore PH' = PH and H and H' must be the same point. 



Again, IP and IQ bisect the angles QPT, PQT respectively; but by (VIL30) 
the tangents to the ellipse at P and Q bisect the exterior angles between the focal 
radii of the points. Hence, IP and IQ are tangents to the ellipse at P and Q, 
and I is the point where they meet. 

EXAMPLE 4 

A perpendicular CK is drawn from the centre C of an ellipse to the line joining 
the ends A and B of the semi-major and semi-minor axes. If AK ^ and BK 



— ji, show that the point whose co-ordinates are (xi, yO lies on the ellipse and 
that the tangent to the ellipse at this point is equally inclined to the axes. 

From the similar triangles ACK^ ABC (Fig. &), we have 
AK AC 
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ALo BK AB iK ^ 7^=, 7 =y, Vx 

jCi^ y-^ a* 4 - b'^ 

Now 7 + 62 |. ^2 - 77^2 

~ 1 ; so that the point (Xi, ji) lies on the ellipse. 

The equation of the tangent at (xu yd is 

I1‘ , , , or- I I- - - - 1 

’ a-* vV I 6® 

i.e, jf + ^ = Va® + 

The tangent is of gradient — 1 , and is therefore equally inclined to the axes. 
P is the point (xi, y^, and T'T is the tangent 

92. The Hyperbola. In the hyperbola, e > 1. Let the line SK 
(Fig. 64) be divided internally and externally at A and A' respectively, 



such that SA/AK = e and SA'/A'K = e. The point A' will be on the 
left of the directrix ZZ'. If points H and K' be taken on AA' as 
shown such that A'H = AS and A'K' = KA, it is evident from 
symmetry that we could trace out the hyperbola with H as focus and 
a line LL' through K' parallel to ZZ' as directrix. Let AA' = 2a 
and let C be the mid-point of AA'. C is the centre and AA' the 
transverse axis of the hyperbola. 


Now 

ii 

.AK . 

■ . . (1) 


SA' 

A'K . 

. . . (2) 


li 

AK' . 

. (3) 


Subtracting (1) from (2), we have 
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SA'~ HA ^c(4’K- 4K) 

AA' =r e . KK' 

CA: - ^ . (VIl.42) 

nd (3), we have 

SA + HA = e(AK | 4A") 

SH^e.AA’ 

CS=zae . . . . (VII.43) 

jrpendicular to CK and let P be any point (v, v) on 
red to CK, CF as axes of x and j respectively; let A’ 
;he ordinate of P. Then 

= e(CN— CK) ~ e(^ - = cx - a ( VII.44) 

= e.NK' = e{CN + CK) == e (a ■+ -- t'\ , a 

(VI1.45) 

=.2a 

ifference of the focal radii oj any point on \ / vf r Ar ^ 
constant and equal to the transverse axis, ) ^ ' 

SF^^iex-ay 
- SN^ ==- {ex - af 

y^ = {ex’- ay-’ (x— aey = l)x- - I)«‘^ 



i) = so that = 1 + -g; then the equation of 
becomes ^ 

in a numerically, — — 1 is negative and is imaginary, 

of the ^aph lies between the lines given by v = ± a, 
than a numerically, y is real and for any given value 
;wo values of y differing only in si^. The transverse 
srefore, an axis of symmetry. As x increases numeric- 
alue a, \y\ increases, so that the curve consists of two 
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Open infinite branches. When x = 0,7 is imaginary; but if we choose 
points B and B' on the j’-axis such that CB = b, CB' == — BB' is 
called the conjugate axis of the hyperbola. BB' will be the transverse 

axis and A A' the conjugate axis of the hyperbola ^ - ^2 ~ ^ ’ which 

IS said to be conjugate to the original hyperbola p = 1- 

By simply changing -f* to — we can derive many properties 
of the hyperbola from the corresponding properties of the ellipse. 
We give the most important of these in the list below, and also 
certain geometrical properties which hold for both curves, the nota- 
tion being that used in the case of the ellipse. 



Ellipse 

Hyperbola 

Equation of curve 


1 

11 

Tangent at point (xi, } 0 

^ ,y)i . 

” 

it 

Normal at point (Xi, yO 

Vi _ \i 

y-yi x-xi 

yitb^ Xi/cr® 

- yilb xja^ 

Tangent of gradient m 

y - mx 1- ^ a^rr^ + 

y - mx Va^m^-b^ 

Director-circle 

A- r + b^ 

x^ 1 y- - fl® — 

Locus of mid-points of 


b^ 

chords of gradient m , 1 
Sum of squaies of two 
conjugate semi-diameteis^ 

y-=m'x,'bb&xim’~=—^ 

-t b^ 

y - /w'A:,where m' “7- 
^ a^m 

a^-b^ 

Product CiV. Cr 



Length CG . 



Angle between focal radio 

Bisected mtemally by 

Bisected internally by tan- 

of any point on the| 

normal and externally 

gent and externally by 

curve . / 

! by tangent. 

normal. 

Product SD . BD 

' b^ 


Locus of D and D' \ 

Circle r ^ 

Ciiclejc®H y® 

Polar equation of curve > 

1 1 cos^ $ sin® 0 

1 1 cos® 0 sin® 6 

with pole at centre . 1 

[ r^~ b‘ 

a® b^ 

i 


In the hyperbola two conjugate diameters cannot both cut the 
curve in real points. For if j; = mx and y = m'x are conjugate 


diameters and m<m' (for m cannot equal m% then since mm' - -5, 
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- /) , b 

m must be < - and m > - No^ the line \ m v cuts the ciuve 
a a 

- m'^ V 

wiieie -7 1. or \ . . , , which is ne^J;atI^e since 

ir /)- b am 

,b h 

m ^ Hence, \ ls imaginaiy. Also since m ^ the line \ m\ 

cuts the curve in real points. 

93. Asymptotes. When the point of contact of a tangent to a 
curve moves off to an infinite distance from the origin, the limiting 
position to which the tangent tends is called an a^xmptoie of the 
curve (Fig. 64). 

The line j =- mv + ( cuts the hjperbola L I, wheie 
{mx + cf 


{b^-- d^m^)x- - 2avm\ aXb'^ t c-) -=0 (VI 1. 4b) 


Put X' ~ so that the equation becomes 

a\b^- t c^)z^ + 2a^mcz-(b^ aW) - 0 . <V1I.49) 

Now, if V ^ mx i- c is an asymptote to the hyperbola, equation 
(Vn.48) will have two infinite roots, and therefore equation (V1L49) 
will have two zero loots; the conditions required are - 0 

and a^mc = 0, i.e. w ~ ± ^ and c =■ 0 (since a and m are not zero). 

h b 

Hence, the lines v = -x and v = — .r are asymptotes to the 
ciirve = I 


The combined equation of the tMO asymptotes of the ' 
hyperbola is then-^ — 'j^ — 0. 


If 2a = angle between the asymptotes, then 

b 

tan a — - . 


(Vll.50) 


(V1I.51) 


sec a - ^ 1 t p - V e® 


(Vn.52) 
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This method of finding the asymptotes is applicable to any 
algebraical curve. From the definition of an asymptote we note 
that only curves with infinite branches can have real asymptotes. 

The lengths of the perpendiculars from the point (x\ y') on the 

X y X V 

hyperbola to its asymptotes “ + 



Their product 



a® + W' 


Hence, the product of the perpendiculars from any \ 
point on a hyperbola to its asymptotes is constant and i 

aW ( (VI1.53) 

equal to j 


94, Rectangular Hyperbola. When £> = a the hyperbola is said 
to be rectangular. Its equation is then 

. . . (VJL54) 

The equations of its asymptotes are y = .v and 7 ~ x, so that 

the asymptotes of a rectangular hyperbola are at right angles to 
each other and bisect the angles between the transverse and conjugate 
axes. If P be any point (x, y) on a rectangular hyperbola referred 
to its asymptotes as axes of reference, then by (VIL53) the product 

a^ 

of the perpendiculars from P to the asymptotes ~ ^ ^ ~ "2 • 

Thus, the equation of a rectangular hyperbola referred to its asymp- 
totes as axes of reference is 

xy = constant . . . (VII.55) 

For example, the pressure-volume relation of a gas pv = c gives 
a rectangular hyperbola. 

EXAMPLE 1 

Find the point of intersection in the first quadrant of the hyperbola 3x^ — 4y^ 
^12 and the parabola y® = 4x, and find also the angle at which the curves 
intersect. 

The two curves cut where 3x® — 4(4x) ~ 12, or 3x®— 16x— 12 — 0; this 
gives (3x 4- 2)(x— 6) ~ O; i.e. x ^ I 

When X = 6, y® ~ 4 X 6 and y = V24; the required point of intersection is 
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then (6, 2^ 6). The tangents at the point on the curves arc 3rxi 4jTj 

— 12 and vji - 2(.v j- Xi) respectively. At the point (6» 2v S) the tangents ate 
3.v(6)-4y(2v'6) 12, and y{2\ (y) ^ 2{x 6); 

3V6 \ 6 \ 6 

y ' X ^^'und y ^ x \6 

The gradients of these tangents are Wi — and /w. the angle 0 

between the tangents is given by ” ® 

tanO- (Art. 74(0) 

1 f mint} 


tan 0 


/3\J 
\ 8 “ 



3\ 6 \ 61 
8 ’ ' ”6 J 


5\ 6/n 
24/8 


5\ 6 
33 


0 3711 


0 - 20" 22' nearly. 


EXAMPLE 2 

(а) OX, Oy (Fig. 65) are two lines at light angles. A third line PQ cuts them 
at P and Q respectively, such that the triangle OPQ is of constant area. Pro\e 
that the locus of the mid-point R of PQ is a 
rectangular hyperbola. 

(б) Prove that the eccentricity of the 
hyperbola conjugate to the hyperbola - 
3y^ - 3 is 2. 

{a) Let the co-ordinates of R be (a, u 
referred to OX, OK as axes of reference. 

Then OP = 2a: and Og — 2y; so that area 
OPQ = 1 . 2a' . 2y = 2 a: 7 ^ constant (by 
hypothesis). 

The locus of R is therefore the rect- 
angular hyperbola xy — c (where c is some 
constant). 

(6) The equation a*® — Sy® ~ 3 can be 

AT® y® 

written as *r — ^ ~ ^ i equation of the 

t y® A® 

conjugate hyperbola is^ — -j ~ 1 (p. 214), and its eccentricity e' is gi\en by 
3 

= 1 + Y = 4; whence e ^ 2. 



EXAMPLE 3 

Find the condition that the equation y® •« px^ + ^ should represent a 

hyperbola. This condition being satisfied, find the equations of the asymptotes 
of the hyperbola. 

We can write the given equation in the form 


\x--h^x 
L P 



r 


8— (T-fiio) 
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(Lil' 

£y- Ap} 
4/7- 


r 

_ 4/;/ 
4p 


q-~4pi 


k and ii j,ns,fei the origin to the point 0^ ; the equation 


X“ 

then becomes 77 — r 1. Now, whi 
k/p k 

will jepiescnt a hypciboki if p is posilise 


1. Now, whatevei be the sign of A, this equation 


The combined equation of the asymptotes is 


0 (hviVIl 50)], 


01 , leverting to the oiiginai axes, 

(- & . 


1 )‘ 


95. Catenaries. Fig. 66 shows a chain or string ACB hariging 
freely under gravity, its ends A and B being fixed to two points not 

in the same vertical line. Let be 

V Y the tension at the lowest point C, an4, 

j T-p the tension at any point P on the 
/ chain. Then, if the angle between the 

pi tangent to the curve at P and the 

j horizontal be y) and if the weight of 

/ the portion CP of the chain be Wp, 

we have by resolving vertically and 
horizontally for the equilibrium of 
the portion CP 

0 ^^ X Tp sin ip=^Wv . (VII.56) 

Fig. 66 W — ■ (VII.57) 

Squaring and adding, 


(VII.56) 

(VII.57) 




(VII.58) 


Dividing (VII.56) by (VII.57) and writing ■— for tan f, we have 

dy Wp 



CONIC SECTIONS CATENARIES 


219 


The relation (VIL57) sfaowb that the hoii/ontal component of 
the tension is constant. 

Uniform Catenary. If the chain is uniform, i.c. if its weight 
per unit length is constant, the curve in whicli it hangs is called the 
uniform or common catenan\ 

Let w -= weight per unit length and let be equal to the weight 
of a length c of the chain. The relations (VIL56) and (VH.57) no^\ 
become 

Tp sin f - W6 (where s ~ length of arc CP) (Vll.60) 
and Tp cos ?/» UT ...... (¥11.61) 


Dividing (¥11.60) by (Vil.61), w^e have Ian 
i.e. s 


c Ian f, (the intrinsic equation of the curve) (¥IL62) 

Let P|be the point (x, y) on the curve referred to rectangular 
axes OX, O Y, where O 7 is the vertical through C, and O is distant 
c below C. The quantity c is called the parameter of the catenary. 
If be* an element of arc at the point (v, y) on the curve, then 
(Asf == (Ax)2 + (Aj)^ (Art. Ill), and in the limit 


ds 

Jv 




+ 1 


dv 


From t¥IL62), since tan ?/j = we have s 
dy s 

ds Ic^ , , sds 


* 


integrating, 


\ s** 

constant. 


dv 

c-'r, and hence, 
dx 


dv 


Now, when c = c, 5 = 0 by our choice of axes, so that the 
constant = 0. Hence, 


Since 


j V 4- s^, or 


.. ,.2 


4 


<VH.63) 


c^, we have from (,vn.63) 


' [' + (*)!• ““ s 


c dr 
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y 

Integrating, c cosh*^ - = x + constant. 

Now, when x = 0, y = c, and the constant = c cosh~^ 1=0. 

, JV 

Hence, cosh”^ - = or 
c c 

j = ccosh- . . . . (VII.64) 

c 



This is the Caitesian equation of the curve. 

Diffe^tiatins (VII.64). « hava g - sink f I bal 

^ SO that i = c sinh ^ . . (VII.65) 

If A and B are at the same level and the span AB = 2a, then 

by (VII.65) the total length of chain = 2c sinh From (VII.63) 

we have y;® = c4-|-j® = c^ + c® tan® f~c^ sec® ip, or 

V = c sec yi . . . (VII.66) 

The relation (V1I.61) gives Jp = wc sec y) = wy 

Hence, the tension at any point in a uniform catenary'\ 
is equal to wy, where w — weight per unit length and y is j (VII.67) 

the ordinate of thf point. j 

From N, the foot of the ordinate of P, draw NK perpendicular 

to the tangent at P. Then PN ■= v and PNK — ip, so that NK ~ — ^ 
% ~ sec ip 
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= c, and PK^ NK tan \p ^ c tan f ^ The relations connecting 
7, 5 , c can all be derived from the right-angled triangle P^ K (Fig. 67) 
We have proved in Ait 80, Example I, that the radius of cur\ature 
and the normal at any point of the iinifoim catenary are both equal 



to Thus, if the normal PG be drawn (Fig. 67), SPG -- ip and PU 

Catenary of Uniform Strength (F s 68). When the cross- 
section at any point of the chain is pro) ortional to the tension at 
that point, the form which the curve assumes is called the catenary 
of uniform strength. 

Let the axes of x and y be taken through C, the lowest point, as 
shown. Consider the equilibrium of a portion PQ of the chain of 
length Aj, P being any point (.v, v) and Q the point { r + Av, i Ay)- 
The weight of PQ == ppAj, where p — area of cross-section at P 
and p — weight of unit volume of the chain. If T be the tension at 
P and r-F AT the tension at Q, we have, by resolving along the 
normal at P, 


{T -f AT) sin If - pp As cos f pp A\ 

(since \x — \s cos f). 

Since ixip is small, we can replace sin Ay by Ay, and then we have 
TLf — pp A.V— ArAy. 

In the limit ^ ^ ^ hypothesis T = np where 

n is some constant). 
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Integrating, W constant of integration being zero, since 


ij) - 0 when v 
Hence, 


0 ) 


(h 

d\ 


tan 


V, = tan(^v) 


Integrating we obtain the Cartesian equation of the curve, 
namely, 


log, sec 


CO 


(VII 68) 


the constant ot integration being zero 

When I e when -x = ±^, is infinite The hmits for 

nv ^ ^ n-T 

\ are then b and the maximum span is theiefore — 

2p p 

The case of a parabolic catenary is tieated in Art 127, Example 4. 
We shall, however, show here that in the vicimty of the lowest part C 
(Fig 66) the shape of the common catenary is appioximately that 
of a parabola Since, when x is small compared with c 

■I X 


and 


cosh - 
c 


then 

Hence (VII 64) becomes 


X 

c 

X 




+ 2 ^ approximately 


i -c + 


2c 


(VII 69) 


which IS the equation to a parabola with axis vertical and the lowest 
part of the catenary as vertex In dealing with any catenary in which 
the sag IS small compared with the span, we may, therefore, assume 
that the chain hangs m the form of a parabola 


EXAMPLE 1 

In the catenary, prove that the tension 7 at any point P, the tension To at the 
lowest point, and the weight W of the chain from the lowest point up to P, are 
connected by — To® + 

If the total length of the chain be 100 ft, the total weight 40 lb, and the sag 10 ft 
show that the greatest tension is 52 lb, and that the distance apai t of the supports 

IS T where cosh ~ (UL) 
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ichistrueroranj oalenai) is piovtU m [see (\ II ss)j 

the reSton^° ‘ 

relation 1 c % (Ml 63) gi\cs (10 <> ( ^0 it HO ">0 


22 ^ 

H 

inJ 


2 500, whence c 

120 ft r 

n 

40 

120 4 

' I ( IF” now gives 


im 

r*- 

48 20 

2 301 

too 

21)4 

T 

521b 




Otheiwise thus T 

H, « 

100 

(120 

10) 

s^ lb 

The equition of the ealerniv is t 

< eosh 

^ so thu u 


I he ichlion 


) c cosh 


' 1^0 120 cosh ' 

120 

Now A distance apart of thu suppous 2\ 

Hence ^ u 

Hence, _ 


EXAMPLE 2 

*u^ suspended from two points 4 ind /? i being h ft higher 

man B The inclinations of the eham to the hori 7 ontal at I and ^ aie y i V 

Show that the total length of the chain is h cos ^ ^ “ eosec ^ ft 

s 0 



Refernng to Fig 60, let h aic C A and are C B also let the ordm ites 
of A and B be > i and y. 

Now by (VII 62) “ c tan v i and s c tan ?/ 

and by (VII 66) ti c set y i and ^ c sec v 2 

Hence, h yi — } V(sec y i - sec v 2 ) ^ ^ ^ ^ 

cos 1 / 2 cos y I 


( 1 ) 
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If / — total length of chain, then 
/ - I > • - t(tar 
Dividing (2) by < I ), we have 


/- I - c(tanv»i + lanv'i)- c ... (2) 

cos . tos 


^ 2sin ^4 -3g j .cos-^^^ 

/ _ sii4y?i 2 2 2 

h cos v ’2 cos 


2 2 


sm 




Hence, 


/ --- /f cos — ~ ™ cosec ~ — ft. 
2 2 


EXAMPLE 3 

A unifoim chain of length / is stretched nearly horizontal between two points 
m the same horizontal plane. Prove that the excess of the length over the span 

is approximately where w - weight per unit length of chain and T=^ tension. 

A telegraph wire weighing 0*12 lb per foot length is stretched tightly between 
two points 200 ft apart. Find the sag in the middle in order that the maximum 
tension may be 180 lb. 

Let the equation of the curve in which the chain hangs be y ~ c cosh — and 

/ ^ 

let the span be d. If yj be the slope at a point of support, then - c tan but 

y), and therefore tan y), are small, so that c must be large. ^ 

We have ^ ~ c sinh ~ from (Vn.65); 


1 

2c 


/ == 2c 


whence 


(^) 


+ 


■■■ 1 ] 


l-d- 


■ JL 

' TAc^ 


( 1 ) 


Since the chain is nearly horizontal, the tension is very nearly the same through- 
out. We can take then T = wc, and since / and d are nearly equal, we shall 
introduce only a small error in a small term by writing P for d^ on the right-hand 
side of (1). 

Excess of length over span — I d^ — = — - approx. 
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>e the sag hi the middle of the tclegiaph wiie 0 ig. ‘'6). Vssummg the 
instant thioughoiit and taking moments about i? tor iht ctjuilihimm of 
m OB, we have 

fei ^ Y '' 50 ver} neailv 


25x\! 25^ 0 12 

T 180 


200 


; have taken / equal to the span, 200 It, the enoi intioduced in t/ being 


(i 


10 


- V h 


3 4 

hat m the catenary of imifoim sticngth (I } the \eiticai piojcUion of the 

curvatuie at any point is constant, t2) s log tan( - -1), (3) the 

p \4 2/ 

L any point is pioportional to the radius of curs aline at the point. 

Alt. 95, we proved that f ~ v. If R is the radius of cursatuie, then 

thp i d!> I \n ih / p cos 

R cos ip - ~ = constant . . . . . (1) 

P 

le radius of curvature is inclined to the vertical at an angle y\ so that 
= vertical projection of radius of curvature, which is therefore constant 


ce ^ ” sec nu then, integrating between the limits 0 to v' 

dxp pcosf p 

) we have 

s 1 jjsec V = - log^ tan r (see Art. 4S) 

5 horizontal component of the tension is constant, 

Tcos ^ K, where K is constant 
n 

pR 

KorT^ 


rom above, 


cos V " 

h 

pR n 

.e tension varies as the radius of curvature. 




j 5 

)rm chain 100 ft long, weighing 150 lb, is suspended between two points 
the vertical lines through A and B being 75 ft apart, A is 25 ft higher 
Find c if the equation to the catenary m which the chain hangs is 

y ^ c cosh ~ 
c 
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Let the co-ordinates of A referred to the principal axes OX and 0 V (as in 
Pig. 69) be V - d, V - J’l- 
Then those of B are x - 75 ~ cf, y " Jj — 25. 

ByJ(VIT.64) ccosh — 


and 


Vi — c cosh - 

.ri ^ 

15 ~d 

— 25 = c cosh 


( 1 ) 

( 2 ) 


Subtracting (2) from (1) 

25 = c (i 


[- 


i 15 -d\ 

cosh — cosh j 

c c y 

25 . . 75 . ^2d- 75 

^=smh5^smh-^ 

e + A 0- ii 
since cosh 0 - cosh 6 ~ 2 sinh — ^ sinh — - — J 


(3) 


Again, the length of CB is by (VIL65) 
Si — c sinh 


15- d 


and that of CA is 


jS 2 = c sinh — c si 


sinh- 


This is given as a negative quantity by the formula, and so the length of ACB 
is S*! — S^. Hence, 


100 ~ c ( sinh 4- sinh - ) 

\ c c y 

50 . 75 , 2d- 75 

— ~ smh — cosh — r 

c 2c 2c 


(4) 






Q ^ 0 ~ 4, 

since smh 0 f sinh ^ = 2 sinh — ^ ~~~Y 

Squaring (3) and (4) and subtracting the first result from the second 
2c) 


(?)■-( 


Or, 


_ 75 25 96-83 

,.„h---VT5--2- 


4842 

c 


2 X 4842 , 75 

i,e. smh u- u x — , where u — ^r 

75 2c 

Or, sinhn- 1-291 M 

Solving by the method of Art, 61, or by Newton*s method, we find u— 1-27 
from which c “ 29*5» 
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EXAMPLES Vn 

(1) If w ~ 0 and v 0 arc the equations of fwo stiai^ht hues, what locus is 

represented by the equation it — kv 0? The equations ot the sides of a tuanclc 
are Ux ^ 3y h 23 - 0, 7v-9v~ 64 0, 3 a i 5v 23 0 I md the 

equations of the lines through the \crticcs perpendicular to the opposite skies, 
and show that the lines meet in the point (3,-2), tU.L .) 

(2) Find the co-ordinates of the point which divides the line joining the ponds 
V]), (x 2 , ya)» internally in the ratio / : nt. Find the ratio of the ^eqiicnts into 

which the lines joining (1, 3) to (5, ~ 3) and (4, 5) to t 1 , 4) aic" di% aied 

their point of intersection. H j . I . ; 

( 3 ) For what value of k does the equation 6x^ 42 \y t»0 r 1 1 x I O r A 

0 reptesent two straight lines ? Proxe that the lines aic inclmed to each oihci 

at an angle tan V). 

(4) Find the equation of the ciicle which passes through the \eukes of the 

triangle formed by the lines \ t v - 5 - 0, x- r 1 0, v I 0. I ind 

also the co-ordinates of the centre of the circle. 

(5) The circle x^ -f - 6x - 4r - 12 0 is cut by the line 3r 4 a 1^5 

-=• 0. Find the co-ordinates of the points of intersection and the equations <>i 
the tangents to the circle at these points. 

(6) Show that the polar equation of a circle of radius a referred to a diameter 
as initial line and an end of that diameter as pole is / 2a cos 0, 

For what value of k is the straight line r k sec (f) a) a tangent to the 
circle r == 2« cos 9? 

(7) Prove that the foot of the perpendicular from the focus of a parabola on 
any tangent to the curve lies on the tangent at the vertex. 

Given the focus and directrix of a parabola, construct geometrically the two 
tangents to the curve from any point, and also their points of contact. (U.L.) 

( 8 ) Prove that the tangents at the ends of a focal chord of a parabola intersect 

at right angles on the directrix. Prove that the length of the chord which is the 
normal at an extremity of the latus-rectum is 2 V' 2 / wheie / is the length of the 
latus-rectum. (U.L.) 

(9) A point moves in a plane in such a way that its co-ordinates at time t arc 
X — as{nkt,y — a cos 2k t. Show that it describes a pai abola. 

(10) Write down the equation of the tangent at any point (x', f) on the 
parabola — 4<2x. 

The tangents at the points PiXi, y^) and GCxa, jg) on the parabola intersect in 
the point T. The vertex A is joined to the points F, 2, 7\ and the joins meet the 
directrix in Q\ T\ respectively. Prove that FT TQ\ 

( 11 ) The points (xi,yx), (xa, ja), are on the parabola / == 4ax. If 

XiXj = xaS show that the point of intersection of the tangents at (xi, yi) and 
(xz^yz) lies on the line through (Xg,ya) perpendicular to the axis of the parabola. 

(12) A particle is projected with velocity V at an angle a to the horizontal. 
Find (1) the greatest height attained, (2) the range on the horizontal plane through 
the point of projection, (3) the time of flight. 

(13) Two particles are projected simultaneously from the same point, and in 
the same vertical plane, with equal velocities V, the angles of elexation being 
di and 62 respectively. Taking the origin at the point of projection and the axes 
of X and y horizontal and vertical respectively^ find the co-ordinates of each 
particle at the end of time r, and show that the line joining the particles at any 
instant is inclined at a constant angle to the horizontal. 
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(14) Prove that the focal distances of the point (x\ y') on the ellipse 

bV -f are a ± ex'. 

Prove that the produc't of the focal distances is equal to the square on the semi- 
diameter of the ellipse which is parallel to the tangent at (x'^ y'). (U L.) 

(15) Prove that an ellipse can be projected orthogonally into a circle. Hence, 

or otherwise, prove that if CP, CD are conjugate diameters, the sum of the 
squares of the abscissae of P and D is equal to the square on the semi-axis 
major. (U.L.) 

(16) Prove that the locus of a point which is equidistant from two given circles, 

one of which lies entirely within the other, is an ellipse. Find the eccentricity of 
the eUipse in terms of the ladii of the circles and the distance between their 
centres. (U.L.) 

(17) Find the equation to the ellipse which has the point (1, 2) as focus and 
the line 2x — 3j + 6 = 0 as the corresponding directrix, and which is of 
eccentricity i. 

Determine the value or values of m, so that y — mx + 2 may be a tangent, 
and find the point or points of contact. (U.L.) 

(18) Prove that the tangent at any point on an eUipse cuts the major axis at 

the same point as the tangent to the auxiliary circle at the corresponding point. 
Show also that the locus of the foot of the perpendicular from a focus to a 
tangent is the auxiliary circle. (U.L.) 

(19) The focal distances *SP, HP of a point P on an ellipse make angles a and ^ 

a B I — e 

respectively with the major axis. Prove that tan ^ tan y r— — , where e is the 

eccentricity of the ellipse. ^ i -h ^ 

x^ 

(20) P and Q are two points on the ellipse ^ ^ — 1, their eccentric angles 

being <j>i and (f>i respectively. If the join PQ cuts the major axis at the point 
(x\ 0), show that x' is given by the relation 

{x' + a)tm^ — (x'— d) cot-— 

(21) OA and OB are two lines at right angles; the circles with O as centre and 

these lines as radii are drawn, and any line through O meets the circles in P and Q ; 
lines are drawn through P and Q parallel to OA and OP, meeting in R and S. 
Prove that R and S move on two ellipses, (U.L.) 

(22) Find the condition that the straight line px 4- qy 1 is a tangent to the 

hyperbola =- 1. 

(23) Find the eccentricity of a hyperbola the angle between whose asymptotes 
is 30°, 

(24) If P is any point on a hyperbola and N is the foot of the ordinate of P, 

, PN^ 

prove that ^ 

(25) P is any point on a hyperbola; the tangent at P cuts the asymptotes at 
Q and R respectively. Prove that QP = PR and that the area of the triangle 
CQR is constant, C being the centre of the hyperbola. 

(26) Show that the co-ordinates of any point on the hyperbola p — 1 
can be expressed in terms of a single parameter 6 as - n sec 0, y « 6 tan 0, 
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Find the equations ot the tangents at the points 0i and Oi on the h)perboU, and 
prove that the locus of their point of intersection is the curve 

(27) The point whose co-ordinates arc x 3/, V *|i lies on the lectatigular 

hyperbola xy = 12. Find the equations of the tangent and normal to the curve 
at a point whose parameter is /i. Show that the normal cuts the curve again in 

1 6 

the point whose parameter t.^ is given by /j - - 

9/i 

(28) S is the centre of a circle of radius a and PQ is a given straight line 
outside the circle. From the foot of the perpendicular from S to PQ, two 
tangents are drawn to the circle, their points of contact being A and J . Show 
that PQ is a tangent to the parabola having S as focus, A {or A) as vertex, and 
latus-rectum equal to 4a. 

(29) What does the relation (Vll.l) become in the case of a parabola? Use 

this relation to prove that, if di and are the lengths of two perpendicular focal 

chords of a parabola, then j ^ ts constant. 

(30) A straight rod PQ, 7 in. long, moves with’its ends P and Q on two 
straight perpendicular grooves OX and OF. jR is a point on the rod distant 3 in. 
from P. Find the eccentricity of the ellipse which R traces out. Find also the 
position of a point in PQ which tiaces out an ellipse of eccentricity 

(31) AB is a diameter of a circle of radius 5 in. All ordinates of the circle 
perpendicular to AB are shortened in the ratio 7 : 10. Find (i) the eccentricity, 
(ii) the length of the latus-rectum, of the ellipse thus obtained. 

(32) A straight line cuts the rectangi^r axes OX, O F at P and Q respectively 
and always passes through a fixed point R {a, b). Prove that the locus of the 
mid-point of PQ is a rectangular hyperbola whose asymptotes are parallel to 
OX,OY, 

(33) 5 is a fixed point distant 1 in. from a fixed straight line AB, and P is a 
point i in. from AB and 3| in. from S, The perpendicular SK to AB is produced 
its own length to Q, With centres Q and P and radii 5 in. and I i in. respectively 
circular arcs are drawn cutting at if. C is the mid-point of the join SH, Show 
that C is the centre of an ellipse of major axis 5 in. which has S and H as foci, 
passes through P, and touches the line AB. 

1 

(34) Show that the ellipse jg t ~ = 1 and the hyperbola J 44 ““ gj == 25 

the same foci. Find the co-ordinates of the points of intersection of the two 
curves. Write down the equations of the asymptotes of the hyperbola. Prove 
that if the ordinate of one of the above points of intersection is produced to cut 
an asymptote at P, then P lies on the auxiliary circle of the ellipse. 

J * dx X 

- r C 

\ « 

Hence, or otherwise, obtain the equation of the curve assumed by a heavy 
uniform chain hanging in equilibrium with its ends attached to two fixed points, 

-V 

in the form y^c cosh ^ 



230 


PRACTICAL MATHEMATICS 


A telephone wiic weighing 100 lb to the mile length has a span of 80 yd and a 
sag of 12 in. Find approximately the tension at the supports. (U.L.) 

(36) Obtain the equations of equilibrium of a perfectly uniform flexible chain 
hanging freely under gravity in the form T cos ^ — ivc, T sin — ws, where T 
denotes the tension, ^ ‘the inclination of the tangent to the horizontal, w the 
weight per unit length of the chain, c a constant, and s the length of the chain 
measured from the lowest point. Deduce the formulae 

y — c cosh“, .y = c sinh - (U.L.) 

c c 


(37) Wiite down the equations of equilibrium of an element of a flexible cord 
hanging between two points under no force but its own weight, and deduce that 

(1) ^ w, (2) T — w where T denotes the tension, w the weight per unit 

length, and ^ the angle of slope at the point x, y. 

Find the relation between y and x for the catenary of uniform strength, in 
which T = cw^ where c is a constant. (U.L.) 

(38) A uniform chain of length / is suspended from two points at the same 
level. If the greatest tension which the chain can bear is wk, where w is the 
weight per unit length of chain, prove that the span cannot exceed 




^ Ik- 1 


(39) A telegraph wire has a span of 88 ft. Find the excess of the length of 
the wire over the span if the sag in the middle is 12 in. 

(40) If two uniform chains of lengths 4 and 4 and weights JVi and respec- 
tively are joined together so as to form a single chain, and the whole is suspended 
freely from two fixed points, show that the radii of curvature pi and p 2 of the two 

portions at their junction are such that — = 

Pji 

(41) A chain hangs in the form of a parabola between two points on the same 
level / ft apart. The sag in the middle is s' ft. If s is small compared with /, find 
an approximate expression for the total length of the chain. If the coefficient of 
linear expansion for the chain is a and the temperature increases by AT, find the 
increase in the sag due to this increase, and, if the tension at the middle is Hlb, 
find the change in the tension. 

(42) A uniform chain, 60 ft long, weighing 100 lb, is Suspended between two 
points at the same level 30 ft apart. Find the greatest and least tensions in the 
chain. 

(43) If one support in the previous example is 6 ft higher than the other, but 
they are still 30 ft apart (horizontally), find the greatest and least tensions. 

(44) Mohr’s rule for finding the central deflection of a freely supported beam 
states that the deflection is equal to the sag at the mid-point of a chain of the 
same span, carrying a load represented by the bending moment diagram on the 
beam, and having a horizontal tension El (E and / are defined in Ex. 3, Art. 80). 
Prove this rule, and apply it to find the deflection of a freely supported beam of 
span / ft carrying j^lb at its centre. 

(45) A uniform chain is hung from two points A and B on the same horizontal 
line and at a distance 2a apart. The inclination of the chain to the horizontal at 
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/I or ^ IS a. If 2a' is the total length of the chain, w its weight pci unit length, 
To the tension at the lowest point, and d the sag, show that " 

to a ^ seca -J log, (tan a - see /} 

y T^^ d a 

<l .L.l 

(46) Show that in the common catenaiy, v* a- * c\ and T n i, where j 
IS the height of any point above the directrix, v the paramctci, s the aic, T the 
tension, and w the weight per umt length. 

A kite is flown at the end of 100 ft of string. The tension at the hand is equal 
to the weight of 40 ft of string, and is inclined at 30 to the horizontal. Show that 
the kite is about 85 ft above the hand. (U.L.) 

(47) A uniform chain of length 21 runs over a small light pulley with a smooth 
horizontal axis. Let 2.v denote the ditTerence in length of the two hanging 
portions at any instant, and suppose that v a and i u when t 0. Kind 
X at time t. 

Show briefly that the inertia of the pulley could be taken into account meieh 
by substituting ng forg in your results, n being a proper fraction. (U.L.) 
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96. Graphs. In Chapter IV we used graphs in order to obtain 
solutions of equations, and we showed how to tabulate values of 
functions in such a way as to facilitate the numerical work involved. 
We are here concerned with the use of graphs as an aid to the study 
of functions. A statement such as y =_/ (a:), where f{x) represents 
any particular function of x is just a symbolic relation. By substitut- 
ing various values of x we obtain corresponding values of y and, 
of course, this gives us an idea of how changes in the value of y 

are produced by those in the value of x. By finding values of ^ and 

d^y 

of ^ we can still further increase our knowledge of the way in 

which y varies, but it is difficult in most cases to form by these 
methods a complete idea of the relationship between the two vari- 
ables. A graph, however, gives us at once a picture of the relationship 
and enables us to think clearly and comprehensively of the values of 
the function for all values of x, as well as of the ways in which the 
value of the function varies as x changes. It is essential that students 
of applied science be familiar with the graphs of important functions 
of common occurrence, such as x”, e*^, e~*®, log x, sin (nx -{- b), etc. 
This is the more essential as in some cases the graph is actually a 
scale drawing of the centre line of some object whose shape is 
required to be known. Thus, a long thin column with free ends 
bends under a critical load so that its centre line forms part of the 
graph of y — A sin mx, whilst a beam under certain conditions 
deflects so that its centre line forms part of a curve whose equation is 
y = ax^ -i- bx^ + cx + d. We often need to draw a graph before 
we can understand the fullest implications of an analytical result. 


97. Graph of 7 = jc”. Fig. 70 shows the graphs of 7 = .r" for 
the values n = 1 , 2, 3, J, — 1, — 2, — We have shown only those 
parts of the graphs for which x is positive. The graphs may be 
completed by making use of considerations of symmetry. 


The gradient of the graph of 7 = j:” is given by 


± 

dx 


= nx’'-\ 


Since 7 == 1 when x = 1, for all values of n, all the graphs pass 
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through the point P whose co-ordinates are v I, i 1. We will 
first discuss the shape of the graph when n is positive. 

When .V = 0, j = 0 and the graphs pass through 0. 

If n > 1, « - 1 is positive, and ^ - 0 when x 0. Also 
• . 

increases as x increases and Lu co. Thus the graph touches 

OX at the origin, and the gradient increases as v increases, being 
large for large values of x. The graph is concave upv^ards for all 



0 1 X 


Fig. 70 


positive values of x. These are the characteristics of the graphs of 
y = x^^y ^ x?^y ^ x\ etc. (Fig. 70). 

If 1 > « > 0, 72 — I is negative and the gradient is which 


approaches the limit co as x decreases towards the value x ~ 0. 

dy dy 

The value of ^ decreases continually as x increases, and Lt. 

= Lt. = 0. The graph of j == (1 > « > 0) therefore touches 

the axis of y at the origin, and its gradient decreases continually as 
jc increases. For large values of x the gradient is small. These are 
seen from Fig. 70 to be characteristics of the graphs of y -■= xK 
y^x^,y^ etc. 

If « < 0, the gradient ^ is negative for all positive values 

of X and decreases numerically as x increases. If x = 0, — = oo, 
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and Lt. 


dy 


dx 


Lt. 


1 




0. Also Lt. )' — Lt. — -^ oc. Hence, 

1 >(l r->()-T 

dy 

the graphs have the axes as asymptotes. Since ^ is negative and 

decreases numerically as .v increases, the graphs are all concave 
upwards for positive values of x. 

For values of x: between x = 0 and x = 1, the value of is 
less than that of x". Hence, if a point be supposed to move vertically 
upwards from a point on the x-axis between x = 0 and v = 1, it 



will meet the members of the family of curves representing y = x”' 
(for all values of n) in the order of n decreasing. If the moving point 
starts from a point on OX to the right of P it will meet the graphs in 
the reverse order. 

Extension of the Graphs. If n is even (— x)" = (+ x)” and the 
graph ofj = X” is symmetrical about 0 F and lies entirely above OX. 
If n is odd (— x)" = — (+ xY and the graph of y = x” is symmetrical 
about the origin O', this means that a line drawn through 0 to cut 
the graph will cut it in a pair of points A and B on opposite sides of 
the origin O, and such that BO — OA (Fig. 71). The extended 
graphs of y == X, y = x**, y = X®, and y = x"^ are shown in Fig. 71. 
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PMLR and PMLQ are the limiting positions of the graphs of y - x 

and j respectively as n approaches infinity, n being a positive 

integer. 

The graph of j where p is not an integer, lies between the 

graphs of and y = where n and /? t 1 are the two 

consecutive integers between which p lies. 

The graphs in Figs. 70 and 71 can be converted into the graphs of 
V = ax^, where a is positive, by changing the scale on which v is 
plotted, so that a length which originally measured unity is made 
to measure a units. 

98. The Graphs of and Growth and Decay Functions. 
The graphs of c® and are drawn in Fig. 72. 

Graph of e\ We have seen that if j; ~ e\ also. For 

positive values of x, e** is obviously positive. For negative values of 
X we have ^ where n is positive, so that and there- 
fore e®, is positive. Thus, is positive for all values of a. 

The gradient, being e®, is also positive for all values of v, and 
therefore both the ordinate and the gradient are positive everywhere, 
and increase as x increases. 

Lt, c® == 0, so that both the ordinate and the gradient are very 
00 

small for large negative values of x. 

e® = 1, hence both the ordinate and the gradient are equal to 1 
when X — 0. 

Thus, starting with large negative values of x the graph of j ~ t** 
in Fig. 72 first runs along just above the axis of .r. The height and 
the gradient gradually increase with x, both passing through the 
value 1 when x = 0. After the curve has crossed the y-axis the height 
and gradient continue to increase with x until they are both very 
large for large positive values of x. 

If we give to the series of values a, a -t d, a + 2d, a + 2d, 
a + 4d, etc., where a is any number and is a positive number, 
the ordinates are respectively e“, 6“^** = e“, 

_ (g<i)3go^ etc. These numbers form a geometrical progression of 
which the first term is and the common ratio is e** > 1. Thus, 
the graph is such that starting from any point on it a series of 
equidistant ordinates extending to the right have lengths which 
increase in the same way as the terms of an increasing geometrical 
progression. 
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Graph of e-^. This graph is symmetrical about OY with the 
graph of e® for e-'"’ = The graph is shown in Fig. 72 and 

needs no further description. 

The graphs of ^ = e'-® and y — e"*-' can be obtained from those 
of y = e® and y = e““ respectively by changing the scale for values 

of X so that what was previously unit length, now measures ^ new 

units of length. Thus the graph of would be obtained from that of 
e® by changing all the numbers representing values of x to one-half 



of their original values. By writing k — log^ a we convert the graph 
of y = e*® into that of v = 6^^’“ = a®. 

The function 7 = ^eH where ^ is a positive number, is known as 
dy 

the growth function. Since ^ = kAe^^ == ky^ the rate of growth of 

the function is always k times the value of the function. A sum of 
money invested at compound interest increases in a somewhat 
similar manner to this. If r is the rate per cent, the sum S pounds 
, r 

increases by x S pounds every year if the interest is paid 
r 

yearly, or by ^ x S' every quarter year if the interest is paid 

quarterly; in each case the rate of growth is proportional to S. 
To pursue this matter further we will assume that interest is paid 
n times per year. Let A be the amount originally invested in pounds. 
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After the first payment of interest 5 = /I ^ 1 i 


second 




third „ 
fourth „ 
nth 


>? ><> IJ 


S 


<■ 




(■ ■ r) 


/ r 

S=. A 


S-^A 


<■ - Ty 


s=/t(i (vui.i) 


If the money remains invested for N years there will be Nn 
payments of interest, and the amount will then be 


/ 0-0 


O-OIA”^' 




. (V1II.2) 


If, now, n is made very large S will be the total amount on the 
assumption that the interest is added at the end of each of a large 
number of very short intervals of time covering the period of N years. 

If we find ir. ( 1 H ) , this quantity becomes one which is 

continually increasing, its rate of growth at any instant of time 
being proportional to its value at that instant. Proceeding to the 
limit, S becomes 



7 

O-OIA”' 

S-= Alt. \ 

1-1 

rT) 




! 

1! 


1 \o^r 

nIO-OlrJ 


/ 

1 \ m X OOlrAT 

^ A Lt.{ 

W-X70 


-j .wherem = 5^. 


, where m = 5 ^ 
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5 = (VIII.3) 

which agrees with v — if we write v for S, x for N, and k for 
O-Olr. This is why we call y ■= “the true compound interest 
law,” or tht growth function. 

The function y — Ae-^^, where A: is a positive number, has a 

dy 

negative rate of increase for ^ = — kAe-’‘^ = — ky. Hence, the 

function decreases continually at a rate proportional to itself. For 
this reason v = Ae- *■* is known as the decay function. The growth 

and decay functions enter into a 
large number of investigations in 
applied science. If a belt is just 
slipping over the surface of a pulley 
and Ti and are the tensions in 
the parts of the belt on opposite 
sides of the pulley, and d the angle 
subtended at the axis of the pulley 
by the arc of contact between belt 
and pulley, Tj = Tge''®. When a 
body whose temperature is 6 de- 
grees above its surroundings is left 
to cool, its temperature at any time 
t is given by 0 = 0oe~*=* where 0o 
and k are constants. 

The reader will probably be 
familiar with many problems in 
which the decay function occurs. 
It occurs in connection ivith (1) 
damped oscillations, both mechanical and electrical, (2) the con- 
vective equilibrium of the atmosphere, (3) the area of a healthy 
wound as a function of the time, (4) the resisted motion of a particle, 
and (5) the flow of heat, etc. 

99. Graph of y ~ A logo x. If y = e", then jc = log^ y. Inter- 
changing X and y we have y — log^ x. Thus, if we interchange the 
axes of X and y in Fig. 72, the graph of j = e® will be converted 
into that of y — logo We have drawn the figure with its axes 
interchanged, thus obtaining the graph of j = logo x (Fig. 73). 
We discussed the shape of the graph in the last section; it is only 
necessary here to state that as the logarithm of a negative number 
is imaginary there is no part of the graph to the left of the y-axis. 
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To obtain the graph of log^ a* wc notice that log, v ~ k log, a 

where k = log^ e == The graph in Fig. 73 will, therefore, 

become the graph of v = log^ x if we change the scale for values oi 
y so that each unit of length along OY represents the number A. 
If each unit of length along O F is taken to represent the number A A, 
the graph becomes that of v ^ log^ a. 

100. The Graphs of j = sin {px + and j ae %in {p\ <r/). 

We assume the reader to be familiar with the graphs of the simple 



trigonometrical functions sin a, cos a, tan a, cosec a, etc. The 
graph of 7 ~ sin (px + q) crosses the axes of a for every value of 
A given by sin (px + 5 ) = 0. The values of a which satisfy this are 


flTT- 


given by A = 
integer. ^ 

When A = 0, sin q. 


where n is zero or any positive or negative 
Maximum and minimum values of y 


equal respectively to 1 and — 1 , occur alternately for values of a 
half-way between pairs of consecutive values of a for which y 0. 
We show the graph in Fig. 74. The abscissae of the points B, C, 

D, E, etc., are respectively — \ etc. Any complete 

P P P 

undulation of the curve such as that between B and D may be made 
to coincide with any other complete undulation such as that between 
D and F, by sliding it along parallel to the axes of .v through a 

distance , where n is an integer. Since = — p® sin {px + (jf) = 

-p% the points where p = 0, i.e. A, B, C, D, £, etc., are points of 
inflexion. The value of cos {px + ?) at these points is + 1 or — I 
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alternately, hence p (px + q) has the values p and — p 

alternately. With the values of p and q given it is an easy matter to 
sketch in the curve. A more accurate graph can be obtained by 
careful tabulation and plotting, but this method is rather tedious. 
We shall show below a graphical method of constructing the graph. 

To draw the graph of j sin {px + q) we first draw the 

graphs of j == and y == sm {px + q\ and then by multiplying 
ordinates we obtain the required graph. This method is often 
exceedingly tedious when an accurate graph is to be drawn, and a 
geometrical method is used in the example below. If, however, we 
only require a sketch of the graph the above method is the best, as 
we only need to take values of x for which sin {px + ^) is — 1, 0, or 
+ 1. Fig. 74 shows a sketch of the graph of sm {px + q). 

(We have sketched the graph of jj; = — in order to locate the 
points on the graph below OX) The graph is a wavy curve which 
touches the graphs of j; = ae-^^ and j as shown. 

EXAMPLE 

Draw the giaphs of (1) j - 2 2 sm (0 3r + 0 7) and {1) y — lie- sm 
(0 3/ + 0*7) showing two complete undulations in each case. 

The graph (1) is shown m Fig. 75, The circle is drawn with radius CP of length 



2*2 units. As the graph is to include two complete undulations, the angle 0*3/ 

4-77 

4- 0’7 must increase by 4^7 radians, and so t will increase by ^ = 41*89 units. 

The twelve radii CF, CQ, Ci?, etc., are equally spaced. CA is a horizontal line 

through C and ACP = 07 radians. The axis of x is taken along CA, the origin 
being at O. The vertical projections of the lines CP, CQ, CR, etc., are respectively 
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22sm07,22sin(^ + 07),2-2sm(2 - ^ 07),22siu(l 07 ). 

etc These are the values of > - 2 2 sin (0 3f I 0 7) foi the values ot* /, / 0, 

' ilT^’ infos’ ' ' ^ ^ irro3’ 

In order to construct the graph, therefoie, we eiect oidmatcs at each ot the 
points on the x axis represented by the above \aiucs of and then di aw hoi i/ontal 
lines thiough the points P, K etc.; the intci section of each hon/onlal line 
with the corresponding ordinate gives a point on the graph. Iheic will be two 
points of intersection on each horizontal line, the points being sepm ated by the 

2,17 

distance which lepiesenls / ~ By diawing a cur\e thiough the points taken 

in order, we obtain the requiied giaph. 

The giaph (2) is also shown m Fig. 75. Fiom the equation > - 2 2c sin 
(0 3/ h 0 7) we see that y may be looked upon as the \ci ticai plojection of a line 
2 2^- 0 It units in length, which makes an angle of 0 3r } 0 7 ladians with tlie 
honzontal. We can construct the graph by the method similar to that used with 
giaph (1), the only modification needed being that the lengths of TP, C(?, CP, 

etc., must be 2 2, 2 2c y o 2 2f ' is > u etc., respectively. 


The ratio of the second to the first of any two successive values 

t 01 

of e is e Let a represent this ratio. Then 

log a = - 0-1745 X 0-4343 = - 0-07579. 

If and 7a successive values of 2-2e~ ® then since ^ = ~ 
= etc., = a, 

log7a = log7i + log« 

log ja = logTi — 0-07579 and log j„ = log^*.! — 0-07579. 
By means of this relation we obtain the values tabulated below. 


Radius 

1 == Length along 
radius 

Log/ 

Length along 
radius 

CP 

2*2 

03424 i 

^ 0 271 

CQ 

1*848 

0 2666 

i 0228 

CR 

1*552 

i 0*1908 

0*191 , 

CS 

1*303 

0-1150 

0*160 

CT 

1-094 

0-0392 

0*135 1 

CU 

0-919 

T-9634 

0*113 

cv 

Q-m 

1-8876 

0095 1 

cw 

0 648 

1-8118 

0080 

CK 

0 545 

1-7360 

0067 

CL 

0-457 

1-6602 

0056 

CM 

0-384 

1-5844 

0047 

CN 

0-323 

1-5086 

0*040 

0033 


Log/ 


14328 

1-3570 

1-2812 

1-2054 

1 - 12 % 

1- 0538 

2- 9780 
2-9022 
2-8264 
2-7506 
2-6748 
2-5990 
2-5232 
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The numbers in the column headed “log /” are each obtained by 
subtracting 0*0758 from the preceding number. The numbers in 
the column headed are the antilogarithms of the numbers in the 
“log r column. 

The values of / are marked off from the centre along the corre- 
sponding radii in the figure and the vertical projections of these are 
the ordinates to the graph of 2*2e~ ° sin (0*3r -f 0*7). The spiral 
curve inside the circle has the equation r — 2-2e~ ® the centre 

being the pole and CA the initial line. 

101. Laws of Graphs. When we have obtained experimentally 
a number of pairs of corresponding values of two variables, it is 
often necessary to find a mathematical relation between the variables. 
This relation is known as the law of the graph. If, for example, we 
have found experimentally, using a certain load raising machine, a 
number of pairs of values of the force P lb applied to the machine 
and the load Wlh lifted by it, we shall find on plotting P (vertically) 
and W (horizontally) that the plotted points lie approximately on a 
straight line. In this case the law of the graph, sometimes called the 
law of the machine, is P = aW Ar b-, a and b are found from the 
graph, a is the gradient and b is the value of P at the point in which 
the graph cuts the axis of P. The reader should know how to find the 
values of a and b, and we assume that he has worked many examples 
on finding the laws of straight line graphs. The reader must remember 
that the laws found from graphs are only approximately true, and that 
outside of the range of values of the independent variable covered 
by the experiment the law may deviate very largely from the truth. 

When the graph plotted between the experimental values of 
the variables is not a straight line, it is necessary to change the 
relation into one between two other variables, so that the graph 
plotted between these latter is a straight line. Thus, the graph 
between y and x when 7 = a -f is a parabola (Art 88 ). If, 
however, we put X = x^ the relation becomes j = u -f- bX, and 
so the graph between X and j* is a straight line. 

EXAMPLE 

The following values of x and y can be represented approximately by the law 
y — a + bx\ Test this statement, and if it is true, find the approximate values 
of a and h. 


X 0 

2 . 

4 

6 

8 

10 

y 7*76 I 

11-S I 

244 

43*6 

1 

1 

71*2 I 

107*0 
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Here we introduce a new variable X x\ which turns ihe cuuation i « 
+ bx^ into the equation j - n i ft Y 

” ( 

0 4 1 16 I 36 I 04 tot) 

_l _ ' 

We have drawn the graph between v and X m 1 le 76. Piom this -i.ij'h 
we have " *' * 

h -= gradient of graph 
67-8 
TO 



and a = intercept on y axis, or ordinate of point in which graph cuts v axis 
- 9*20 
Hence the law’ is 
y :=s a + bX 

or j = 0*969 a* + 9*20 

102. Method of Procedure in Folding the Law Connecting j and x 
from Tabulated Values of the Variables. Plot the values of r and x, 
taking y vertical and x horizontal If a straight line can be drawn 
which passes through or near the points which have been plotted it 
should be drawn, and its equation y ~ mx + c is the law of the 
graph. The reader knows that we draw a smooth graph through 
points plotted from experimental measurements, so as to cancel out 
in part any inaccuracies which may be, and are usually, present. 
The straight line should be drawn so that the points are distributed 
evenly about it, some on one side, some on the other. 



<3 




a .1 
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If the points do not lie evenly about a straight line a smooth curve 
should be drawn through them. The shape of this graph may be 
like some graph with which we are familiar and whose equation or 
law we know. If so> we proceed to test if that law will fit the results. 
If we do not recognize the shape of the graph, theory may give us 
some clue as to the nature of the law. We then take this law and 
alter its form so that, by taking new variables, we raaj put the law 
in the form 7 = wx + c. 

On plotting values of the new variables and drawing the straight 
line which passes evenly through the points, we are enabled to 
determine m, which is the gradient of the line, and c, which is the 
value of y for the point of intersection of the line and the line x ^ 0 . 

We give above some examples of relations in common use showing 
the changes necessary in each case in order to produce a straight- 
line graph; x and y are the old variables and X and Y the new ones. 
The modified relation is compared with y = mx+ c, and the 
quantities corresponding to m and c are respectively the gradient 
and intercept on 0 F. 

n, k, a, and b are constants whose values are to be found from the 
values of the gradient and intercept. We had an example on No. I 
in the last section. We shall work examples on Nos. 5, 6 , and 7. 

EXAMPLE 1 

The table below gives the pressure P|b per ft® and the volume Tft'* of I lb of 
steam at maximum density. Assumin^4hat PV^ C, find the values of the 
constants n and C. Writing y for P ahd x for V, the law becomes j - 
which is of the type 5 above. Talcing logs of both sides of PV^^ C, we have on 
transposing 

logic P'~^-n logio y 1 logio C . . . (VnL4) 

Compare with 

. . . . (vm.5) 


We see that the substitutions to produce a straight line giaph aie Y — logic P 
and X = logic Pi and that the gradient and intercept are - n and logic C 
respectively. Tabulating we have 


Values of P . 

12’27 

17-62 1 

24-92 I 34-77 47-87 65-06 

Values of F . 

3 390 

2406 

1 732 I 1 264 934-6 699-0 

7=log„P . 

1-0887 

1-2459 

1-3966 1-5412 1-6800 1-8133 

jr=iogioF . . 

3-5302 

3-3813 

3-2386 1 3-1017 2-9706 2-8445 

1 1 


The graph is shown in Fig. 77, As the ordinate through X « log F 0 is 
not on the graph, we cannot measure the intercept which would give logic C. 
We proceed thus — 


From the graph the gradient is — but — /f is the gradient. 
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m 

m 


1*748- 1*026 


- 1*03 


3*6 - 2*9 

From the graph, when logio F == 3, logjoi^ — 1*642. Substituting in 

logio-JP = - « iOgift F logio C 

1*642-- 1*03 K 3 + login € 
from which logio C - 4*732 
and C — 53 950, the required law being 

P J/1.0S ^ 53 950 


Another method of finding n and C would be to measure the values of log P 
and log V for each of two points on the graph (one near each end for accuracy), 
and to substitute the values in turn in (VIII.4), The values of ti and logi,, C would 
then be found by solving the resulting pair of simultaneous equations. 


EXAMPLE 2 

The following values of and y follow the law y ^ Find the best values 
of a and k, ^ 


X \ oa \ 0*5 i 0*7 ; M ; i*3 

t : ! i : 


J 

1-223 i 1-430 i 1-571 

i i 

1-921 i 2-127 

i 

Taking logs, we have logio j ~ 0*4343A'x -r- logio f?. If we plot V— logio y 
and X = -V, the graph is a straight line of gradient 0*4343Ar and intercept logio a. 


0*0875 

0*1553 0*1962 

0-2835 

0*3277 


The graph is shown in Fig, 78. 

B€ 0*350 - 0*088 0*262 

The gradient of the graph is given by ^ - — === 0*218, 

0*218 

Hence, 0-4343^ — 0*218 or k — 5 :^;^ ^ 0*502, also the intercept is 0*045. 
Hence, logma — 0*045 or a — Ml, and the law is y — 

EXAMPLE 3 

The followin g values of x and y are probably connected by the law 
y “f <a[V ~r y^ — Test this, and if it is the correct law, find the best values 
of a and 6 . 



1440 

1460 

1280 

805 

0 

J 

0 

413 

950 

1470 

1 730 

y^ 

1440 

1518 1 

I 1 594': 

1676 

1 730 
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The values in the last line are calculated from the giv en value s of x 
and y. The given expression takes the form j = — aV + b, 
which becomes the straight line law y — — aX + b if Zis sub- 
stituted for Vx* + Hence, we plot the graph (Fig. 79), which 
shows that the points lie approximately on a straight line, and that 
the law is nearly correct. We cannot read off the intercept in this 
case, and so we take two points, A and B, on the graph and find that 
1 450 when y = 20 and JT= 1 750 when y = 1 875. Substituting 
in y = — a V X® -f + b. 



we have 1 875 = — 1 750a + b . . . (1) 

20 = - 1 450a + b . , . (2) 

From these, by subtracting (2) from (1) 

1 855 = — 300a or a = — 6-18 
and substituting in (2) 

20 = 6-18 X 1 450 + i 

from which h = 20 — 8 961 = — 8 941 

Hence, y = 6-18^ x* y — 8 941 is the law. 

It will be seen from the graph that this law is only approximately 
true. 
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103. Laws Containing Three or More Constants whose Values are 
to be Determined. If the suspected law connecting y and x contains 
n constants, where n is greater than two, the usual method of 
procedure is to draw the graph between x and j and to measure from 
it n pairs of values. On substitution of these in turn in the suspected 
law, we obtain n equations from which the n constants may be found. 
In some cases special methods may be applied as in the following — 
(1) The Law v = a + Plot the given values of x and y 
and draw a smooth curve through the points obtained. Take three 
points on the graph, one near each end and one between these so 
that their abscissae are in arithmetical progression. If the co-ordinates 
of the points are (x^, (•^ 2 > JK 2 ) + k and 

Vg = Xi + 2h where h is a constant (known). Substituting these 
co-ordinates in the equation in turn, we have 


= a + . 

= a + . 

y^z=z a . 

From (Vni.6) and (VIII.7) 

.Vi "" Vi "= — 1 ) 

and similarly y^ — V 2 = — 1) 

Dividing (VIIl.lO) by (vilL9) 


. (VIII.6) 
. (VIII.7) 
. (VIII.8) 

. (VI1I,9) 
(VIII.IO) 




.(VIII.ll) 


From this n is calculated since all the other quantities are known. 
From (VIII.9) 

b = iy^-yd X :: 

and is, therefore, found by substitution; a is then found by sub- 
stitution in (VIII.6), a = yi— be^^K 


EXAMPLE 1 

The following values are measured from a graph which follows approximately 
the law a ■] Find and n. 3*32 when x = 2, j = 7*03 when 
.X — 4, and y = 22 10 when x — 6, 

Substituting the values in turn iny ~~ a f we have 


3-32-fl + ^^e"^ . . . (1) 

7*03 a (2) 

22*10 a \ be^^ (3) 

Subtracting (l)fiom (2), 3 71 .... (4) 

Subtracting (2) from (3), 15*07 - - 1) .... (5) 

9 — (l.bio) 
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Dividing (5) by (4), 


1507 

3-71 


i.e. 


lo g,, 15-07 -logio 3-71 
2 logic e 

1-1781 - 0-5694 0-6087 


From above, 


0-8686 0-8686 
= antilog 0-6087 = 4-061, and substituting in (4), 
3-71 

- 0-299 


0-700 


4-061 X 3-061 

Now from ( 1 ), a — 3-32 — be‘”' 

:= 3-32 - 0-299 X 4-061 
= 2-11 

The law is y = 2-1 1 + 0-299e"-"«. 

If we put JT for e® in y = a -f ie”® we obtain the relation y = a + 6A"‘, which 
is dealt with in (2) below. If Xi, and x^ are in arithmetical progression, then 
e®*, and are in geometrical progression. Hence, the above method may be 
applied in cases where the law is y = a -f bx”' if the three values of x are 
consecutive terms of a geometrical progression. 

(2) The Law y — a + bx^. When the graph has been drawn, 
take three points on it (not close together) such that their abscissae 
x-i, Xi, and x^ form a geometrical progression, i.e. x^ = rxi and 
X3 = r^Xi where r is a constant. If y'l, y^, andyg are the corresponding 
ordinates, we have on substitution in y — a = 

= . . .(VIII. 12) 

y2-a = br«xi" . . . (VIII. 13) 

y3 _ a = . . .(VIII. 14) 

Taking (VIII. 12) from (VHI.IS) we have 

y2-yi^bxi%r^-l) . .(VIII. 15) 

and taking (VIIL13) from (Vni.l4) 

ys-j 2 = K”'^('-“- 1) - .(VIII.16) 

Whe^,- dividing (Vin.l6) by (VIII.15) 

= . . .(VIII.17) 

ys~~yi 

from which n can be found. On substituting for n in (VIII. 15) b can 
be found, and by substituting for n and b in (Vni.l2) we find a. 


EXAMPLE 2 

If y = a + bx" and y = 5-29 when x = 1,-3, y = 15-36 when x = 3-25 and 
y 52-04 when x ~ 8*125, find a, 6, and «. 
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Here ^ = ~ == 2*5, i.e. the abscissae are in geometrical progression. 

Substituting the values in turn in j — a “ bx^, we have 

5-29 ^ X 1*3'^ ..... (1) 

15*36-«-6 X 1-3" X 2-5'* .... (2) 

52-04™ a - 6 X 1*3« X 2-5-^^ .... (3) 

Take (1) from (2), and (2) from (3) 

then 10*07 - 6 x 1*3^T2*5^' ™ 1) . . , (4) 

36*68 - h X 1*3^ X 2*5^2*5'‘ ™ 1) . . (5) 



Fig. 80 


Dividing (5) by (4) 
from which 

From (4) 

and from (1) 

The law is 


3 6 -^ log 10-07 ^ 
log 2-5 
1007 

b = j.3i.4ii(2-5»-‘“- 1) “ 
a = 5-29 - 2-629 x = 1-483 

y = 1-483 + 2-629*1-*" 


104. Graphical Method of Finding tiie Best Values of n and a in 
the Law y = a bx”‘. Let BCD (Fig. 80) be the graph which lies 
between the points obtained by plotting observed values of x and y 
which are expected to follow approximately the above law. Draw 
OS at any convenient inclination to OX. Let Px be any point on 
BCD. Draw the ordinate through Pi cutting OX in Afj and OS in nti. 
l^aw /Ml Mg at 45® to OX, cutting it in Mg. Erect the ordinate 
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A/gi’a and let P^Mi produced cut OS in m^. Repeat the above 
construction, drawing mgAfa at 45° to OX, erecting the ordinate 
MiPs and producing this to cut OS in By continued repetition 
of the above construction we obtain points P 4 , Pg, Pg, etc., on the 
graph. If the co-ordinates of P, are xv and we have 



II 

1 

. (VIII. 18) 

and 

Mitfii — Xi 

O Mx ~ 5^1 

.(VIII. 19) 


But if a IS the angle XOS 



Mi/m, 

“ ■ OMx 

OM^ ~ 

“ ^'2 

Xi 

— TCJTl /V 

^2 ™ 

— Ld.U Ca. 


or - = - I + tan a. . . . (VIII.20) 

Hence, 

and Xy X 2 , JCg in geometrical progression, as also are the abscissae 
of any three consecutive points of the set. 

Since y — a = bx^ 

\\ — a — bx^' t 

y^-a = bxA . . . .(VIII.21) 

jg — a = bXi”'] 

and therefore 

(yg-a)* = 

= b^xx^x^^ 

= {bx{^) ( 6 Xg«) 

0’2 a)'=0’i-«)0’3-«) • .(VI1I.22) 

or the values of j - a are also in geometrical progression. 

Let A be the point in which the curve cuts OY. ( This point is 
not necessarily on the plotted portion of the graph.) Then OA — a. 
Draw horizontal lines PxNy P^Ny P^N^, etc., meeting OF in Ny 
N^, iVg, etc., respectively. Through these points draw lines at 45’ to 
O F cutting PiiV, in n,, P^A^® in h». etc. 
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Now from (VI1I.22) 

— o'" a 

Vs-Zi _ V2-/1 
V 2 a Vi — a 


. (vni.23) 


from which we see that if A is joined to and the triangles An-^N^^ 
AnJ^f^ are similar, i.e. the straight line through /?!, ni passes through 
A, In the same way we can prove that all the points Wi, n^, etc., 
lie on a straight line which passes through A, 

As the graph is plotted from observed values, the points n^, 
etc., will not lie exactly on a straight hne, and the line should be 
drawn which passes most evenly among these points. This line 
cuts OY'mA, so that OA is the most probable value of the constant a. 
When this value of a has been deducted from each of the observed 
values of y the law connecting y~ a and x, which is {y — a) == 
may have its constants determined by using the method of Example 1 , 
Art. 102. If the graph cuts the axis of y and the point of intersection 
does not coincide with A as found by the above construction, the 
latter is more likely to be the correct point. A value of n may be 
found from the figure, for if /S is the angle yArii, 

1 + tan /3 - 1 + 

.Vi - a 
_ j’2-g 

Vi — a 

or from (VIII.20), 1 + tan /? == (I + tan . . . (VTII.24) 


By measuring the tangents of a and ft and substituting, the value of 
n may be found. 


EXAMPLE 

Find the values of «, b, and n which make the law y — a + fit most 
closely the observed values given. 


A 

' ^ 

4 

6 

8 

10 

V 

0 

1 " ~ 

8-6 

13-9 

25-3 

35*6 
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By the consti uctiou m I ig. 8 1 , wc find that OA i eprcsents 4* I . Hence, a 4 I 
Now* tabulating values of v - log x and log (y — a), we have 


y-a .1 

0*9 

4*5 

9*8 

21*2 

31*5 

logx . 

0*3010 

0*6021 

O'lm 

0*9031 

1*0000 

log O' - o) 

1-9542 

0*6532 

0*9912 

1*3263 

1*4983 



Plotting values of log (y — 4-1) against values of log jc, we obtain a straight line 
(not shown) whose slope is 2*20, and whose intercept is ~ 0-687. Hence, n ™ 2*20 
and b ~ antilog 1*313 — 0*206, and the law is y 4*1 + 0*206x®*^ 

From Fig. 81, tan a - 0*22, tan ^ - 0*55, and from (VIII.24), n = 2*20. 

If the suspected law is j ~ b(x h a)^, we express as a function of 
1 ~ 

thus, .X = — -h j'' which is of the type y a 4- bx'^^ if x and y arc inter- 
changed. 

Thus, the method is the same as that in Fig. 81 if the axes of a; and y are 
interchanged. In this case a is negative if A is on the positive part of the axis. 
If the suspected law is y — a be^\ we tabulate values of and plot y against 
X~ e*. 

The law is then y - a which has been dealt with above. 
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105. To Find the Best Values of the Constants in an Equation when 
the Number of Sets of Observations is Greater than the Number of 
Constants: Method of Least Squares. 

EXAMPLE 1 

Suppose we have given the three pairs of values of x and )% x I, ^ — 5*27; 
r “2, j = 8*44; x— 3, y ~ 11-53, which are supposed to be connected by the 
law y = mx c, and that we require to find the values of m and c which most 
closely fit the given values of .v and y. Substituting the values in turn in 
y ^ mx-\- c, we have 

5*27 ~ m T c 
8*44 == 2m -1 c 
11*53 ^ 3m -f- c 

and rearranging these 

mfc-5‘27-0 (1) 

2m + c-8*44=-0 (2) 

3m + 11*53-0 ... . (3) 

Here there are three equations from which to determine two unknowns. In 
order to reduce the number of equations to two we proceed thus: Multiply 

through each equation by the coefficient of m in it. The lelations become 

m + c — 5*27 — 0 . ... (4) 

4w + 2c- 16*88 = 0 (5) 

9m + 3c - 34*59 = 0 ( 6 ) 

Adding these, we obtain 

14m + 6 c - 56*74 = 0 . ... (7) 

Now multiply each of the equations (1), (2), and (3) through by the coefficient 
of c in it, and add. As the coefficient of c is one in each case, the sum is found by 
adding (1), (2), and (3). Thus we have 

6 m -f 3c -25*24 = 0 ( 8 ) 

(7) and ( 8 ) are known as the normal equations^ and the values of m and c found 
from them are those which fit most closely the given values of x and y. Solving 
between these equations we have 2m = 56*74— 50*48, i.e. m = 3*13 and c 

25.24 18*78 

^ = 2-15, and the law which most closely fits the values of x and 7 

isy — 3*13x + 2*15. 

The above method is based on the method of least squares which determines 
the constants in an empirical formula so that the sum of the squares of the 
differences between the observed and the calculated values of 7 is a minimum. 
We shall show this in the case of a suspected law 7 = mx + c on the assumption 
that we are given three pairs of values (jci, 71 ), (xg, 72 ), and (xg, 73 ), of which the 
values of x are correct and those of 7 are determined by experimental methods. 
The values of 7 calculated by the formula are respectively mxi + c, mxg + c, and 
mxg 4 - c, and the sum of the squares of the differences between these and the 
observed values is 

E = (mxi -he — yiY + (mxa -h c — 72 )^ h (mxg he- 73 )® (¥111.25) 
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Since £ is a function of m and c the conditions for a minimum value of E are 

^-0and^=0. . . . (Vm. 26 ) 

dm dc 

By differentiation we have, therefore, 

Zxiimxi 4 c - ji) 4- 2Xi(mXi 4- c - + 2Xi{n’X3 4- c - Ja) = 0 

and 2(wxi i- c - jO 4- 2(inXi 4- c - I- 2(mx, 1 c - Vs) =- 0 
which reduce to 

(xi® H' F x/)m H {xi h (xjji + X2ya i- 0 (VIIL27) 

and {xi -f X2 + Xi)m + 3c — iy\ \ + 0 (VIIl.28) 

These normal equations can be obtained from the relations 
mxi c — = 0 'j 

. . . (VIIL29) 

mxz -h c — == 0 j 

by (1) multiplying through each equation by the coefficient of m in it and adding, 
this gives (Vin.27), and (2) by multiplying through each equation by the coefficient 
of c in it, unity in this case, and adding, this gives (VnL28). This method is 
easily extended to the case of a law with more than two constants, as in the 
following example — 


EXAMPLE 2 


Find the parabola of the form y ~ c + bx -h cx^ which fits most closely the 
following observations — 


X = 

- 3 

-2 

- 1 

0 

1 

2 

3 

! 

4-63 

i 

2-11 

0-67 

0-09 

0-63 

2-15 

4-58 


[The results should be correct to three places of decimals.] (U.L.) 

Writing the equation in the form a bx cx^ — y — 0, and substituting in 
order the pairs of values given, we have 


a- 3b 4- 9c- 4-63-0 . . . , (1) 

a- 26 4- 4c- 2*11 = 0 .... ( 2 ) 

0 - 6 + c-0-67=:0 .... (3) 

a ~0-09--0 .... (4) 

a-\ b V c- 0-63-0 .... (5) 

o 26 4 4c- 2*15 0 .... (6) 

0 + 36 + 9c- 4*58- 0 . . . (7) 


Each equation is now multiplied through by the coefficient of o in it, and the 
resulting equations added to give the first normal equation. As, however, these 
coefficients are all unity, we simply add the above equations. The first normal 
equation is therefore 

7o + 28c- 14-86 -0 


or o 4c- 2-123 = 0 .... (8) 

Next, multiply each of the equations (1) to (7) by the coefficient of 6 in it, and 
add. We obtain 
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3 - 2- 1 h 0 t- 1 f 2 i 3) h />(3“ h 2' -1 1 1 0 i I -1 2M 3**) 

I c(- y 23 - H , 0 ' 23~r 33) 

-h (13-89 h 4-22 4 0*67 - 0 63 4 30 - 13-74) - 0 

or 2Sb~ 0-11 

and the second normal equation is 

6 - 0*00393 (9) 

Now multiply through each equation by the coefficient of c in it and add. 
We have then 

+ \-V h0+ H + 23-h33)--^(33 , 2M IM 0- 

+ c(93 -f- 4H- 1** 1 0 q 13 q 43 h 93) 

~ (41-67 q- 8-44 h 0-67 q- 0 + 0-63 q- 8-60 q- 41-22) - 0 
or 28^7+ 196c = 101-23 

Dh'iding through by 28, we have the third normal equation 

a + 7c = 3-615 (10) 

Rewriting the normal equations, we have 

« -h 4c - 2-123; 6 = - 0-00393; ^ q- 7c = 3-615 

From these a = 0-134, b — — 0*004, c = 0*497, correct to three places of 
decimals. The equation is 

y -= 0-134 - 0-004a: 0-497 jc3 

The constants in the equation of the above example could have 
been obtained by plotting the smooth graph which appears to pass 
most nearly through the points, then measuring the co-ordinates of 
three points which lie on this graph, and, finally, substituting these 
in the equation y = a bx + cx^ in turn and solving the resulting 
equations for a, b, and c. This method, however, though satisfactory 
in most cases, does not give the values of the constants so accurately 
as does the method of the example. For a fuller discussion of the 
above method, readers should consult The Calculus of Observations, 
by Whittaker and Robinson, or some other treatise which deals 
particularly with errors of observation. See also Vol, 11. 

EXAMPLES Vlir 

(1) Show that for all values of n the graph of 7 •= x’* is symmetrical with the 

graph of 7 = x". Which line is the axis of symmetry? 

(2) Show that if n is an odd number, the graph of y = ax^ has a point of 
inflexion at the origin. 

(3) Show that the graph ofy = cfx®^ is concave or convex upwards everywhere, 
according as a is positive or negative, n being a positive integer other than unity. 

(4) Show that if we draw the graph of y = and then take as a new axis of y 
the ordinate x = retaining the same axis of x, the equation of the graph 
becomes y — Ae^^. Find A in terms of e, k, and a. 
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tl ~\ 1 

(5) Assuming the series for log, — - , show that for large values of n, the 

difference between the ordinates of the graph of y ^ log, a: at n and a =- n 
h 1 is very nearly the reciprocal of n. Hence, verify approximately the rule that 
the gradient of the graph at the point for which n{n large) is Ijn. 

(6) Show that the graphs of y - ae'^^ and y = ae -^^ " sin {cx f b) touch each 
other at an infinite number of points, and that the projections of these points on 
to the axis of a are each half way between two consecutive points in which OX 
cuts the latter graph. 

(7) Sketch the curves r - aO (spiral of Archimedes) and }d = a (hyperbolic 
spiral), when a is positive. 

(8) Using the method of Art. 102, show in a table what changes must be made 
in the following expressions in order to obtain straight line graphs: y ^ ax^\ 

y—h "= ^log,A,y = xy a bx, y ax bV x < y. Show in 

each case what is represented by the g radie nt and what by the intercept. 

(9) Plot the graph ofy“3 + Vjc®+l from x ~ 6 to a = 12, and find the 
equation to the straight line which agrees most closely with the graph inside this 
range. Find the percentage errors in using this equation instead of the original 
one for calculating the values of y corresponding to (1) a = 7i, (2) a - 0, and 
(3) A = 1. The large percentage errors in the second and thiid cases illustrate 
the danger of making use of extrapolation when using empirical formulae. 

(10) The equation y ~ ^ + 6 . 10”^ is thought to express the relation between 
the variable quantities a and y which are derived from experiment. Explain in 
detail a method for determining good approximations to the values of a, 6 , and m. 

(U.L.) 

(11) Assuming that the following experimental values of a and y may be 
approximately represented by a formula of the typey — ax -\ 6.10'**, find values 
for the constants a and b and show in a table the values of y corresponding to the 
given values of a as given by the formula with the ascertained values of the 
constants. 


A 

i 

1 

2 ! 

3 1 

4 


/ •! 

1 0-30 j 

0-64 

1-32 

5*20 

(U.L.) 


[Note. Form four simultaneous equations, and obtain from these two normal 
equations. Then solve for a and b,] 

( 1 2) A graph has its equation of the form y = 6 -f ax^^ where a, b, and m are 
unknown. If three points be taken on the graph whose abscissae are in geometri- 
cal progression, show how m, 6, and a can be determined. 

Explain how to find values of m, 6, and a, when the equation represents only 
a near approximation to a graph derived from experiments. (U.L.) 

(13) The following numbers approximately satisfy the law y^ a h 6a”. Find 
the best values of a, b, and w. 


A . 

25 ; 

35 

50 

75 

150 

y • 

4T9 

5-31 

8-82 

12'70 

4740 
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(14) The coefiScient of self-induction L of a coil and the nunibei of turns N of 
wire are related by a formula of the type L - where a and b are constants. 

The following are observed pairs of values of L and N— 


N . 

25 

35 

50 

IS 

150 

200 

250 

L . 

1-09 

2-21 

5‘72 

9*60 

44-3 

76-0 

156-0 

Find the values of 
observations. 

(15) The following ; 
the friction of a string 
contact of the string ^ 
sUpping.) 

0 radians . 

a and b 

are the re; 
wrapped 
vith the b 

TT 

2 

which m< 

suits of ar 
round a c 
>ar, JV the 

n 

3st nearly 

i experime 
ylindrical 
i weight a 

Sir 

y 

satisfy tl 

jnt to find 
metal bar 
•ttached tc 

llT 

hie whole 

the law j 
, {0 is th( 
> one end 

Srr 

2 

series of 
(U.L.) 
governing 
s angle of 

1 to cause 

IV oz 

2-875 

4-0 

5*706 

8-9 

,L 

12-435 


Find from these numbers the equation connecting W and (U.L.) 

(16) A pillar of length / ft and least radius of gyration of cross-section g in., 
has round ends, and is loaded axially. The following table gives the safe working 
stress f in tons per in.^ of cross-section, as calculated by a rather complicated 

formula, for certain values of Plot a graph showing the stress / along the vertical 

scale, and values of - along the horizontal. Draw the straight line which passes 

most closely through the points, and determine the constants in the equation 

f ^ a- b. Find the greatest percentage error in using this equation to 

calculate values of f for values of - inside the given range. Compare your 

formula with that given below sometimes used for pillars for which - lies 

/ S 

between 100 and 140, i.e./ = 7-5 — 


1 

s 

100 

1 

110 

! 

120 

130 

1 140 

f • 

3-09 

2-71 

2*38 

2-10 

1-86 


(17) The following numbers approximately satisfy the law y - a \ 
Find the best values of a, b, and n — 


X 

1 

i 

2 

3 ' 

4 

5 

6 

y 

5-71 

6-51 

7-63 

8-87 

10*13 

11*84 



260 


PRACTICAL MATHEMATICS 


V A 

08) Find a and b in Example 11 by plotting against jg;;. 

(19) Find the best values of m and c in y ^ mx c, having given x ~ i. 
y = 4*30; x = 3, y = 10*66; x == 5, y =- 16*64, x == 7, y 24*10. Compare 
the values of m and c with those obtained from a straight line graph. 

(20) Find the best values of a, b, and c, if the equation y ^ a + bx + cx^ is to 
fit most closely the following observations— 


X 

-- 2 

- 1 

0 

1 

2 

y 

- 3*150 

- 1*390 

0*620 1 

1 

2*880 

5*378 


(21) Find the best values of a and b if y ^ ax b logw x is the law which 
represents most closely the observed values given below. 


X 

1 

3 

4 

5 

6 

y 

3*74 

5*99 

7*47 

8 92 

9*86 


(22) Sketch the graph ofy = logio x, and show that x logio x — 1 has only one 
root. How many roots has the equation logio x ~ sin (x + c) ? 

(23) A sum of £200 is invested at 5 per cent compound interest for 20 years. 
Find the amount at the end of the period on the following assumptions that the 
interest is added (1) yearly, (2) half-yearly, (3) quarterly, (4) continually at every 
instant of time. 

(24) A sum of money is invested at simple interest, the rate being r per cent 
per annum. How long will it be before the total interest obtained is equal to the 
amount invested? Show that an equal sum of money invested for the same 
period at true compound interest (i.e. interest added continually) at the same rate 
per cent per annum would increase to e times itself. 

(25) Explain how you would find the constants in the following laws from a 

series of more than three pairs of corresponding values of the variables found by 
experiment: (1) y = + Z)x^, (2) y -= i>(x -h a)\ (3) y = a + ^>x + cx®, (4) 

y~a'^ 

(26) Given three pairs of values of x and y, namely (xi, yi), (xg, yf), and 
(va,y 3 ) which satisfy the lawy -- <3 + bx'^, and that XiXs == Xa®, find an equation 
involving only a and some or all of the given values of x and y. Solve this to 
find a. 

(27) The following numbers satisfy approximately the law y ~ a -h bxK Find 
(I) by modifying the relation and drawing the graph, (2) by forming and solving 
the normal equations, the best values of a and b. 



y 0-43 0-83 I 1-40 | 2 33 342 


If the laws found by the two methods disagree, which is more likely to be true, 
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(28) Plot the graph of ^ + 21ogtoA' H 1*54 fiom a I to — 5. 

Draw the straight line which most closely agrees with the curve, and find its 
equation. 

(29) Show that if we assume the law P — aW bio connect the applied force 
P lb and the load raised W lb in a load-lifting machine, the law connecting the 

W 

efficiency /y and the load is // '“^rnr* the following 

experimental values — 


w 

31*25 

87*25 

143*25 

199*25 

255*25 

V 

0*061 

0*099 

0*113 

0*121 

0*127 


This machine has a very high velocity ratio, i.c. 205. Find the law connecting 
P and H<, using the relation 


Efficiency 


Load 

Applied force x velocity ratio 


(30) The law connecting the tensions 7\ and Ti in the tight and slack sides 
respectively of a belt just on the point of slipping over the pulley surface is 
T 

Y = where is the coefficient of friction and 0 the angle of contact between 


the belt and pulley in radians. The following experimental values are given. 
Find the best value of fi, 

” 5 lb for all values of 0 — 


0 . 

77 

8 



77 

2 


377 

4 

Itt 

T 

IT 

r,ib 

5*57 

6*14 

6*84 

7*61 

8*47 

9*34 

1 

10*32 

11*45 


(31) Find the best values of a, b, and c, if the parabola y == a + bx -[■ cx^ fits 
most closely the points defined by the following values of x and y — 



0 

1 

2 

! 

3 1 

4 

y *1 

i 

2*14 

6*32 

16*57 

33*37 

56*01 


Do this by foiming and solving the three normal equations, 

(32) Find the best values of a, b, and « if the lawy — c 4- be^^ fits closely the 
observed values of x andy— 


X . 

2 

4 

6 

8 

10 

12 

14 

16 

y * 

4*000 

4*280 

4*631 

5*015 

5*445 

5*880 

6*370 

6*935 
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(33) The following experimental values follow approximately the law 
L = a -f bN^, Find the best values of a, b, and c— 


N ' . 

5 

7 

10 

15 

30 

40 

L 

1-68 1 

2'82 

6-32 

10*2 

44*9 

16‘6 



CHAPTER IX 


AREA UNDER CURVE— SURFACE AND VOLUME OF 
SOLID OF REVOLUTION— LENGTH OF ARC— CENTROIDS 
—MOMENTS OF INERTIA— GRAPHICAL INTEGRATION 

106. Area under a Curve. We have seen (Art. 47) how to find the 
area ^ of a figure like PQNM (Fig. 82). If OM = a and ON = b, 

A= f%dx . . . (IX.1) 

Ja 

or if y =f{x), A = ^ f{x)dx . . .. (IX.2) 

Ja 

Similarly, the area A' of the figure PQSR, where OR = c and 
OS — d is given by 

A' == j^xdy . . . (IX.3) 

Now consider the area PQNM to be divided up into n strips by 
means of equidistant ordinates and let Ax be the distance between 
two adjacent ordinates. Consider the strip CHID and let H be the 
point where the co-ordinates are x and y. Let Hd be drawn parallel 
to OX to meet ID in d. Then the area of the rectangle CHdD is j; Ax 
and the area S of the stepped figure MPaFbGcHdIeJfKgLhN is 

S-SjAx . . . (IX.4) 

X ^ a 

The difference between the areas A and S is the sum of the areas 
of the small portions PFa, FGb, etc., . . . LQh. As n, the number of 
strips, increases, the sum of the small areas decreases and, as n 
approaches the limit infinity, the value of S' approaches the limit A. 
Thus the area A may be looked upon as being given by (1) the value 

of the definite integral ydx, or (2) the quantity Lt. S ytxx where 

a; *= ft 

ntxx = b — a. On account of the similarity of form between these 

r* 

two quantities, we often look upon the quantity ydx as denoting 
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either the definite integral or the quantity (2), wluchever point of 
view IS most convement Thus 

■^A -\ \dx^Lt S; Av (IX 5) 

,/rt u oa jL a 

The value of A may be found by evaluating the third term in 
(IX.5) but IS generally much moie easily found by evaluating the 
definite integral The use of (IX 5) enables us to obtain the values of 

— b 

quantities which can be expressed in the form Lt ^ J{x)A\, by 

H 00 1, — a 



Fig 82 


replacing the latter by the definite integral f(x)dx, 

Ja 

If throughout part of the range x — a to x = b, J{x) is negative, 

the quantity f(x)dx will give the excess (positive or negative) of 

Ja 

the area above OX over that below OX, 


EXAMPLE 

Prove that the area of the oval of the curve whose equation is 

ay^ = (v- a) {x- 5ay is a® (U L ) 

Assuming a to be positive, it is cleai that there is no part of the graph to the 
left of the ordinate x = for otherwise y’* would be negative. Also the curve is 
symmetrical about OX, y = 0 when x ^ a, and when x = 5« only, and so the 
oval referred to in the question lies between x - a and x - 5a We have 

Areaofo\di^2 ycix-~\ {5a-x)Vx-adx 
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Let \ — a = z\ so that z - 0 when x a and 
d\ — 2zdz, and 

rz'^a 


2v^a when x 5a Also 


2 C2''a A rZ'^a 

Area of oval = — — (4a — r")z 2zdz = (4az‘ — z*)dz 

Va-'o V«Jo 

- ~ r^’_ “ - JL/' 32 « _ 32 a \ 

' VflL 3 5 Jo va^ 3 ' 5 / 

-= W a^ 

107. Mean Value. Root Mean Square. The mean value of the 
oidinate y in Fig 82 over the range x = a to x = /> is the limit as n 
approaches infinity of the mean value of the equidistant ordinates 
1 o 1 2 ’ ,1 . > n Thus if y IS the mean value 


Lr 

n->oo 


yi + y% + yi+ - +u~ i i 
n 

"h 

n\\ 




y -- 


X b 

Lt ^ 

h ^co X a 


\dx 


or 


V 


(1X6) 


b — a 
(IX.6) may be written 

, , . ^ , Area under graph 

Average height of graph =- j^g-^^^base 

EXAMPLE 1 

oc cc 

Find the mean value of sm {nx 4 a) over the range (1) x = — - to a = ~ ~ + 

Itto, and (2) y ~ to jc where n and p are positive integers 

^ n n 2n 


}- 25 rjp 


j: 


Sin {nx 4- d)dx 


(i) 


lirp 


= -i- r_ icos (nx V «)1 " 

iTrp L n J ® 


f-2u3? 


: — ^ COS iTTpn h - cos 0 

Irtp \ « * n 

(1 - cos 2^ph) - tl - 1> 
lirpn ^'irpn 



266 


PRACTICAL MATHEMATICS 


y-0 

(2) 35 - — f- -cos (nx f- a)1 
rr L n J _ 

H 

coso) 

TT/i I 2 } 

2 2 

TT W 


The ''Root Mean Square” is a term usually applied to periodic 
functions only. If 7 is a periodic function of x, of period a, the root 
mean square of 7 is the square root of the mean value over the range 
r = c to .T = c + ^ of the square of 7 , c being any constant. If 
R.M.S. denotes the root mean square of 7 , then 


R.M.S. = 



(1X.7) 


EXAMPLE 2 

(a) Find the mean value of sm^ pt over the range / = 0 to / = ~ 

(b) Show that the R.M,S. value of the expression 

asiapt + b cos qt c sin rt -h d cos si + . . . 
is V + Z)® + c® + + . . ,),p,q,r,s, . . . being integers. 

(a) sin^ pi - (sin^pi)^ ^ ^ 4 - 2 cos 2pr + cos-^ 2pt) 

-i(l-2cos^/ . 1+|s4/.rj 

= i||- 2 cos 2/7/ + ^cos4/)/| 
mean value of sin^^r 

mean value ^ 1" ^ 47/| 

77 

By (IX.6) y,„ = \ }?- 2 cos Ipt -+ Icos Apt\dt (1) 

77 

= ^ n f - - sm 2/)H L sin Apt^ 

4»L2 p %p ^J|| 

p /^\ 3 

4ff \lp/ 8 


( 2 ) 
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It IS evident on inspection that the tenns — 2 cos 2pt and ^ cos Apt under the 

integral sign in (1) contribute nothing to the result (2), because the integration of 
each gives the product of a constant and the area under an integral number of 
complete waves of a cosine curve, which area is zero. 

(6) For all integral values of p,q,f, etc., the given expression covers a complete 
number of periods as t increases from 0 to Itt. We take this interval as the 
range of integration. 

The mean square of the expression 


1 rS’T 

2iJo ^ bcohqt I rsin/M ... pdt . (1) 



On squaring the quantity in the brackets we obtain the sum of terms such as 
sin^ pt, b^cos^qt^ etc., together with the sum of terms like 2ab sin pt cos qt, 
lac sin pt sin rt, etc. 

r27r r27T 

Now sin pt cos qt dt = sin pt sm rt dt 

r2tT 

= cos qt cos St dt = 0 (Art. 50) 

rZv r2n C2 it 

and sin^ ptdt - cos^ qtdt— sin®// — tt (see Ait. 49) 

Hence, the value of the integral m (1) is j- Z?® h c® i . . . ) and 
R.M.S. - root mean square value 

= J^^(a^ + l^+c^+ . . . ) 

= Vi (a“ -I- 6® + c® + . . . ) 


108. Area Included by the Curve r —f(S) and Two Radius Vectors, 
where (r, 0) are Polar Co-ordinates. In Fig. 83, AB is the curve 
whose polar equation is r =f(6). O is the pole and OX the initial 
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line. Let A be the area included between the arc AB and the radius 
vectors OA, OB where the angles AOX and BOX are di and 0^ 
respectively. 

Let be any point (r, 0) and Q the point (/• + A/-, 0 -f AO) on the 
curve. 


Then Area OPQ - \OP . OQ sin POQ -= lr(r -f Ar) sin AO 

As AO approaches the value zero, this area approaches the value 
|/'2 AO and therefore 


or, by (IX.5), 


A AO 

d ~ 01 



(IX.8) 


EXAMPLE 1 

Find the area bounded by the cardioid r — a(l + cos 0) (Fig. 91). Here the 
limits of integration are 0 ^ 0 to 0 == Ztt, Hence, 

r2.TT 

aW T cos 0)^0 


i r 
2. 


required area 

- f f- 2 cos 0 + cos» 0)d6 - ~ (l I- 2 cos e 1 

[ 3 1 

-0 t 2sm0 4 ^sin20j^ 


dO 


2 


“2" 


Referring again to Fig. 83, let (x,/) and (x + Ax, y + Ay) be the 
co-ordinates of P and Q respectively, and let PM and QN be drawn 
perpendicular to OX. 

Then let AA = area OPQ 

= area OQN— area 0PM— area PMNQ 
= |(x -f Ax) (p -f Ap) - J:xp - 4(2p + Ay) Ax 
AA = J(xAp — pAx) 

ro, 

and A = area OAB = I dA 

Je, 

re = 8, 

= i (xdy — ydx) . . . (IX.9) 

The following example illustrates the use of (IX.9) in the case of 
an area enclosing the origin, the parametric equations to the curve 
being x =-fi(t), v =Mt). 
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EXAMPLE 2 

Find the area of the ellipse given by a, - 5 cos y 3 sin 
Here dy == 3 cos (j)d^; dr == — 5 sin d^, and, since the origin is at the 
centre of the ellipse, the limits are ~ 0 to <3^ ~ 2^. 

From (IX.9) .4 = - 15 (cos“ ^ + sm^ ,l>)d<t- = ^ 

15 

A - — \ 2it = I5n square units 

109. Area of a Oosed Curve in Terms of Rectangular Co-ordinates. 

Let Pi, P, (Fig. 84) be the points (:c, (.v, Va) respectively. Then the 



area enclosed by the curve is the difference between the areas of the 
figures MAP^BN and MAPiBN, where AM and BN are vertical 
tangents to the eurve. Hence, 

A = area of closed curve 



where Xi — OM and x, == ON 


(IX. 10) 


EXAMPLE 

Find the area of either of the hahes into which the ellipse represented by 
13x^ H lOxy + ISy® 72 is divided by they axis. 
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The equation can be written 

f 


i.e. 


whence 


(y 


il 

169 ' 


72 

13" 


144 144 


5 , 12 

y --j^x±jxV(6-5-x‘) 


24 


yi~yi = i^V6-5~x^ 


which is zero when x = ± 6’5. Thus the limits of integration for half the 

ellipse are - and 0, oi 0 and V6-5. Taking the latter limits, we have 
from (IX. 10) 

A — area of half ellipse 


0 13 


V6-5 - 


Let X “ V 6*5 sm 0, then c/x " VsScosO dS. When x = 0, 0 ^ 0, and when 
V ~ V6'5, 0 Hence, substituting, 

.4 = f2 ^ X 6-5 cos^ e = 6 fe + ^ 

Jo 13 L 2 Jo 

= Stt 


110, Odd and Even FunctioiKS. If f{x) is any function of x such 
that/(x) =/( — x\f{x) is an even function of x. If f{x) ==—/(— x), 
fix) is an odd function of x. Sin x, x, x^, ax + bx^ + cx® + rfx^, 
sinh X, tan x are odd functions of x because a change of the sign of x, 
whilst leaving unchanged the numerical value of each function, 
changes the sign of that value. Graphs of odd functions are sym- 
metrical about the origin (Art. 97). Cos x, x^, coshx, ax^ + ix^ + cx® 
are even functions of x. Graphs of even functions of x are sym- 
metrical about the axis of y. If j{x) is an odd function 

f{x)dx = 0 


L 


(IX.11) 


If f{x) is an even function 


because in (IX.11) 


f f(x)dx=^2{f{x)dx . (IX.12) 

J- ft Jo 

J ^f(x)dx = — J J{x)dx, (odd function) 



whilst in (IX. 12) 
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J{x)dx — j f(x)dx, (even function) 

J— h Jo 

The reader should verify these results by testing them in the cases 
of the functions given above. 

As examples of (IX. 11) and (IX. 12) we have 


w 



sin xdx = 0 and 


77 



cos xdx ^ 



cos x = 2 X 1=2 


111. Volumes of Solids and Surface Areas of Solids of Revolution. 
Fig. 85 shows a portion AB of a plane curve. Suppose AB to be 



rotated about OX, In making a complete revolution the area ABNM 
generates a frustum of a solid of revolution. The ordinates MA and 
NB generate the end sections of the frustum and the curve AB 
generates the curved surface. Let P be any point on the curve and 
let X and y be the co-ordinates of P, Let Q be a point on the curve 
near P so that RS = Ax where PR and QS are ordinates to the curve. 

The figure RPQS generates a solid whose volume is tt/Ax to the 
first order of small quantities. Hence, the total volume is 

a; = & 

V — Lt. S iry^ixx 


where a — OM and b = ON. By (IX.5) this gives 



(IX.13) 
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If S is the area of the carved surface generated by AB, the portion 
of S generated by PQ is 2ny Ai to the first order of small quantities, 
where Aj is the length of PQ. Hence, 

S — Lt. S 2wv As 

As*>-0 

where the summation extends over the arc AB. By (IX.5) this is 

5'= r . . . (IX. 14) 

Ji — a 

Now from the triangle PQK, in which PK is parallel to OX, 
i/\sf = (A;c)* + (A;;)^ 


or 

= 



and 



or 

-j 


. (IX. 15) 

Similarly 



. (IX.16) 

c and d being the limits of y corresponding to x = a 
respectively. 

and x = b 


If the area bounded by AB, the axis of y, and horizontal lines 
through A and B is rotated about O Y the formulae corresponding 
to (IX. 13) and (IX. 14) are respectively 

rv = ij 

V TTX^dy and S = iTrxds 
Jc Jf/~e 

If the section of a body at right angles to a fixed axis is not circular 
but its area is a function ^(x) of x, the distance of the section from a 
fixed point on the axis, then the volume is given by 

Jf%(x)rfx . . . (IX. 17) 

where a and b are the limiting values of x. 


EXAMPLE 1 

Find the volume of a segment of height h, of a sphere of radius a. 

Water is being poured into a hemispherical cup of radius a at the rate of 
c ft® per sec. Find the rate at which the depth of the water is increasing when 
the cup is five-sixteenths full, (U.L.) 
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The equation of the gcneiating cade is a- the centic being the 

origin and the A-axis being perpendicular to the plane which cuts off the segment. 


Volume of segment = j ^ iry^dx == tt I “ - x-)cix 

Ja — h. Ja— h 


Trla^a-a-^ h) i [a^ {a ~ /O'*]] 
rrla^h- lOa^h ~ 3ah^ h )] 

"t/i 

Let h be the depth of the water m the cup at any instant. 1 hen the volume 
V of water ~ j [Zah^ — h^], 
dV 


Now 


dj^ 

dt 


dh 

=- c (given), and we have to find ^ when V ~ 


16*3^ 




i.e. when 


24 




i.e. 


3ah^ I - 


h - 


then 


EXAMPLE 2 


dt 




4c 

W 


ft per sec 


A portion of a paraboloid of revolution is cut off by a plane perpendicular to 
its axis, so that the circular face is of radius R, Show that the volume of the 
portion is J ttR^IU where 2/ is the latus-rectum of the meridian section. 

A cylindrical vessel of height h and radius R is full of water, and has its axis 
vertical. It is slowly set in rotation about its axis and attains a constant angular 
velocity co. Show that the centre of the base will be uncoveied if co^ ^ 2ghlR\ 
but that if co^ is less than this value the volume of water spilt is IrrRWIg. 

(U.L.) 

We take the axis of the generating parabola as vertical (Fig. 86).^ts equation 
referred to the axes OX and O Y shown in the figure is a® =- 2ly, MP ~ R and 
R^ 

OM^Yl 

Ri 

J ' 22 r 22 22 

trx^dy ~ n 2ly dy ^ Trlly^^ - l^R^li 
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fet a veilical plane cut the hee suiface of the water along the cuive OQP. 
Consider an element of water of mass m situated at Q{x, y) on the free surface. 
Draw QN LOY^QG normal to the curve at Q. The acceleration of m is QN , 
towards JV, so that we can legaid it as being at rest under its own weight mg 
acting vertically downwards, the resultant thrust on it acting along QG, and a 
force m, QN acting along NQ. GNQ is then a triangle of forces, and 


NQ mQNa>‘ 


£ 


Now 




tan V’ 



If O is at the centre of the base, then y = h when jc = i?. 


i.e 


2gh 

If cu^ > y will be > h when x H, and the centre of the base will be 


= -7^ — or CD 




uncovered. 

Igh 

If fo® < then the volume of the water spilt is that found in first part with 
substituted for /, 

ft)® 


i.e. 


Volume spilt ~ 


EXAMPLE 3 

Find the area of the curved surface of the cup formed by the revolution about 
its axis of the smaller part of the parabola y® = 4ajc cut off by the line x — 3a. 

(U.L.) 

The surface area required - { 
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/. Surface area = 27r I 2^^ VI - Jlf 
Jo 

rsa 

- 4^ v« Vx 1 a dx 


Aa' \ \ \ a 

Aax V Y 


— 9 Ml 

“ . - [(A. 1 d) 

SttV^ 56it<3“ 

-r - — 

EXAMPLE 4 

An ellipse whose semi-major and semi-minor axes are 2 ft and 1 ft respectively 
IS rotated about its major axis. Find the surface area of the prolate spheroid 
so formed. 

The equation of the ellipse is ~ f- 1 

l-\ 2y ^ 0, whence ^ ^ and 

2 dx dx Ay 


1 • .■?- 


t 16— 3x^ 

I6y^ 16y^ 16/*^ 


Surface area required 2 2'jryJ 1 1 dx 

, 1*2 Vl6- 3;c^ , 

~ 47r y . - dx 

Jo 4j 

Let X ~ sin ,*. dx - cos 0 dO, and 0 - 0, ^ when x - 0, 2. 
V3 V3 3 

/*? A A 

Surface area — v^3 ?r J ^ cos 6 • ^ cos B dB 

77 

_ 16w 1 Tg , sin 2611 

“ V!'2 L 2 Jo 
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1 1 2. Lengths of Curves. Let PQ be an element of arc of length 
of the curve v = f{x)y Fig. 85. The length of the arc AB is 
given by 

. * . (IX. 18 ) 

where Sj^ and are the distances of A and B, measured along the 
curve, from some fixed point on it. If the co-ordinates of A and B 
are (a, c) and (6, d) respectively, then from Art. 1 1 1 we see that 



or + . . (IX.20) 

If the equation to AB is given in polar co-ordinates as r = /(d), 
we have, if PJV is perpendicular to Og (Fig. 87), 

PN --r sin AO = rAO, 

and NQ ~ r i- Ar— r cos AO — Ar, 

to the first order of small quantities. (See Art. 77.) 

Hence, (As)* = /•*(A0)* + (Ar)* 

As = \/r*(A9)* -f (Ar)* 

" + (b)* • " “ y"* ‘ 
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Therefore, ^ + g)’ rfO 



. (IX.21) 


where AOX = Oi, BOX = 0^, OA -- OB = 


EXAMPLE 1 

Show that the le ngth of the arc of the parabola — 4av meabuicd from 

(0.0)isJ|j*7l 

Integrate this by a hypeibolic substitution {oi olheiwise) and evaluate it 
between (0, 0) and (a, 2a). (U.L.) 

As in Art. Ill, Ex. 3, Jl + ^ J i ] 

Length of arc =- 


To find clx, let jf — a sinh® 0, so that dx 2a sinh 6 cosh 0 dO, and 

fa + X __ cosh 0 
^ X sinh b 

Hence, j dx 2a j sinh 6 cosh 0 dO 


== a 

“ a 


J(l + cosh 10) dO 


Now, when x — 0, sinh 0 == 0, and therefore 0 =- 0; also when x = a, 
sinh 0 = 1; c<^ 0 = Vi; = sinh 0 4- cosh 0 = 1 + Vz, so that 

0 = log, (1 + VW. 

Hence, =a[log,(l t- VI) I VI] - 2-296fl. 


EXAMPLE 2 


A cyclist’s track on a straight road is the curve y = sin the direction of 

the axis of x being that of the road and the unit of x and y being 1 yd. Find 
approximately the excess registered by his cyclometer between two successive 
milestones, assuming the cyclometer and the milestones to be accurate. (U.L.) 
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(£)"■* 


«ob“’'S*PP"”‘' 


(on expanding by the Binomial Theorem, cos-^ being small). 

n 700 / ^2 

. . Distance registered by cyclometer = i- ^ cos^ 



Excess lequired == Mtt^ = 11 yd (nearly) 

EXAMPLE 3 

Find the length of the arc of the equiangular spiral r — ae^ ^ from the pole 
to the point (r, 6). 

Here == cot a x ae^ ® = r cot ot; also 0 — — oo when r — 0, 


Length of arc required 



Fig. 88 ^ = oc 
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i.e. the tangent makes a constant angle a with the radius vector. If OQ be drawn 
1 OP to meet the tangent at P in then PQ t sec a length of arc from 
pole up to P. 

113. Approximate Integration (Slmpson^s Rule) for Areas and 
Volumes, Let the area under a curve be divided up into an even 

number n of strips of equal width h by ordinates y r,, ) i. 

Let the ordinates y-^, y 2 , Va cut the curve in the points Py Take 
the foot of the ordinate origin and assume that the equation 
r == ax^ I bx 4- c can represent the portion PiP^P.^ of the curve 
with sufficient accuracy. 


Substituting jc ^ h, 0 , It in v — ax^ + hx 4 t*, we have 


Vi - a{ — hf + /){ h) 1- c 

~ alP — bh "X L , 

(IX.22) 


c . 

(IX.23) 

>3 -- 

ah^ + bh -f c . 

(IX.24) 

yi -f- 4 v2 + ~ 

. 

(IX.25) 

Now, by integration, the area A 

under the portion PxPJPz is 

given by 




r ax'^ bxP 

h 

A ™ (ax^ + bx h c) dx = 

J- h 

LT + T + 

- h 

== 

|a/P + 2 ch 


— 

[ 2 ah^ + 6c] 


or A = 

5 [j’l +“ + y^l 

(1X.26) 


(It is evident that the addition of a term or any number of terms of 
odd degree in x to the expression ax^ + bx + c will not affect the 
result just obtained.) 

By similar reasoning, we can show that the area under the portion 
h 

P 3 P 4 P 5 of the curve is ^ [ja + + y^]; and so on, the area under 

the last portion P« - 1 P«Pn + 1 being 

I Lv„ _ I 4 4;’„ \ )\ , 3 ] 
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Hence, the whole area 
h 

h>o+h + 4j4~l )5 + 

I ] 1 f 4v j -1 > a + i] 

= 3 [(h r J Hi) f 4(j^ -T >4 f- J ) 

f20+t, h +V^^l)] (1X27) 

01 4 ~ [(sum ot first and last ordinates) + 4 (sum 

of even ordinates) + 2(sum of remaining 
odd ordinates)] (IX 28) 

If the ordinates lepresent the areas ii, ^ ^ h i of the 

sections of a solid made by planes at equal distances h apart, then 
the volume of the solid is 

= 3 [(^1 + + l ) ^ 4(^2 + ^4 + + ^ n ) 

f 2(^ f -f A,^^)] (1X29) 


EXAMPLL 1 

The under-water portion of a vessel is divided by horizontal planes 1 ft apait 
of the following areas 472, 398, 302, 198, 1 1 6, 60, 34, 12, 4 ft'’ Find the volume 
m cubic feet between the extreme areas (U L ) 

We ai range the woik as follows — 


Area of Section 

Multiplier 

Result 

Ax ^ All 

1 

472 

= 398 i 

I ^ 

1 592 

Az - 302 

‘ 2 

604 

A^ = 198 

1 4 

792 

A- 116 

i 2 

232 

4^ 

60 

4 

240 

^7 

34 

2 

68 

Aft 

12 

4 

48 

A, 

4 

1 

4 

Suin=4 052 


Volume required 


(4 052) - 1 351 ft^ (nearly) 
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The above shows a convenient method of arranging the working, but thei e is 
actually less working to be done if the quantities in the left-hand column aie 
taken m sets as in (IX 29) Ihus h \ A 476 A 4i Ai, Ag 668, 
Ai \ A, \ A, 452 

Hence, by {IX 29), 

V J (476 1- 4 N 66b 1 2 452) 

- J X 4052 - 1 351 ft^ as before 

The number of oidmates given m this case is not sufficient for a very accurate 
dcteimmation of the volume Whei e gi eater accui acy is required a graph should 
be plotted between the area A of any section and the distance of this section fi om 
a fixed plane From this giaph a sufficient numbei of equidistant ordinates 
should be measured, and these values should then be substituted m (IX 29) along 
with the appropriate value of h Simpson’ s Rule rgquiies for its application that 
theie should be an odd number of equidistant values of y or 4 For oidinaiy 
accuracy this number should not usually be less than eleven except m the cases 
mentioned below 


EXAMPLE 2 


A tank is dischaigmg water through an oiifice at a depth \ ft below the water 
suiface, the area of the watei surface being A ft The table below gives corre- 
sponding values ol A and x 


A 

1 

1 12 S? 

139) 

1 

15 20 

16 50 j 

! 

18 09 

1 1 

19 62 

1 

21 23 

22 95 

24 62 

\ 1 

26 50^ 

28 27 

X 

!) 

55 1 

6 I 

65 

7 1 

75 

8 1 

1 85 1 

i 


95 1 

10 


The water level falls fiom 10 ft to 5 ft above the orifice in time T sec given by 

0 301 \ 

J'i \ A 


Using some graphical or numerical method, determine the value of T 

A rio A 

If ^ IS plotted against a between \ — 5 and x — 10, then gives 

the area under the curve between these limits 
A is not known as a function of x, so that this aiea must be found by an 
appioximate method 

4 

The values Au A , A^^ etc, of coi responding to the given values of \ aie 

Vjc 

5 62, 5 93, 6 21, 6 47, 6 84, 7 16, 7 51, 7 87, 8 21, 8 60, 8 94 respectively, and as 
these values are equally spaced and their number is odd, Simpson’s Rule may be 
applied at once 

4i -{ An 5 62 1- 8 94 - 14 56 

A f- 1 1 ^8 h ^10 - 5 93 1 647 t 7 16 + 7 87 i 8 60 - 3603, 

^3 h h ^7 ^ 6 21 1 6 84 h 7 51 f 8 21 - 28 77 

10 — (T 6io} 
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Hence, by (1X29) Aiei j[i4 56 1 2 28 77 i 4 36 03] 

‘ [14 56 57 54 144 12] 

; [216 22] 36 04 

36 04 

r-03oi 

Timeieqmied - 1 20 sec (neai ly) 

FXAMPLl 3 

Using Simpson s Rule, find the atea undei the cune j sin \ from v 0 t > 
X w, taking ^ as the common width of the stiips Compaie youi re-^-ult with 
the exact area 


— 



— 

— 

\ 

Sin \ 

Multipliei 

Result 

0 

i 

0 

1 

0 

"T 

l2 

0 2588190 

4 

1 0352760 

TT 




6 

0 5000000 

2 

10000000 

T 




4 

0 7071068 

4 

2 8284272 

TT 




3 

0 8660254 

2 

1 7320508 

5- 




12 

0 9659258 

4 

3 8637032 

2 

1 0000000 

2 

2 0000000 

7rr I 




12 

0 9659258 

4 

3 8637032 

3 

0 8660254 | 

2 

1 7320508 

3it 



j 

T 

0 7071066 

4 

2 8284272 

Stt 




6 

0 5000000 1 

2 

10000000 

ll-T 




12 

0 2588190 

4 

1 0352760 

7f 

0 

1 

0 




Sum - 22 9189144 

t 

. ^ — 

- 
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^learequiied i ^(22 9189144) 2 00006 

The exact aiea sin \ dx ^ ')o ^ 

The above calculations could have been shortened by finding the 

'T 

aiea from \ 0 to \ ^ and doubling it The icadei is expected to 

be familiar with the niid-oidinale the me in oidinatc and the 


y 



trapezoidal rules for finding areas The first of these enables us to 
use a graphical method v^hich, whilst not very accurate, is usually 
sufficiently approximate for practical purposes 
Graphical Integration In Fig 89, LQS is the graph of a func- 
tion y =- f(x) between x === a and x = b. The area under the graph 
IS divided into five stops by vertical hues through jL, M, N, g, R, and 
the feel of these ordinates being shown by correspondmg small 5, 
letters, and the mid-ordinates of the stnps are Cc, Dd, Ee^ FJ, and Gg. 
The points C, D, E, F, and G are projected hoiuontally on to O F at 
c\ d\ e\ /', and g\ and these points are joined to a pole P on XO 
produced Through /, Im' is drawn parallel to Pc' and then m!n\ 
n'q\ q'r\ and /s' are drawn m order parallel respectively to Pd\ Pe', 
Pf, and Pg'. 
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By the mid-ordinate rule, 

area of the first strip = Cc x !m 
= Oc' X hn 

— PO X Im X gradient of Pc' 

= PO X hn X gradient of Im' 

— POx mm' 

Also, area of the second strip = Dd x mn 

- Od' X mn 

PO '' mn V gradient of Pd' 

- PO \ mn V gradient of m'n' 

— PO X (nn' — mm') 

The area of the first two strips — PO X nn' 

Similarly the area of NQqn = PO X (qq' — nn') and 
the area of the strips up to Qq = PO x qq' 

Thus, the area between LI and any ordinate bounding a strip is 
approximately given by the ordinate of the graph Iq'/ at that boun- 
dary measured to a suitable scale. If PO measures p units on the 
scale for values of x, the unit of the scale for ordinates to Iq's' is 

- times that taken for values of x. On this account OP is usually made 

of length equal to an integral number of units on the x scale, such as 
2, 5, 10. If PO is small, ss' becomes very large and either s' passes out 
of the figure or, if not, the lines near /s' become ill-conditioned and 
the method becomes very inaccurate. If x and j; are lengths, ordinates 
to the sum curve Is' represent areas. If ordinates represent areas and 
abscissae lengths, ordinates to the sum curve represent volumes. If 
X represent the volume of a pound of gas in cubic feet and p the pres- 
sure in lb per ft®, the ordinate of the sum curve represents the work 
done in foot-pounds. For the sake of clearness, the area under the 
curve has been divided into only five strips. These are not enough, 
and ten or more strips are usually taken. The strips need not be 
equally wide, and greater accuracy is obtained by making the strips 
narrower where the curvature of the graph is greater as in the 
example below. 

EXAMPLE 4 

A variable force of Fib weight acts in the direction of motion on a moving 
body. The table g?ves values of F at distances x ft along the path of the body. 
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V 

2 1 

3 

4 ! 

5 

6 

1 ^ 1 


9 

10 1 

11 

12 

F 

122 

159 

188 

210 

231 

246 

259 1 

268 . 

277 

282 

1 

287 


Find by graphical integration the work done by the foice on the body as it 
moves from x ^ 2 to x ~ 12. 

In Fig. 90, LM is the graph of F against x and Im' is the sum curve. The work 


done by F in the given range is ^ " Ft/\ ft-lb which is represented by mm\ To 



find the vertical scale of the sum curve we note that OP was chosen to represent 
5 ft on the x scale. The vertical scale for the sum curve must have a unit which is 
^ of that of the force scale, and readings on the scale of work done will be 5 times 
the corresponding numbers on the force scale. These two scales are shown on 
the right of the figure. Reading on the work scale we find that the work done 
during the displacement is 2 330 ft lb. 

The above method of integration is included here for the sake of completeness. 
We cannot think of any example in which application of one of the ordinary rules 
for finding areas is not more quickly and more accurately applied. In this 
example the area under the graph is quickly found by the trapezoidal rule thus: 
Area = 1 x (61 4 159 + 188 ^ 210 + 231 4- 246 h 259 4- 268 + 277 4- 282 
f- 143*5) - 2 325 units. 

Prismoidal Rule. If / = the length of a solid, Ai and Ag the 
areas of parallel end sections, and A^ the area of the middle section, 
then, using (IX.26) we have 

Volume of the solid, V = ^lAi -\- AA^ + A 3 ] . 


. (IX,30) 
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EXAMPLE 5 

A cylindrical hole of radius i m. is drilled centrally through a solid sphere of 
radius 2 in. ; find the volume of the portion remaimng. 

Vis 

Half the length of the hole - V 2® - (i)^ - — in. 

Length of portion remaining = V 15 m. 

Area of each end section 0 

Area of middle section -- -n- [2*^ - Hy] - ’t* in.*^ 

Volume required ^ j^O f 4 ^ ^ J ~ ’r m.® 

= 30*4 in.® 

The Prisraoidal Rule gives exact results in those cases in which A 
is a quadratic function of x, where A is the area of the cross-section 
of a solid and x is the distance of that cross-section from some fibced 
point on the axis. In the same way the rule (IX.26) gives an exact 
expression for the area under an arc of the parabola y = ax^ + bx 
+ c in terms of the end ordinates yi and ^3 and the middle ordinate 
V 2 , and the distance 2h between the end ordinates. 


114, Centre of Gravity. Centroid. Let Aw be the weight of an 
element of a body and x its distance from some fixed line (or plane); 
then, assuming that W, the weight of the body, acts at distance x 
from the line (or plane), we have xW = Sx Aw since the sum of the 
moments of any number of forces about an axis is equal to the 
moment of their resultant. 


If the body be continuous, then x = the integral embracing 

every element of the body. Referred to three mutually perpendicular 
axes OX, 0 7, OZ, the equations 


X 


Jxdw _ 
Jrfw ’ ^ ~ 


!ydw 

]dw" 


and z 


Izdw 

Jdw 


(IX.31) 


will give the co-ordinates of the point at which the weight of the body 
is assumed to act. This point is called the "‘centre of gravity’’ of the 
body; it is also the “centre of mass” since the mass of each element 
is proportional to its weight. 

We can apply the same method to lengths, areas, and volumes, 
quite apart from any notion of gravity, and the point we arrive at is 
called the “centroid” of the length, area, or volume. The terms 
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‘‘centre of gravity^' and “centre of masb’’ are also used in this con- 
nection, but “centroid”* is a better term. 

The co-ordinates of the centroid of the area ABNM (Fig. 85) are 


- 

given by x ydx = 


xvdx and 


Ja 


\dx^- 



. (IX.32) 


EXAMPLE I 

Obtain the area m the fiist quadiant bounded by the cuivc whose equation is 
— (a-s — and the line ,r 0. Also determine the co-ordinates of the 
mass centie of the same area. (U.L.) 

In the first quadrant i — x^y; also y - 0 when x - a, so that the 
limits aie Y 0 to a: a. 

1 

• Area lequiied = — (a- — x^) dx 


Let X — a sin 0. .. dx ~ a cos 0 dd, also 6 ~ 0, - when x ~ 0, a. 

2 


Area ^ A I ^ cos'* 0 .acoi^O dO - — I " cos^ 0 dO 
Jo />2 Jo 


3 \ IT . K ^ CA\ 

~.^.~.-(seeArt. 54) 




^ To find the mass centre we take as our element of aiea the strip jAjv parallel 
to the y-axis (see Fig, 85); its moment about the j-axis is .vyAr and about the 
x-axis ly . jAx - ly^A\. Hence, if a, y are the co-ordinates of the mass centre, 
we have 



_ 
y • 

‘ 166** 


= a 

S iy^ Ax* - } yy^dx 
0 ‘ ^ 


Now 


I'a 

\^xydx- 




^ f x-*)- d(x^) (see Art. 52) 
2b^l 5 J() 


56** 




fL 

5b^ 


166“ ^ 

5b^ * 15 ^ 


X 
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2hh 



v^cix 


— (*(<»*- \-fdx cos'- 0 a cos tiM 

2b' Jo 2h'h 

(with the substitution x =- a sm as befoie) 

IT 

— — (^cos" d dO 
2b^ Jo 


^642 
2b^ 1 S ^ 


1 (see Art 54) 


EXAMPLE 2 




%a 166*- 


8a 

356^ 

1057r/)2 


Determine the position of the centroid of that half of the cardioid 
/ a(l ^ cos 6) which lies above the initial line 



The curve is shown m Fig 91 The half-area = — - (see Art. 108, Ex. 1). 

4 

We take as our element of area the triangle OPQ where P and Q are the points 
(r, 6), (r -f Ar, 6 + A^), on the curve Area OPQ = ir^A0, the distance of its 
centroid from O ~ f r Hence, if O The perpendicular to the initial line OX and 
X, y be the co-ordinates of the centroid, then 

— 77- /*ir 

X —— = s j ,aA6 S / cos 6 = J r^cmO dB 

4 6=0 

3iTa® 0 — IT Ctt 

and V "^7-- S J/^Aa | / sin (9 - i 

Now r® cos S dO Jq b cos Of cos d dO 


a® f ’^(cos a i 3 cos® a h 3 cos® B f cos'* d)d6 
jo 


6 J'^cos® a i/a f 0 


tr 



cos'* a dd 


-a®[6 


■ + 2 


3 1 

4 2 2J 


8 
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IFoi 


^cos'^ 0 dO 0 when n is an odd integei 


and 


I cos'^ 0 clO 2 I ^ cos” 0 iii) when n is an even integei ] 

(Compare Art 1 


no ) 


1 \5m^ 


Sa 


Again 

\ — 

i 

3 8 3na‘ 6 

1 T 



/ sin 9 ciO 

Jo 

ij'‘ 3cos0 

3 tos-0 

COS* fh^(cos 0) 


- 

— a' [cos 0 h _ cos^ 0 

1 cos’ 0 

H 1 cos' tl]^ 


y - 

- am- 2) + _ (0) 

4a> 

3 ^ 3wa’ 9v 

( 2) 

KO)] 


Following the method of Ex 2, the student should prove that the centroid ot 
a circular sector of radius / and central angle 2a lies on the radius bisecting the 

2r sin a , 


central angle and is at distance - 


3a 
4r , 


from the centre. If the sector be a semi- 


circle the centroid is at distance r- from the centre 

3tt 


EXAMPLE 3 

Determine the position of the centre of gravity of the smaller part of a sphere 

of radius a cut off by a plane at distance | from the centre, assuming (1) that the 

sphere is a sohd of uniform density, (2) that the spheie is a thin shell 
The generating cuive is the circle the jv-axis being perpendicular 

to the cutting plane Fiom symmetry the centre of gravity m each case will he 
on the x-axis, i e y — 0 

ra 

(1) The volume of the smaller segment - Try-tix 


— -jr (a^ — x^)d\ 

1 



2 


We take as our element of volume the disc wj at distance x from the origin 
O. Its moment about O is 
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5 ^ a Ca Iff 

Hence t 24 ^^^ ^ A:v - 7r|^ jf) 4/\ '^Tj^iax: \^)dx 



9 , 24 11a 

^ “ 64 " ^ 5a‘ 40 


(2) Since this example is illustrative, we shall find the surface area of the 
smaller part of the shell by actual mtegiation 
Let PQ{— A 5 ) be an element of arc of the geneiatmg ciicle, P being the point 
(\, i) on the circle Then m polai co-ordinates, \ ~ cqos 6 , y =- a sm 0, 

WQ so that ^s^a^e 

The surface area required = lliryds (between suitable limits) 

J eos ^ J 

^ sin 0 add 


- 27ra2[- cos 0 ]^ 
- 2 r< 2 =[(-i)-'(- 1)1 

TTQ^ 


We take as our element of surface the poition I'try^s whose centre is at distance 
X from O Its moment about O is iTtxyts^ 

Hence x - 22'7rjryAi' ^l^rxyds (between suitable limits) 



JT 

= IT ( ^ 2u cos ^ asmO adO 
Jo 

TT 

— sm 20 dO 
Jo 



As m the above case, the centre of gravity 
of any zone of a spheiical surface cut off by 
two parallel planes lies on the symmetrical axis 
and mid-way between the bounding planes 
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EXAMPLE 4 

Determine the position of the centie of gravity of a pyramid of uniform density, 
the base being any plane figure 

Let O be the vertex and O the centroid of the base (Fig 92) Join OG, then 
if a slice of thickness Ax be taken at distance x from O and paiallel to the base, 
Its centroid g will he on 00 The centre of gravity of the pyramid therefore lies 
on OG The area of the section at distance jt from O IS pi oportional to let 
it be Lx^ Then the volume of the slice is kx A\ and its moment about O is 

kx^Ax x = kx^Ax The volume of the pyiamid is kx ci\ wheie/i height 
of pyramid ^ 

Hence, if v depth of centic of giavity below O 

I /i I h rh 

xj^kxdx-^^kx^\x Ikxdx 
_ rau. 3 3, 

This result also applies to the special case of a light ciicular cone 
EXAMPLE 5 

Determine the position of the centroid ot the arc of the cycloid 
X ~ a(d r sm 6), y-=a(l — cos 6) 
measured from cusp to cusp 



_ The curve is shown m Fig 93 The centroid is obviously on the j-axis, i e 
;c = 0 Let be an element of arc of the cycloid at distance y from the x-axis 
Its moment about that axis is jA^y 

Hence, y j ds = SyA^ — |* yds (between suitable limits) 

^ = <1(1 I cos ^ ^ B 

(I)' = + i%y = g 

— 2a^ (1 h cos 0) ^ 4a^ cos® ^ 


Now 
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Also 


0 

(is 2a cos ~ dd 


\ ^ 

I (is 2a 1 ^ cos 2 ^6 

4a (sin^ 

r 



. 2a cos 2 do 


- _ 16(22 1 _ 

3 ■ 8<j ” 3 


n 


- 4a U 

'I 

-(-1)1 

%a 

/V 

n 

0 . 

4a^ 

sin^ T . cos r da 

J 'n 

l 


fT 

0 ( 

d\ 


sin'^ - d ( 

sin * ) 

J— 7T 

2 \ 

2/ 

s.n. r 


UJ 

J.J Tt 


oc 




(- 1)1 


16^72 



3 




EXAMPLE 6 

A cylindrical hole of radius 1 ft is drilled centrally through a frustum of a 
right circular cone, radii of ends I ft and 3 ft, length 3 ft. If the density of the 
solid at any point varies as the squaie of the distance from the smaller end, 
determine the position of the mass-centre of the solid, 



We choose our axes of reference as shown in Fig. 94, OX being the axis of 
the cone and OA and BM the end radii. The mass-centre obviously lies on the 
.v-axis; let x be its distance from O. The density of the solid at any point will 
be kx\ where k is b. constant. The conical frustum is generated by the \mQ AB 
whose equation is y A- 1 and the cylinder by the line AC whose 
equation is j - 1. The volume of a slice, thickness, at distance x from O 
T“ 4jc”1 / x^ x\ 

is 7 t[(| X a- IT — 1*1 Ax ^ TT + yj Ax; its mass is Att ^ j /rx^Av, 

and its moment about O is Ak^r x®Ax 
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Hence, 




(h 


JC 




.54 

15J 



-45 ^ 

12J 


13-5 -r 16'2 
5-4 I 6-75 


- 2-44 ft 


The method of locating centres of gravity by the use of multiple 
integrals is illustrated in Vol. IT. 

We give below the positions of the centroids (or centres of gravity) 
in a few important cases not already dealt with, and leave the reader 
to supply the proofs. 



Fig. 95 


The centroid of a circular arc, radius of circle r, central angle 2(j> 
radians, is on the radius bisecting the central angle and at distance 
r sin (b ^ 

— 7 — from the centre. 

9 

The centre of gravity of a hemisphere of uniform density is on the 
radius perpendicular to the circular base, and at |(radius) from the 
centre of the base. 

The centroid of three equal particles placed at the angular points 
of a triangle or at the mid-points of its sides is coincident with the 
centroid of the triangle. 

The centroid of any quadrilateral ABCD is at a distance — k) 
from the diagonal BD and |(/ — m) from the diagonal AC, where A, 
k are the lengths of the perpendiculars from A and C on BD, and /, 
m the lengths of the perpendiculars from B and D on AC, 


115. Theorems of Pappus or Guldinus. Theorem 1. Let A n 
closed plane area (Fig. 95) and TX a fixed straight line in its plane 
which does not intersect the area. Consider an element A/4 of the 
area at distance;; from TX, Its moment about X'X yLA ; hence. 
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if y be the distance of the centroid of the area A from X'X, yA 
= = ^ydA, the integral embracing the whole area. Let the 

area A be rotated about X'X through an angle 0 radians; then the 
element will generate a volume OyilA and the area A will, there- 
fore, generate a volume ^OylA = 0 J ydA (since 0 is the same for 
each element ) = OyA (by above). In a complete revolution 0 == 2tt, 
and the volume V generated is 

V^IttvA . . . (IX.33) 

Hence, if a closed plane area he rotated through any angle not greater 
than Irr radians about a line in its plane which does not intersect it, the 
volume generated is equal to the product of the area and the length of 
the path of its centroid. 

Theorem 2. By reasoning similar to that used in Theorem 1 above 
we find that if As be an element of arc of a plane curve of length S 
at a distance y from a fixed straight line X'X lying in the same plane 
but not intersecting the curve, then yS = = J yds, where 

y = distance of the centroid of the curve from X'X; and if the 
curve be rotated about X'X through 0 radians, the surface area 
traced out by it (Fig. 95) 

= lidyAs = 0 J yds == dyS 

In one revolution the surface area A traced out will be 

A 2^yS .... (IX.34) 

Hence, if a plane curve be rotated through any angle not greater than 
27r radians about a line in its plane which does not intersect it, the 
surface area traced out is equal to the product of the length of the 
curve and the length of the path of its centroid, 

EXAMPLE 1 

Prove that the volume generated by a closed^^plane area A revolving about a 
line in its plane which does not intersect it, is iTryA, where y is the distance of the 
C.G. of the area from the line. 

A semicircular bend of lead pipe has a mean radius of I ft; the internal 
diameter of the pipe is 4 in., and the thickness of the lead is J in. Find its weight 
given that 1 in.® of lead weighs 0*41 lb. (U.L.) 

The first part of the question has been proved in Theoiem 1 above. The area 
of a right section of the pipe 

= area included between two concentric circles of radii in. and 2 in. 



The centroid of the section describes the semi-circumference of a circle of 
radius 12 in., so that the length of its path 127r in. 
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Volume of lead jn pipe ~ IZn 11 
and the weight of the pipe -- 21 0 41 109 2 lb 

EXAMPLE 2 

A sector of a circle of ladius 5 in., the cential angle being 60°, is lotated about 
a line through the centre parallel to the chord of the aic. Find the surface area 
and the volume of the solid generated m a complete revolution. 



FIg. 96 


Let OACB (Fig. 96) be the sector, OC being the radius bisecting the central 
angle OR Then /(OC J50C - ~ radians. The centroid Oi of the arc /ICB 


IS on OC such that OGi 


30 J, 
2 


15 


in (wsoc end of Ait. 1 14), the 


6 


centroi_d Oa of the two radii OA^ OB is also on OC such that OCj ^ 2 6 

^ in. The length of the arc ACB \n. Hence, if G be the centroid of 
4 3 

the perimeter of the sector, then 
Stt' 


10 


+ 10 

/ 3 w 


25 -f 


25 V3 


5^ 

“4 


00 = 


25(2 + V3) 


15(2 + \ 3) . 


5(6 + rr) 
3 


(10 , S) 


2(6 
Irr 00 




in. 


The surface aiea of the solid 
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5(6+ ir) - 15(2 + \ 3) 

_ __ 2. 

- 25(2 + \''3)7r 293 0 in.® 

1 “IT ^St!" 

The aiea of the sector 5^ — in.**; the centroid is on OC at 

^ 2 3 6 

. 

sin -- 

distance ?. 5 — = m. from O (see Art. 1 14, end of Ex. 2). 

3 ^ 3 IT 2 w 

6 

.■ Volume of the solid = -hr — — ™ 261*8 

6 TT 3 


116. Moments of Inertia. If masses mi, etc., at distances 
ti, etc., from a fixed axis are rotating about that axis so that in 
time t each mass turns through an angle 0, then the linear velocities 
dO dd 

of the masses are etc.; their kinetic energies are 


’ ‘ ‘ (*/ ’ 

energies is 


2^2 \^j > kinetic 


the summation including every mass. The symbol I defined by the 
relation 

. . . . (IX.35) 


IS called the moment of inertia, or second moment, of the system of 
masses about the given axis. This quantity 1 is of frequent occurrence 
in engineering problems, and it is essential that the student should be 
able to find I for those bodies with which he will have to deal. 

In the case of a continuous body 

I=Sr^dm . . . (IX.36) 

the integral embracing every element of the body. The term 
“moment of inertia” is often used when the idea of mass is not 
present. Thus, for an area A, 

r^Sr^dA . . . (IX.37) 

and for a volume V, 

. . . (ix.38) 

the integials embracing the whole area or volume. 
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If / be the moment of inertia of a body of mass Af, or a plane area 
A, about a given axis and k be the distance from that axis at which 
the whole mass or area must be concentrated in order to have the 
same moment of inertia /, then 

/ - or / - Ak^ . (1X.39) 


and 



(IX.40) 


This length k is called the '‘radius of gyration'’ of the body or area 
about the given axis. 


EXAMPLE 

A flywheel mounted on a hoi izontal axis is made to lotale by a descending 

weight Wib which is attached to one end of a stung coiled lound the axle. 

If the velocity of the weight is Fft per sec. when it has descended ft, piove 
that the moment of inertia / Ib-ft-^ of the flywheel is given by 

^ = (^- 0 

where r = radius of the axle in feet. [Neglect friction.] 

When the weight has descended H ft, the wheel has turned through an angle 
H 

— radians, and its angular velocity o> is then given by 

d fH\ 1 dH V 

^ dt\r) / dt / 

I / \ W 

The kinetic energy of the system - ^ 2 'g 

- f ft-lb 

Ig \r^ / 

The work done on the system ~ W x U ft-lb 

Equating the kinetic energy acquired to the work done, we have 

l_ ZgW^H 

or 


1 17. Moments of inertia about Perpendicular Axes. Let Am be an 
element of mass of a body situated at the point (x.y, z) with reference 
to three mutually perpendicular axes OX, O Y, OZ. Then, obviously, 
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the moments of inertia of Am about these axes are (/• + z^)Am, 
(z® + x^Ani, (x* + /)Am respectively, and if Iqx, Iox> Iqz denote 
the moments of inertia of the whole body about these axes, then 

/ox = + z^)Am-, lox = + x^)Am\ 

loz ^S(x^ + f)Amj- • 

It will be noted that the sum of any two of these is greater than the 
third. 



Rg. 97 


Again, if r be the distance of Am from the origin O, 
r® = jf® 4- 1"® h z^ 

and we have 

/ox "h /()y /qz ~ "t" z^)Am 4- ij(z“ 4" x^)Am 

+ S(jc® -t- y^)Am 
— 2S(x* 4- 4- z^)Am 

= 2 Sr^ Am 


/ox + /o^ 4- /oz = 2/o (IX.42) 


where Z# denotes the moment of inertia of the body about the 
origin O. 

If the body be a lamina confined, say, to the xy plane, then 



/ox = Sj^Am 
/(>y = Sx®Am 


aX.43) 

ax.44) 


and /o 7 . S(xa 4 /)Am -- /ox 4 /ov . (IX.45) 
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Thus, the sum of the moments of inertia of a lamina about two 
perpendicular axes in its plane is equal to the moment of inertia 
about an axis perpendicular to these two axes through their point of 
intersection. The moment of inertia of a plane lamina about an axis 
perpendicular to its plane, i.e. about a point in its plane, is called the 
polar moment of inertia about the point. 

118. Principle of Parallel Axes. Let two parallel axes AB, CD 
(Fig. 97) be taken at distance h apart, the latter passing through the 
centre of gravity of a given body, and let an element of mass A/w of 
the body ho situated at the point P distant r from AB and .v from CD, 
the plane PAC being assumed perpendicular to the two axes. Then, 
if PN be drawn _1_ AC, we have, from elementary geometry, 

r^ = + 2hy, where y == CN 

Hence, Sr^Awi = + Hlhyhm 

Now, Aw ~ moment of inertia of body about AB 

= moment of inertia of body about CD = /cd 
== = Mh^ 

where M = total mass of body. 

S2/?jAw == IhSiyLm = 2hyM 

where y = distance parallel to y4C of the centre of gravity of the 
body from the axis CD\ but this distance = 0, so that S2AvAm == 0. 

Hence, Iab^^Jcd + MIi^ . . . (IX.46) 

Thus, the moment of inertia of a body about any axis is equal to the 
moment of inertia of the body about a parallel axis through its centre of 
gravity plus the product of the mass and the square of the distance 
between the two axes. 

The relations (IX.45) and (IX.46) apply also to second moments 
of plane areas, the axes OX, O Y, AB, and CD being in the plane of 
the area and A replacing M. 

EXAMPLE 1 

Rectangle, Let ABCD (Fig. 98) be a rectangle of length AB — a and breadth 
BC = b. The moment of inertia about AB of an element of area aisx parallel 
to AB and at distance x from it is ax^isx. Hence, for the whole rectangle 
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hi 

= v4 - (where A = whole aiea) 

nil r A 

Similaily, hc^ -j A — 



a 

t 


A 


f 


•i 







N 

G 

\ 





L- 


D Fig. 98 C 

If NN be an axis parallel to AB thiough the centioid G of the rectangle, then 
by the Principle of Parallel Axes 

I whence An 

The moment of inertia about an axis through G perpendiculai to the plane of 
the rectangle is (by Ait. 117) equal 1° ^ ~ i A^-- A %/ 



Triangle, Let PQR (Fig. 99) be any triangle, the base QR being p and the 
height PN, h. Let PZ be drawn parallel to QR and let C? K be a line parallel to 
PZ through G the centroid of the triangle. Take a strip of thickness Ax parallel 
to PZ and at distance x from it. The moment of inertia of this strip about 
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PZ - (area of stiip) x- 22 Ax . ^ \*A\. 

h h 


For the whole triangle 


/iv- 

h 


T' 

Jo 


Vdx 


Id 

4 


ph 

2 


id 

4 ^ (>\here 4 
2 


aiea of triangle) 


By the Principle of Paiallel Axe^, 



Fig. 100 


and = /<jY + -^ 


Circle. The moment of inertia of a circular area of radius r about an axis 


through its centre perpendicular to its plane is A where A 


area of circle 


For the moment of inertia of an elementaiy ring of radius x and thickness 
Ax (Fig. 100) about O = (area of ring) x — Irrx . Ax , xK 

Hence, for the whole circle 


/ HIttx^Ax 2xr vVx Itt 


r 

Jo 


4 


4 2 

By Alt. 117 we deduce that the moment of inertia of the circle about any 
^2 

diametei such as X'OX is A — , and by the Piinciple of Parallel Axes, the moment 
4 5^.2 

of inertia of the circle about a tangent line TT is A 1 A/-' - A 


Moment of Inertia of the Area Under a Curve. Let j = / (.v) 
be the equation of the curve, the limits for x being from a io b 
(Fig. 82). We take as our element of area a strip j'Ax parallel to 
OY. The moment of inertia of this strip about OY = and 

y% 

its moment of inertia about OX is yLx y. (See above.) 
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For the whole area 

^ /or — x^dx . . (IX.47) 

v/ ^ 

and /ox = Sl/Ax = | £ /c/bc . . (IX.48) 

Moment of Inertia of a Solid of Revolution. Let ;> = / (x) be 
the generating curve (Fig. 85), the limits for x being from a to i; and 
let p be the density of the solid, supposed uniform. We shall find the 
moment of inertia of the solid about its axis of symmetry, OX, and 
also that about an axis perpendicular to its axis of symmetry — ^for 
this latter axis we take O Y. The moment of inertia of an elementary 
disc of volume irv® Ax, perpendicular to OX and at distance x from 

0, about OX, is TTpy^tiX'^ (see above). Hence, for the whole solid 
/ox = S = Irrp ( v^dx . (IX.49) 

jr ' 


The moment of inertia of the elementary disc about a diameter 
parallel to OF 

v2 

= 7rp/Ax.~ 

and, by the Principle of Parallel Axes, its moment of inertia about 

or 

= TTpy^^x . + ■npy^Ax . x® 

= 'Trp(^+ x®/^ Ax 
Hence, for the whole solid, 

/oY = ^/>f /(=^ + x®)rfx . . (IX.50) 

If p is not uniform but is given by p = <j>{x), then relations (IX.49) 
and fIX.50) become 


dox~ h£}’*^(x)dx 

^OY = ^ y<^(x) + x^dx 
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EXAMPLE 2 


Find (1) the moment of inertia of a solid sphere of radius r and of uniform 
density about a diameter; (2) the moment of inertia of a solid cone of uniform 
density about a diameter of its base, the radius of the base beine a and the 
height h, 

(1) The equation of the generating circle is .v- 1 - rK 

Then, if /> ™ density of sphere, the moment of inertia about the ;c-axis 

- y J.'',J'‘rf^[byaX.49)] 

- y - npj' (r‘— H x’‘)dx 

- i", 

- .* iTpr^ — M , \ 

where M -= mass of sphere 

(2) If the vertex of the cone be taken as the origin and the axis of the cone as 
OX, then the equation of the generating line is y = and, if p be the density. 


""Jo-F-U- ' 

\ TA /3a= 3/j^\ 


where M =- mass = J irpa^h 


If GZ be an axis through the c.g. of the cone, and AB be a diameter of the 
base, both parallel to O Y, then by the Principle of Parallel Axes, 


and 


na^ W\ 

I,,, = /oY - M iihf ^ ('20 + Wi 

fjB — I(i7 ^ QhT = "h jq) 


1 19. Products of Inertia. Principal Axes of a Lamina, In Art. 1 17 
we proved that if two rectangular axes be taken in the plane of a 
lamina, and another axis OZ perpendicular to the plane, then 
^ox + ^oY == ^Qzl so that the sum of the moments of inertia of a 
lamina about a pair of rectangular axes in its plane through a given 
point is constant for all positions of these axes. It follows that, if 
/ox, say, is the greatest moment of inertia of the lamina for all axes 
in its plane through 0, then Iqy is the least, and OX, O Y are then 
called the principal axes of the lamina at the point O. 

If the results obtained by multiplying each element of mass of a 
lamina by the product of its distances from the x and y axes be all 
added together, the sum, i.e. ^xydm, is called the product of inertia of 
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the lamina for the given axes. We shall now prove that the product 
of inertia for a pair of principal axes is zero. 

Let the co-ordinates of an element of mass Am at a point P of a 
lamina be (x, v) referred to rectangular axes OX, 0 7 in its plane, 
and (x', /') referred to another pair of rectangular axes OX', OY' in 
the plane, angle XOX' being 6 (Fig. 101). 

Then x' = x cos 6 + j; sin 0 and 7 ' = cos 0 — x sin 0 
Let A — (yVm, B = jx^m, P = ^xydm, 

A' - J>'Vm, B' = Sx'^dm, P' = ^x'y'dm, 



the first three quantities being assumed known. 

Then A' = ^(y cos 0 — xr sin 0)Vm 

= A cos® 0 + S sin* 0 - P sin 20 . . (IX.51) 

P' = J (x cos 0 + j sin 0)Vm 

= ^sin*0 + Scos*0 + Psin20 . . (IX.52) 

P' ~ j" (x cos 0 + j sin 0) (); cos 0 — X sin 6)dm 

= l(A — B) sin 20 -f P cos 20 . . . (IX.53) 

Now, if OX', OY' are principal axes through 0, then A' will be a 

maximum or a minimum, and therefore (A') will be zero. This 
gives 

— ^ sin 20 -f 5 sin 20 — 2Pcos 20 = 0, i.e. P' = 0 . 

2P 

Also tan 20 = - 5 — - . 

B — A 

which gives the directions of the principal axes. 


(IX.54) 

(IX.55) 
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Thus, for a pair of principal axes, the product of inertia is zero. 

if ox be an axis of symmetry of the lamina, then obviously 
wherever O is on the axis the product of inertia Ixydm is zero, and 
therefore an axis of symmetry is a principal axis. 

If OX^ OY are principal axes, then P - Oin (IX.51) and hence 

A' ~ A cos^ 0 + B sin^ 0 . . (IX.56) 

We shall use this result to find the moment of inertia of a rectangle 
about a diagonal. The principal axes through O, the centroid of the 
rectangle (Fig. 102), are OX^ parallel to 4B, and O Y, parallel to BC. 
We have to find Imy, Now, 



Let BOX =-e. Then 

ab^ cPb b^ 

"" l2 ‘ ? +P‘^l2 ‘ b^) 

If P be the product of inertia of a lamina about a pair of rect- 
angular axes OX, O Y in its plane, and Pq be the product of inertia 
about a pair of parallel axes through the centroid G(x, v) of the 
lamina, then 

P^P^ + Mxy . . . (IX,57) 

where M = mass of lamina 

For, if an element of mass Am be situated at the point (x, y) 
referred to the axes OX, OY, its product of inertia about OX, OY 
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IS jUxyAm — ji\ydm, and about the parallel axes through 6, 
S(r — x) (j — v)Am -- j (x — x) (_v — y)dm, and this latter quantity 

= jxydm — x^vdm — vSxdm + xySdm 

- ^xvdm — xvM — vxM + x vM 

Sxydm — xvM 

i.e. P^, - P—MxvotF P(j \- Mxv 

120. The Momental Ellipse. Let OX, OY (Fig. 103) be the 
principal axes of an area A through a point O m its plane, and let 



OX' be another axis in the plane, XOX' being 0. Let also the radii 

of gyration of the area about OX, 0 Y, OX' be denoted by 7;, 7, - 

A A A ^ ^ ^ 

respecti-vely, so that Toy = ^ox' = yr Mark off 

distances OH = h, OK — k, OR ~ r along OX, OY, OX', and let 
R be the point (x, v) referred to OX, 0 Y, so that x — r cos 8, 
V = r sin 8. 

By (IX.56) cos® 0 -f- Iqy 0 

y = cos= 0 -h ^ sin* 0 

*/?*■*■ T*~ " 

X* )* 


([X.S8) 
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Hence, R lies on an ellipse whose centre is O and whose semi-axes 
are h and k. 

Assuming then that we know the radii of gyration of an area about 
a pair of principal axes, we can construct the momental ellipse on a 
suitable scale, its semi-axes being the reciprocals of these radii of 
gyration. The radius of gyration of the area about any diameter of 
the ellipse is equal to the reciprocal of the semi-diameter. 

As an example we shall construct the momental ellipse for the 
section shown in Fig. 104 and find the moment of inertia of the section 



about an axis OX' through the centroid inclined at 40"^ to the axis 
of symmetry OX, 

The area A of the section = 2x5x1 + 6x1 = 16 in.^ 

P 52 

/oy. = = 21 j 

== 18 + 10 +>,')“ WIJ - 16 X V = -^ (7f ) 

If h and k be the semi-axes of the momental ellipse, 

/i = ^ = 0-866" and k = = 0-337" 
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Let OX' cut the ellipse at R, We find OR — 0*475 

A)X' = (0-475)® "" ’^0-9 in.* 

The following example shows how the moment of inertia of a 
body comes into use in an actual dynamical problem. 

EXAMPLE 

The internal and external diameters of a cylindrical shell are a and b respectively. 
Determine the radius of gyration about its axis. 

A cylindrical shell whose external diameter is 3 ft and internal diameter 2 ft 
rolls down a plane inclined at 30® to the horizon. If it starts from rest, determine 
its speed when it has described 20 ft of the plane. (U.L.) 

Let p ~ density of shell and / — its length. 

The mass of an elementary shell of radius x and thickness Ax is iTrplxAx, and 
its moment of inertia about the axis is InpIx^Ax, Hence, the moment of inertia 
of the whole shell about the axis 


S lirplx^Ax ~ 


2^fil 

2 



©■] 


+ a'- 

Trpl. ^ . 

8 

" 8 



where M = mass of shell 

Radius of gyration about axis 


-j'- 


6® + u® 


8 


The moment of inertia of the shell (in the second part of the question) about 
32 2 ® 13 

its axis = M — - — ~ Af— , where M = mass of shell. Considering the 

O O 

central section of the shell perpendicular to its axis, let A (Fig. 105) be the point 
originally in contact with O, and let P be the point of contact in time t sec,, the 

3 

shell having then rotated through 0 radians. Since there is no sliding, x = - 6, 
where x = distance OF. ^ 


( 1 ) 


dP ~ ldt^ 

The equation giving the motion of the centre of mass parallel to the plane is 

,d^x 


M 


dP 


Mg sin 30® — F 


( 2 ) 


where F — the force of friction acting up the plane. 
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//2f) 

The equation for the rotational motion is / F 

dF 2 


,.13 d^O 




Eliminating F between (2) and (3), and using relation (1), we have 


M 


r3 d^x ,13 2 3 , , 1 

\jl' dF 8 ' 3 dFJ 2 * ^ 2 


12* 


dt^ 4 


and . 


* dr^ 


3i 



(3) 


The speed v when the shell has described 20 ft of the plane is given by 
V =y2 . ^ . 20 = 19-34 ft/sec. 


121. Centre of Pressure. The “centre of pressure” of a plane 
area under fluid pressure is that point in the area at which the 
resultant pressure acts. In Fig. 106, .4 is a plane area immersed in a 
fluid and inclined at angle 0 to the free horizontal surface of the fluid. 
YY' is the line in which the plane of the area meets the surface. Let 
the distances of G and C (the centroid ^nd the centre of pressure 
respectively of the area A) from YY' be x and i ; and let dkA be an 
element of A distant x from YY' and at depth h below the surface 
YY'VU. Let w = weight per unit volume of the fluid. The pressure 
of the fluid on A A = A A x wh — wx sin 6AA. 

.'. The resultant pressure on ^ = Sh’.y sin 0A..4 

= wsinO/AvM . . (1X.59) 

the integral embracing the whole area A. 

Now ^xdA = xA, so that from (IX.59) we obtain 

Resultant pressure oa A — w sin OxA — wh A . (IX.60) 

where Ji — depth of G below the surface. 
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Hence, the resultant pressure on a plane area immersed in a fluid is 
equal to the product oj the area and the pressure at the centroid. 

The moment about YY' of the pressure on 
= \vx^ sin 0A^ 

The sum of the moments about YY' of the pressures on all the 
elements A/1 

~= sin 0Ai4 == w sin Ojx^dA = w sin 0 . Ak"^ . (IX.61) 

where k is the radius of gyration of the area A about YY\ 



The moment about YY' of the resultant pressure acting at C 

:=^wsindxAi . . . (IX.62) 

Equating (IX.62) and (IX.61), we have 

k^ 

wsind . xA^ == w sin 6 . Ak^ or | . . (IX.63) 


EXAMPLE 

A circular lamina, radius 3 ft, is immersed in a liquid with its plane vertical 
and its centre at a depth 5 ft below the surface; find the position of the centre of 
pressure. 

With the notation above ^ = 4*, and by (IX.46), A:® == 4- *+* 5* = — 

X 4 4 
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Thus, the centie ot pressuie is At a distance 0*45 fi seitically below the centie 
ot the Umma. 

In many cases consideiations ol s)jnnictiy enable us to ii\ a line in the plane 
aiea on which the centre of pressuie lies 

122. Metacentre. A body of weight W (Fig. 107) floating freely 
jn a fluid receives a small angular displacement 0 about a horizontal 
axis such that the volume of the displaced fluid may be assumed to 
remain unaltered. The centre of 
gravity O’ of the body and the centre 
of buoyancy H (i.e. the centre of 
gravity of the displaced fluid) lie in 
the plane of the paper and the axis 
of rotation through O is perpen- 
dicular to the plane of the paper 
and lies in the fluid-surface plane of 
the body. The vertical through 
the position of the centre of buoy- 
ancy after the displacement, meets 
the line HG (originally vertical) at 
M. M is called the metacentre of 
the body and GM the metacentric 
height for the displacement in 
question. The weight W of the 
body acting vertically downwards 
through G, and the upthrust W of 
the fluid acting vertically upwards 
through H\ form a couple of moment W . GM sin 0, which will tend 
to bring the body back to its equilibrium position, provided that M 
IS above G; the equilibrium is then stable. If M is below G, the 
equilibrium is unstable; if M coincides with G, the equilibrium is 
neutral. 

We proceed to find an expression giving the position of the meta- 
centre of a body for a small rotation in a plane of symmetry. We 
take the plane of the paper as a vertical plane of symmetry of the 
body (Fig. 107), and a perpendicular to this plane passing through 
O in the fluid surface plane as the axis of rotation. The angular dis- 
placement of the body through the small angle 0 causes an additional 
thin wedge OPP' of the body to be immersed and a thin wedge 
OQQ' to be emersed. Let the wedge OPP\ GgQ' be supposed divided 
up into elementary prisms by planes perpendicular to POQ, and let 
lA be the area of the base of one of these prisms, z its height, and 
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X its distance from O, A being the area of the fluid surface plane of 
the body. Then z ^ x tan 0 = xO, since 6 is small, and the force of 
buoyancy due to the displacement of fluid by the elementary prism 
is wxOAA where vi; = weight per unit volume of fluid, and its moment 
about the axis of rotation is wx^dts^A. These forces of buoyancy are 
positive over the wedge OPP\ and negative over the wedge OQQ\ 
and their total effect is equal to that of a couple of moment 

^wx^OAA = wdfx^dA - ivOAfc^ . . (IX.64) 

where k is the radius of gyration of the fluid surface plane about the 
axis of rotation. 

Again, if F, the volume of fluid displaced by the body, is assumed 
unaltered by the rotation, we can regard the eiOfect of the rotation on 
the buoyancy as that due to the transfer of the force of buoyancy Fw 
from the point of action if to the new point of action H\ the total 
effect being equal to that of a couple of moment 

Vw .HM Sind ^Vw.HM.d (since d is small) . (IX.65) 

Since the couples (IX.65) and (TX,64) are equivalent, we have 

Ak^ 

Vw . HM . 0 wdAk^ or HM = - p- . (IX.66) 


EXAMPLE 

A solid cylinder, radius 1*5 ft, height 3 ft, and specific gravity 0*8, floats in 
water with its axis vertical. Find the metacentric height and show that the 
equilibrium is unstable. 

Here A — area of water surface plane — 7 r(l* 5 )® ft® 

V ~ volume immeised — 0‘8 (volume of cylinder) 

- O-Stt (1-5)" 3 ft^ 

= square of radius of gyiation of circle of radius 1*5 ft about a 
(1-5)® 

diameter = — 7 - ft® 

4 

n 

Ak^ 4 

Height of H above bottom of cylinder ~ i < 0*8 3 1*2 ft 

HG = 1*5 1*2 = 0*3 ft, so that 

Metacentric height ^ GM ^ HM- HG = 0*234 ^ 0*3 0*066 ft. 

Since M is below G, the equilibrium is unstable. 

Note. The reader should be familiar with the following in 
attempting the solutions of examples in dynamics. 
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Quantities and Formulae Connected with thi 


Subject of Dynamics 

Quantity Symbol 

Displacement, or distance moved, in feet . a 

Time, in seconds . , . . / 

Mass, in engineers’ units ..... M 

Weight, in lb . . .... 

Acceleration due to gravity in feet per second per second g 
Linear velocity, in feel per second . . . . . v 

Linear acceleration, in feet per second per second . . a 

Linear momentum (see below) ... . . Mv 

Kinetic energy, in foot-pounds KE 

Force, in lb weight, in the direction of motion . f 

Work done by a force in foot-pounds (see below) . . Fs 

Angular displacement or angle turned through in radians . 0 

Angular velocity, in radians per second ... w 

Angular acceleration in radians per second per second a 

Moment of inertia, in engineers’ units . . . I 

Angular momentum (see below) , . . . Ico 

Kinetic energy of rotation, in foot-pounds , , . KE 

Turning moment of a couple, in pounds-feet . . . C 

Work done by a couple, in foot-pounds (see below) . . CO 

FORMULAE 

ds 

Linear Motion — ~ ^ ^ i 


dv dh 


V = ^adt 



Work done by a force 

^ Fsii F is constant or ^Fds if F is variable 
Linear momentum ^fv 


KE^ \Mv^ 
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Equation of Motion for the rectilinear motion of a particle or of a 
rigid body of which all points move in parallel straight lines — 

F^Ma, . . . (IX.67) 


Rotational Motion of a rigid body — 


_d0 

dt 


0 — fo)dt 


dt~ dt^ 


0) ~ joidt 



g 

where fV is the weight in pounds of a small portion of the body and 
r is its distance in feet from the axis of rotation. 

Work done by a couple 

= CO if C IS constant, or ^CdO if C is a variable 
Angular momentum = Io> 

KE == 

Equation of Motion for a rotating body — 

C = /a . . . . (IX.68) 


For a rigid body in plane motion (IX.67) and (IX,68) are the 
equations of motion, (IX.67) referring to the motion of the whole 
mass assumed collected at its centre of gravity and (IX.68) to the 
rotational motion about the centre of gravity. 


EXAMPLES IX 

AREAS, MEAN VALUES, ROOT MEAN SQUARES 

Fmd the area under each of the following graphs between the ordinates 
indicated — 

(1) The graph of y — from v ~ 0 to Jtr - 4. 

(2) The graph of y - i- 2 jc — 7 from jc ^ 2 to x 5. 

3 

(3) The graph of y ^ from jc - 1 to x: 2. 

(4) The graph of y from -- to jc ~ 

(5) Show that the area enclosed by the axis of x and one semi-undulation of 

2A 

the sme cuive represented by y = ^ sin wr is — . 

X 

(6) Find the aiea undet the catenary y - c cosh - between x 0 and x x^. 
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(7) Find the vaiueb of k and / which will make the giaph of y x) 

pass through the points (0, 0), (100, 0), (50, 10). Sketch the graph. What curve 
IS it? Find the area between the giaph and the axis of a. 

(8) Show that the aiea enclosed b) the paiabola v* - A\, the axis ot v and 
the ordinate at a c is tSNo-thiids that of the lectangle having the oidmate at 
A c and the abscissa c as sides 

(9) The work done in foot-pounds by a gas expanding iiom volume Ki and 
pleasure Pi to volume and pressure is the area between T Vi and V ~~ 
under the graph plotted with P veitical and f horizontal P i-> in pounds per 

rr. 

square foot, and I is in cubic feet. Show that the woik done is Pn'l , and 

find the woik done in the cases <i) PE <, (u) PI c, where < and n arc 
constants. 

(10) Find the values of a and b which will make the giaph of y ah bx^' ’ 
pass through the points (1,2) and (4, 10). Find the aiea under the giaph between 
V — 4 and a: - 1 0. 

(11) Using the method indicated in Example 9, find the work done when a 
gas expands fiom a volume of 2 ft® to one of 6 ft* when the law connecting P and 
Ki$ (i) PF =- c, (2) PF*'* - c. In each case P 7 200 when V is 2, 

(12) The change of gradient between any two points m a horizontal beam is 

wheie E and / are constants and A is the area of the bending moment diagram 

between the points. In a certain beam the bending moment at a point distant jc 
from some fixed point in it is ?,(^ 000 v— IOjc®). Find the change of gradient 
between the two points foi which a: - 2 and x - 5 respectively. 

(13) Find the turning moment Tlb-in. on a hollow circular shaft, inside 

27T'r/ 

radius r, in., outside radius in., if T ^ x^dx. Show that for a solid 

shaft of radius r in., T — ^ ^ is a constant. 

(14) A rotating vertical circular shaft, radius r in., presses on a flat footstep 
bearing with a total force of P lb. Assuming that the pressure is uniformly 
distributed over the area, find the pressure on the annulus between radii a: and a: 
4- Aa. Taking fi as the coefficient of friction, show that the turning moment 

2«P.x®Aa: 

about the shaft axis of the frictional force on this annulus is 1 — . Hence, 

by integration, find the total frictional couple resisting rotation of the shaft. 

(15) Find the frictional couple in the last example on the assumption that the 
pressure at any part of the bearing surface varies inversely as its distance from 
the axis of the shaft. 

(16) Using the method of Examples 14 and 15, find the frictional couple 
resisting motion in a collar bearing in which the bearing surface has the form of 
an annulus, external radius Pm., internal radius rin. Obtain two results, 
assuming (i) that the pressure is uniformly distributed, (ii) that the pressure 
varies inversely as the distance from the axis of the shaft, 

TT 2 

(17) Show that the average value of sin x from x = 0 to a — - is ~. Find the 
mean value between the limits (i) a' - 0 and a - tt, (ii) r - 0 and x - 2ir 
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(18) Show without actual integration that if q is an integer 

rjir f27T 

sin (qt j- ix)cit = cos (qt 4- a) c/t = 0 

(19) Show without actual integration that if p and q are integers, and p is not 
equal to q, then 

J 'irr |'27f 

Sin {pt i a) sm {qt r ^)dt sin (pt 1 oc) cos (qt -t fi) dt 

cos U)t 1 a) cos (at f /?) i/r — 0 

0 

(20) Find the mean values of 


<i) 

X® from 

X - 

= 1 

to 

X = 

4. 

(li) 

e from 

X 

0 

to 

X 

“ a. 

(HI) 

x4*from 

X 

- 1 

to 

X 

3. 

(IV) 

log^x, from 

X 

- 1 

to 

X 

a. 

(v)^ 

: log, X from 

X = 

= 1 

to 

x 

= a. 


(21) Evaluate the following integrals: 


I X sin X dXf p cos^ x dx, j (27r — a) cos x dx 

Jq Jq jo 


(22) Show that the mean value of kx(/ - x) between x - 0 and x -=■ I is 
two-thirds of its maximum value. 

(23) Find the mean values of — 

(i) sin^ (pt -h a), (ii) sin'^ /?r, (iii) {sin pt V 2 sin (pt + a) 


over the range / -= 0 to r ~ 


TT 

P 


(U.L.) 


TT 

(24) Prove that | ^ 
-0 


sin^ (pi f- a) dt - 


2p 


and 


TT 

j ^ sin pi cos pt dt 0 
JO 


Find the mean values of the three following expressions — 

(i) cos (pt 4- oc) cos (pt 4- P) 

(ii) sin (2pt) cos (3pt 4 oc) 

(iii) (2 sin 3pt 4 5 sin pty (U.L.) 

X® y® 

(25) Show that the area enclosed by the ellipse ^ 4 p = 1 is Trab, 

(26) Find the area enclosed by the parabolas ^ ax and x^ ^ by, and show 
that if a b the area is Jo®. 

(27) Show that if the axes of co-ordinates are oblique, the angle XO Y being (o, 
the area A enclosed by the graph of y- f (x), the axis of x, and the lines .v a, 

X — bis given by — sin co f(x) dx, 

(28) Find the area between the graphs of y = at® - 6.y 4 3 and y 2x: — 9. 

(29) Find the area enclosed by the graph of y - (x* 2) (x - 4) and the 

axis of X. 
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(30) Find the area swept out by the radius vector of the cur\c r ~ aO (spiral 
of Archimedes) as 0 increases from 0 to Itt, 


pi) Let (r, 0) be the polar co-ordinates of a point on a plane curve, the 
origin O being in the plane of the curve. Show that if PT is the tangent to the 

curve at P drawn on the side of OP on which 0 lies and <f> is the angle OPT, 

1 i/r , 

then - cot 
r dQ ^ 


(32) Show that in the spiral r -- ae® where a and a are constants, the 
angle ([> as defined in EKample 31 is constant and equal to a, (For this reason 
the curve is known as the equiangular spiral.) 

(33) Find the area between the radii 0^0^ and 0 — 02 of the equiangular 
spiral r — ae^ cofca jf > 02 > 0i; and if r =• rj. when 0 — 0i, and r = when 
0 = 02 , find the area in terms of r^, and a. 

(34) Sketch the graph of r® = cos^ 0 and find its area. 

f dO y® 

(35) Integrate (.'FiSJc- Transform the equation 1 

into a polar equation by writing x - r cos 0 and y - r sin 0. Then, using the 
relation (IX.8), show that the area of the ellipse is mb. (Compare with Ex. 25.) 

(36) Find the area enclosed by the graph of = (x — a) (b ~ x). 

(37) Show that the area enclosed by OX, OY, and any tangent to the 
rectangular hyperbola xy — k is constant and equal to 2k. 

(38) Find the area under the cycloid x — a($— sin 0), y — ^(1 — cos 0) from 
jc = 0 to Irra. (See Art. 126.) 


(39) (i) Defining the “root mean square” value of a quantity Q for an interval 
1 

T as the square root of ^ Q^dt, find the “root mean square” value of an electric 
current i for a complete period T— 


fl^TTt \ 

{a) when i = / sin + ay 

nift \ 
(b) when i = /i sin 4- ajj 


+ /g sin 



where /, /i, /g, a, ai, ag, T are constants, 

(ii) Find the mean value of the product ie for a complete period T, when 


/ 



and e - - £* sin 



where /, E, T, a, are constants. (U.L.) 

(40) If the voltage in an electric circuit is V, the current 1 amperes, the self- 

dl 

induction L henries, and the resistance R ohms, then Rl V where / is 

the time in seconds. Show that if I Iq sin pt where h and p are constants, 
V -* 4, £2^ sin (pt f «) where a ~ 

The power in watts P is given by P - /K. Show that the mean value of the 
power is i VP. 
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VOLUMES, AREAS OP CURVl D SURPACLS 


(41) Prove by integration the rules for the volumes of (i) a cone, (ii) a pyramid, 
(iii) a sphere. Show that the same rules are given exactly by the prismoidal 
formula 0X30), 

(42) Find by integration the volume of each portion into which a sphere 6 in. 
radius is divided by a plane which is 2 in. distant from the centre of the sphere. 

(43) A paraboloid of revolution is generated by rotating the parabola 
yi ^ 4ax about OX. Find the volume generated by that portion of the curve 
which lies between x ^ 0 and x = L. If is the area of the cross-section at 
X L, show that the volume is half that of a cylinder of base area R and length L. 

(44) The area A of the cross-section of a solid at a distance x from the origin 
is a function of v. If the cross-section is everywhere perpendicular to OX, show 


that 


dV 


A w'here V is the volume bounded by the cross-section of area A. 
dV dx 

If /I is a function of t, show that ^ ^ 7 * 

(45) If the smaller segment of a circle of radius 5 in. cut otf by a chord 8 in. 
long is rotated about the chord, find the volume of the solid generated, 

(46) A hollov/ cone has a semi-vertical angle of 30® and is placed with its axis 
vertical and its vertex downwards. If water is running into the cone at 10 ft® per 
min., at what rate is the depth increasing (i) when the depth is x ft, (ii) when the 
depth is 2 ft 

(47) Find the area of the curved surface of the solid generated by rotating the 
portion between .t 0 and .v 3 of the graph j 3x^, (i) about OX, (ii) 
about O y. 

(48) Find the area of the curved surface of the cup formed by the revolution 

about its axis of the smaller part of the parabola y® ~ 4ax cut oif by the line 
.V ™ 3a, (U.L.) 


(49) Find by integration the area of the surface of a sphere of radius a. Show 
that the area of the surface intercepted between two planes distance c apart, 
c <C 2a, is Znac. 

(50) Find the volume of the solid generated by rotating about OX the portion 
between a" — 2 and at - 5 of the graph of (i) y — 2a®, (ii) y 2a® f 3. 

(51) The area intercepted by OX and the graph of y ^ 3a(a - 2) is rotated 
(i) about OX, (li) about O Y, Find in each case the volume of the solid generated. 

(52) A water vessel in the form of a frustum of a cone, height 5 in., diameters 
of ends 4 in. and 3 in. respectively, has its axis vertical and the narrow end 
uppermost. Find the volume of water in it if the depth is x in. If a is increasing 
at 0*3 in. per second, at what rate is the volume increasing? 


LENGTHS OF CURVES 

(53) A uniform chain hangs between two points 20 ft apart in the same 
horizontal line. The sag at the middle is 5 ft. Find the length of the chain on 
the assumption that it hangs in the following form (i) a circle, (ti) a parabola, 
(iii) a catenary. 

(54) The chain of a suspension bridge has the form of the curve a® — il>yh)y 
where the origin of co-ordinates is taken at the lowest point, the axis of y is 
vertical, b is half the span, and h is the dip of the chain. Write down an expression 
for the length of the chain in the form of an integral. 
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Show that, when h is much smallei than />, the radical uiuici the integial 
s>ign may be expanded by the binomial theorem, and that the length of the chain 
is approximately lb -f 4/z“/3/?. (U.L.) 

(55) For the purposes of an approximation, a half arch of the sine curve 
y = a sin X is to be replaced by the straight line y = mx, fn order to llnd the 
best value of proceed as follows: Take the square of the difference of the 
ordinates of the curve and the line, and find the mean value by integration 

tiom 0 to 2 * Then find, in terms of a, the value of m that makes this mean value 
a minimum. (U.L.) 

(56) Prove that, in the curve y - c cosh the length of the arc measured from 

.V 

the point where \ 0 is c sinh 

A heavy uniform chain, 16 ft long, hangs symmetrically over two smooth 
pegs at the same level, so that the lowest point of the portion of the chain hanging 
between the pegs is I ft below the level of the pegs. Find the length of the two 
portions of the chain which hang vertically, and show that the disUnce between 
the pegs is 8 log, 2 ft. (U.L.) 

(57) Find the length of the cycloid in Ex. 38, 

(58) Find the length of the catenary y ~ 2 cosh ix from a 0 to \ - 4, 
Find the area under the curve between these limits. 

(59) SIiow that if c is large compared with x so that powers of higher than 
the second can be neglected in comparison with unity, an arc of the catenary 


y c cosh - may be assumed to be an arc of a parabola. Ifr 40, find approxi- 
mately the percentage error involved in this assumption when finding the length 
of the arc between two points for which x - 0 and .r - 10 respectively. 

(60) A uniform chain of length 2/ is stretched between tv/o points in a horizon- 
tal line. Show that, if the sag k in the middle is small compared with /, the distance 

/ 2k^\ 

apart of the points of support is approximately 2\J — jj-y 

(61) Show that the total length of the four-cusped hypocycioid -h 
is 6/. (See Fig. 1 14.) 


.V 

(62) Given the curve whose equation is y =- c cosh find the length of arc 
between x = 0 and x = c. Find also — ^ 

(i) the area under the graph between the given values of x; 

(ii) the volume generated by rotating the area about OX; 

(iii) the volume generated by rotating the area about O Y. 


CENTROIDS, MOMENTS OF INERTIA, METACENTRE, 
CENTRE OF PRESSURE 

(63) Find the position of the centroid of the area under the parabola y - 4ax^ 
from X = 0 to X c. Find also the centre of gravity of the solid generated by 
rotating the area about OX, 

(64) The bending moment at a point distant x from the free end of a horizontal 
cantilever of length / carrying a total load of wi lb distributi^d uniformly is iwx®. 
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The bending moment diagram is drawn with plotted along the vertical and 
t along the horizontal. Find the position of the centroid of the diagram. If jc is 
the horizontal distance of the centroid from the free end and A the area of the 

Ax 

diagram, the deflection is given by : Deflection = where E and /are constants. 
Find the deflection. 

(65) Show that the centre of gravity of the portion of a thin uniform spherical 
shell cut off by two parallel planes is halfway between the centres of the circular 
end sections. 

(66) Find the position of the centre of gravity of (i) a semicircular area, (ii) a 
solid hemisphere of uniform density, (iii) a conical frustum, height radii of 
ends /*! and > rO. 

(67) Prove the rule for the distance of the centroid from the shorter of the two 
parallel sides of a trapezium. Parallel sides of lengths a and b, a > b\ distance 
between them h, 

(68) Integrate xe^dx from x — Qxo x~ h, 

A long vertical tapering rod of circular section has to bear a load of W at its 
end; the rod weighs w lb per unit volume, and the tensile stress / over every 
cross-section has to be constant. Determine the law giving the radius of the 
section at any distance y from the smaller end, and find the position of the centre 
of gravity of the rod when of length h. (U.L.) 

(69) Find the position of the centre of gravity of the paraboloid of revolution 
in Ex. 43. 

(70) Find the area and the centroid of the portion of a plane bounded by the 
parabola — ax^ the line x ~ b, and the axis y = 0. 

The area is revolved about the axis of y so as to form a solid ring. Find the 
volume of the ring. (U.L.) 

(71) Find the area of the loop of the curve whose equation is ay^ 
~ {x — a) {x— Say, 

Also determine the distance of the mass centre of this area from the y axis. 

(UX.) 

(72) Find (i) the centroid of a circular sector, radius r, angle 6; (ii) the centroid 
of the circular arc in (i). Find (ii) from (i) by assuming the sector to be divided 
up into an infinite number of equal sectors, 

(73) Find the centroid of the area of the complete cardioid r = a(l cos 0) 

TT 

and also that of the portion between ^ = 0 and ^ 2 * 

(74) Find the centroid of the area under the portion of the graph plotted 
between values of x and y from x — 0 to jc = Z^ra if x - a (6 - sin 6) and 
y — a(l — cos 0). 

(75) Find the centroid of the area under the curve y sin x from x ~ 0 to 

x: — IT, ^ 

(76) Find the centroid of the area undery - c cosh - from x-^ — a to x^ +a. 

(77) Find the centroid of a circular arc, radius r, angle a, whose density varies 
as the distance along the arc from one end. 

(78) Using the theorems of Pappus or Guldinus, find the co-ordinates of the 
centroid of — 

(i) a semicircular arc; 

(ii) the area of a semicircle; ys 

(iii) the area enclosed by the ellipse "t + ^ 
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(In (lii) assume that the volume of the ellipsoid generated is * rrab'^) 

(79) Find the position of the centroid of the smaller segment of a ciicle of 
radius 5 in. cut off by a chord 6 in. long. 

(80) Find the moments of inertia of the area under > - 3 4 from 0 to 
X = 3, (i) about OJT, (ii) about O 7, 

(81) Find the moment of inertia of the aica iindei y - sin .v from \ 0 to 

X -= 2'rr about OX and about (97. 

(82) Find the moment of inertia of the area of a circle, radius about its 
centre (9. Using the “perpendicular axes” theorem, find the 1 about a diameter 
and, using the parallel axes theorem, find the 1 about a tangent. Write down the 
value of the radius of gyration in each case. 

(83) Find / in the following cases — 

(i) the aiea of a triangle about its base (base i?, height iD ; 

(ii) the mass M of a thin uniform triangular plate about its base; 

(iii) both (i) and (ii) about an axis through the vertex parallel to the base. 

(84) Find the I of the following uniform solids — 

(i) a sphere about a diameter, radius r, mass M; 

(ii) a circular cylinder about its axis, radius r, length /, mass M; 

(iii) a circular cylinder about a diameter through the centre of gravity ; 

(iv) a circular cylinder about a diameter through one end. 

(85) Find the / and the radius of gyration of each of the following homogeneous 
solids — 

(i) a cone about its axis (height h, radius of base r); 

(ii) a hemisphere about a diameter of the plane face, radius f. 

(86) Find the moment of inertia, about an axis through the centre of gravity 
parallel to its length, of a rectangular solid length /, breadth b, width a. Find also 
the I about a parallel axis passing through the centroid of one of the faces whose 
area is al. Find the radius of gyration about this latter axis. 

(87) Show that the momental ellipse for a square area is a circle, and that in 
consequence the moment of inertia of a square is the same about all axes which 
lie in its plane and pass through its centroid. 

(88) Draw a rectangle ABCD in which AB - 4 in. and BC 6 in. Draw 
JJFand HG parallel to AB^ cutting ADinE and H respectively, and BC in Fand 
G respectively, so that AE == I in,, EH * 4 in., HD 1 in. On EF mark off 
EK ^ 1| in., ix — 1 in., and LF -= li in. Draw KM and LN perpendicular to 
EF, cutting HG in M and N respectively. Find the equation to the momental 
ellipse at the centroid of the area made up of the three rectangles ABFE, LNMK, 
HGCD referred to the principal axes, taking the axis of x parallel to AB. Find 
the I about an axis making 30° with OX, 

(89) Find the / of a cone of mass M, radius /*, height /r, about a diameter of the 
base. Find the radius of gyration. 

(90) Find ab initio the moment of inertia of a lamina of mass M in the shape of 
an isosceles triangle ABC, in which AB — AC, 

(i) about its base BC; 

(ii) about the perpendicular from A to BC. 

Deduce the moment of inertia about AB, and about a line through A perpen- 
dicular to the plane of the lamina. (U.L.) 

(91) Two tangents, inclined at an angle of 2 a to each other, are drawn to a 
circle of radius a. The figure bounded by the tangents and the greater arc of the 
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circle between their points of contact is rotated about its axis of symmetry, bind 
the volume of the solid thus generated, and show that, if it is of uniform density, 
its radius of gyration about its axis of symmetry is k given by the equation 
+ 2 sin a — sin^ a). (U.L.) 

(92) Find the moment of inertia about OX and deduce that about O F of the 

ellipse ^ ^ ~ ^ equation referred to the same axes of the momental 

ellipse, 

(93) A rod of length / and of uniform density m has a rectangular section with 

sides of lengths a and b respectively. Find the moment of inertia of the rod about 
a diagonal of one of the ends. (U.L.) 

(94) Calculate the kinetic energy of a uniform solid sphere of mass M and 
radius rolling on a plane, when the velocity of its centre of gravity is v. 

Compare the time taken by a sphere to roll a given distance down an inclined 
plane (i) when it is solid and uniform, (ii) when it is uniform with a concentric 
cavity of half its radius. (See the worked example, Art, 120.) (U.L.) 

(95) Find the radii of gyration of a rectangular lamina of sides a and h about 
the principal axes through its centre of gravity. 

A uniform solid rectangular block has its edges 3 ft, 4 ft, 5 ft, and the specific 
gravity of its material is 0*5. Determine whether it can float in water in stable 
equilibrium with four of its faces vertical. (U.L.) 

(96) Prove that the centre of pressure of a triangle wholly immersed in a 
liquid with one side parallel to the surface is at the centroid of three particles, 
placed at the middle points of the sides, with masses proportional to their depths 
below the surface. 

One waD of a tank is vertical and contains a triangular trap-door which is 
hinged about the horizontal side BC, it has the vertex A lower than BC, and can 
open outwards. The vertical heights of the vertices above the bottom of the tank 
are a, b. Prove that, if water be poured into the tank to a height h so that the 
trap-door is entirely below the surface, the latter will remain closed provided a 
horizontal force is applied at A greater than JwA(2/z — h — a), A being the area 
of the triangle, and w the weight per unit volume of the water. (U.L.) 

(97) Prove the formula HM ~ AK^IV for the height of the metacentre (M) 
above the centre of buoyancy (H) in the case of a small rotational displacement 
in a plane of symmetry of a floating body. 

Show that a hollow cylinder of height h, internal radius a, external radius b, 
specific gravity 5-, open at both ends, will float in stable equilibrium with its axis 
vertical, provided 

b^> 2h\s{\ ~ s) (U.L.) 

(98) Find the position of the metacentre, and the condition for the stability 

of the equilibrium, of a solid cylinder of specific gravity s, of radius a, and of 
height A, floating with its axis vertical in water. (U.L.) 

(99) Prove the formula for the height of the metacentre (for a small rotation 
in a vertical plane of S 3 mimetry) above the centre of buoyancy in the case of a 
floating solid, explaining the symbols involved. A cylinder of wood 6 in, long 
floats in water with its axis vertical and with 4 in. of its length immersed. Find 
the least possible radius of the cylinder if the equilibrium is to be stable. (U.L.) 

(100) Prove that in a homogeneous fluid of density p at rest under gravity, the 
fluid pressure at a depth z below the surface is gpz, 

A plane area of any shape is held vertically, completely immersed in water. 
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The level ol tlie suilace ol the watei is now raised an amount // hv pouting nioic 
water into the containing vessel. Prove that the centre of pressure of the wafer 
on the area is raised a height h(x - jO Hh t y), where .\^ y are the original depths 
of the centre of pressure and the centroid of the area respectively. (U.L.) 

(101) A circular plate is immersed vertically in a liquid, so that its centre is at 
a depth equal to the diameter. 

Find the centre of liquid pressure on (^?) one face of the whole plate, (b) the 
half of that face cut off by the vertical diameter. (U.L.) 

(102) A circular area of ladius a feet is immersed in water with its plane 
vertical. The surface of the water rises from 2a feet above the centre of the circle 
to 4a feet above it. Neglecting atmospheric pressure, prove that the centre of 

a 

pressure ri^-es through a distance jg feet. (U.L.) 

(103) Prove that the force exerted by a fluid on a submerged plane area is 
equal to the area multiplied by the pressure at the centroid of the area. 

An outlet in the vertical side of a tank is closed by a semicircular flap of 
radius a, hinged at its diameter, which is horizontal and uppermost. If the level 
of the liquid in the tank is a above the hinge, show that the smallest force that 
can cause the flap to open is 

}i w Ott 1 6 ) 


where w is the weight of unit volume of the liquid. (U.L.) 

(104) Explain the use of the metacentre as a criterion of stability of a floating 
body. 

A uniform hollow cone is of total height H and internal height iff, and the 
external and internal radii of the base are R and IR. It floats with its axis vertical 
and its vertex at a depth d below the surface of a liquid. Shov' that the equilibrium 
will be stable if 


42{m h 


(105) A uniform solid in the form of a circular cylinder with hemispherical 
ends (outwards) has mass 300 lb, diameter 10 in., and total length 20 m. The 
solid rotates about its geometrical axis at 60 r.p.m. Find the kinetic energy of 
the solid. 
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ROULETTES AND GLISSETTES 

123. Displacement of a Figure in its Own Plane. The position at 
any instant of a rigid plane figure moving in its own plane is known 
when the positions of two points of it are known. Let A and B 
(Fig. 108) be the positions at a given instant of time of two points in 
a plane figure of fixed dimensions, and let A' and B' be their respective 
positions at a later instant. PI and QI, which intersect at I, are the 
perpendicular bisectors of the straight lines A A' and BB' respectively. 



Then lA = lA' IB — IB' and AB = A'B', so that the triangles lAB, 
lA'B' are congruent. Hence, AB can be made to move into the 
position A'B' by simply rotating the figure through an angle AIA' 
= BIB' about the point /. Rotation about I displaces the figure 
containing the points A and B from the first position to the second. 

I is known as the “centre of rotation.” When AB and A'B' are 
parallel, the lines AA' and BB' are parallel, and so also are the lines 
PI md QI. In this case, /is at an infinite distance from A and B and 
there is no rotation, the motion being one of translation parallel to 
the lines AA' and BB'. 

Next imagine the plane figure to be moving continuously in its 
own plane, and let AB, A'B' (Fig. 109) be the two positions of a 
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straight line m it at instants of time the interval between which is 
small and is A? seconds. 

Assuming that A A' and BB" are short straight lines, wc repeal the 
construction of Fig, 108 and thus obtain the centre of rotation /. 
Now consider what happens as we diminish the value of Ar and make 
It approach the value zero. As At diminishes, the lengths of A A' and 
BB' both diminish also, and tend to the value zero. The limiting 
positions of AA' and BB' are those of the tangents at A and B to the 
paths of A and B respectively, and the limiting positions of P/ and 
Q/ are those of the normals at A and B respectively to the same 
paths. Thus, in the limit the method of finding / is that shown in 
Fig. 1 10. The curves show the paths of A and B. and I is at the inter- 
section of the normals drawn at A and B to these paths. At the 



instant when the line AB occupies the position shown, the figure is 
moving as if it were rotating about /. Being the centre of rotation at 
an instant of time / is known as the instantaneous centre of rotation. 
The instantaneous centre is of importance in the study of mechanisms. 

If AB in Fig. 1 10 is a bar in a mechanism and carries with it a rigid 
framework, /is the instantaneous centre of rotation of the framework. 
If, however, AB is one bar of a deformable linkwork, each part of the 
linkwork which moves relatively to the other parts has its own 
instantaneous centre. For the application of the use of the instan- 
taneous centre to the study of the relative motions of machine parts, 
the reader is referred to textbooks on the theory of machines. We 
shall content ourselves with two simple examples. 

EXAMPLE 1 

Fig. Ill shows the mechanism of the simple steam-engine. OC is the crank, 
€P the connecting-rod, and P the cross-head. Find the instantaneous centre of 
rotation of CP and show how to find the velocity of any point Q in CP, 

OC IS the noimal to the path of C, and a vertical line through P is the normal 
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to the path of P. These normals produced intersect at /, which is therefore the 
instantaneous centie of CP 

Let angular velocity of OC in radians per sec. 

/ length of OC in ft 
Then velocity of C o>i It per sec. 

But if ii is the instantaneous angulai 
velocity of CP, the velocity of C is U . /C 

and n IC - (01 / 


oi 


U 


m — 

iC 


The velocity of Q is gn^n hy 


or 


y< 


1C 

1C 


(X.1) 
I where 


(X.2) 


where K velocity of C. We sec 
therefore that the velocity of any point in 
CP is proportional to its distance from 
the instantaneous centre /. 


If we make Q coincide with P, (X.2) becomes 


Fig. hi 



(X.3) 


EXAMPLE 2 

A ladder ACB of length / ft has its lower end B on the ground, and overhangs 
the top of a vertical wall OC, as shown in Fig. 112. If 5 moves along the ground 

whilst the ladder touches the wall at C 



find the position of the instantaneous 
centre of rotation of AB, and find in what 
position of the ladder the two ends will 
move with the same speed. 

At the instant when the ladder occupies 
the position AB the point C of the ladder 
has no component velocity perpendicular 
to the direction of the ladder. Hence, the 
point C is moving along AB and the 
instantaneous centre is on a line through 
C perpendicular to AB, Again, the point 
B of the ladder is moving along OB and 
the instantaneous centre is on a line 
through B perpendicular to OB, The 
instantaneous centre is the point / in which 
these two lines Cl and Bf meet. 
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If Fa ^ velocity of and Tu velocity of B 

h ^ 

Tb 

and if f\ Kb, v^c have I-i iB, so that the speeds ot the cads wiU be equal 
when the middle point of 4B touches the top ol the wall. 

124. Space-centrode and Body-centrode. As the line /IB (Fig. 110) 
moves m the plane of the paper so also does the point L If for every 
position of AJB the position of /is marked on the paper and a curve 
IS drawn through the successive positions of /, this curve is the locus 
in space of the instantaneous centre. The locus is known as the 
space-centrode of the rigid figure of which A B is a line. Suppose that 



a second piece of paper is carried by the line AB and that the succes- 
sive positions of the instantaneous centre are drawn on this paper. 
The curve obtained is the locus of the instantaneous centre relative 
to .4 B and is known as the body-centrode. 

Let Ol, O 2 J O 3 , O 4 , etc. (Fig. 1 13), be consecutive positions of the 
instantaneous centre in space, i.e. on the space-centrode; and let 
O'l, O'a, O'g, O 4 , etc., be the corresponding points on the body- 
centrode. The motion of the figure may be assumed to be made up 
of a number of rotations. First, a rotation about Oj brings O'g into 
coincidence with O 2 . This is followed by a rotation about until 
coincides with O 3 . Then a rotation about Og makes O 4 ' coincide 
with O 4 , and so on. This is the motion which would be produced by 
rolling the polygon Oi 0{ O4" . . . on the polygon 

. . . The above motion is not the actual motion of the body, but, 
by taking the consecutive positions of the instantaneous centre closer 
together, we can obtain a closer approximation to the actual motion 
of the body. In the limit when we make the distances between each 
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pair of successive positions of the instantaneous centre approach the 
value zero, the polygons become continuous curves and the actual 
motion of the body is the same as that obtained by rolling the body- 
centrode (which carries the figure) along the space-centrode. 

EXAMPLE 1 

A straight line 4B of fixed length moves with its ends A and B on the 
lectangulai axes of x and y, as shown in Fig. 114. Find the position of the 



Fig. 114 

instantaneous centre for the position shown, and find the space- and body- 
centrodes. Find also the equation of the envelope or curve which AB always 
touches. 

Since B is moving along the vertical OY and the instantaneous centre / is 
situated on the normal to the path of J?, / must lie on a horizontal line through B. 
Similarly, as A is moving along the horizontal line OZ, / must lie on a vertical 
line through A, Drawing these lines, we see that the figure AOBl is a rectangle. 

Now 01 ^ AB constant, hence, the locus of I for different positions of 
AB is a circle of centre O and radius AB. This is the space-centrode. 

To find the body-centrode we make use of the fact that for all positions of 
AB the angle AIB is a right angle. Thus, a circle on AB as diameter will always 
pass through /. This circle is the body-centrode. These circles are shown in the 
figure, and the motion of AB sliding with its ends on the two axes is exactly the 
same as that which would be produced if AB were carried by the smaller circle 
when the latter was rolling without slipping inside the larger fixed circle of 
twice its diameter. 
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Let IN be perpendicalai to AB, Then N is the only point m which is moving 
along AB and has no motion perpendicular to AB. If a line moves whilst remain- 
ing m contact with a cuivc it is evident that the point of contact of the line and 
curve must be instantaneously moving along the line. Hence, N is the point of 
contact of the line AB with its envelope. 

Let X and y be the co-oidmates of N. Then, if 04B 0 and AB /, 

BI - / cos 0, BN / COS'* 0, AN I I cos'* 0 I sin- 0 
Hence, x — BN cosO — I cos** 0, and y - AN sin ^ I sin * 0, 



Since sin^ 6 } cos^ 6 1, the equation to the envelope of AB is 

A- — fl . . . . (X.4J 

This envelope, shown dotted, is known as the four-cusped hypocycloid. (See 
Art. 127.) 

If P is any point in AB such that BP ^ a, PA ^ 6, it is easy to deduce that, if 
a:, y are the co-ordinates ofP^x^a cos 0 and 6 sin 0, Since cos^O + sin® 6 

JC® V® 

= 1, then 1, which is the equation of an ellipse. Hence, any point in 

the line AB describes an ellipse, as the ends A, B move on the axes. (The point P 
is not shown in the figure.) 

EXAMPLE 2 

A uniform rectangular lamina ABCD of mass M is resting on a smooth 
horizontal table (Fig. 1 15). It receives an impulsive blow P at >4 in the direction 
AB. Find the space- and body-centrodes for its subsequent motion. 

Let AB — a and BC ^ b, and let O be the centre of gravity of the lamina. 
Let I be the moment of inertia of the lamina about O, Then, by Ex. 1 , Art, 1 1 8, 

/ - ^ f b’). 
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If V IS the linear velocity of the centre of gravity, and co the angular velocity 
about the centre of gravity after the impulse has been applied, the equations of 
motion are 

Impulsive force -= change of linear momentum 

or P ~ Mv (1) 

and Impulsive couple -= change of angular momentum 

]Ph Ico 

Ph ~ (cP h‘)r> (2) 

6 

P 

Hence, from (1) i — 

M 


and from (2) 


6Pb 

a — 

h4(a^ 1 b^) 


Draw a line OF perpendicular to DC. Let OF - x. Then, if we consider the 
line OF to move with the lamina, we see that if ii is the velocity of F, then 


u ~ V vix 

the tiist teim on the right being due to the motion of (9, and the second to 
rotation about O. If v tujc, i.e. ^ instantaneously at rest and is, 

in fact, the instantaneous centre. Since v and ru remain unchanged in magnitude 
and direction, the instantaneous centre is always at a distance - below the line 

CO 

of O’s motion, which is a straight line through O parallel to AB. Thus, the 
motion of the lamina is the same as that due to the rolling of a circle of radius 

V iF *4- b*^ 

OF ^ ~ — , on the line FH parallel to AB. This circle is the body- 

<0 6b 

centrode, and the line FH is the space-centrode. 


125. Roulettes. A roulette is the path described by a point 
carried by a plane curve which rolls without slipping on a fixed curve 
in its own plane. A knowledge of the properties of roulettes is of 
importance in connection with the design of wheel teeth, as well as in 
the science of kinematics. In this latter connection we have seen 
above that the path of any point in a rigid body in plane motion is a 
roulette. We give below the properties of certain roulettes which are 
of importance to students of engineering. 

EXAMPLE 

A polygon A'A^As^'A^' . . . (Fig. 1 1 6) rolls without slipping on a fixed polygon 
AAtAnAs . . . whose sides AAi, AiA^, A^A^, etc,, are respectively equal to the 
sides A'A\, AiAul, A^'A^, etc., of the moving polygon. Draw the roulette 
described by a point F fixed relative to, and carried by the moving polygon. 

The motion is similar to that described in Art, 124, The polygon first rotates 
about A with which A' coincides until Ai' coincides with Aj. During this motion, 
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P rotates about A through the circular arc PPi, The angle subtended by PPx at 
A is equal to the angle AiAAx\ The polygon now rotates about Ai until A^ 
coincides with During this rotation, P moves from Pi to Pj, as shown, the 
centre of the arc PiP^ being the point Ai. Afterwards the polygon rotates in turn 
about As, Aj, A i, etc,, and the point P traces out the circular arcs PiP,i, P^P^ 
PiPr,, etc., respectively. The drawing of the roulette is facilitated if the moving 



polygon and the point P are drawn on tracing paper, and the polygon A'Ai'A^ . . . 
rolled along the fixed polygon, the positions of P being pricked through on to the 
drawing paper on which the fixed polygon is drawn. The roulette may then be 
drawn by means of compasses. We have only shown parts of the fixed and moving 
polygons; PPiP^P^Pi is the corresponding part of the roulette. 


P 




In order to draw the point roulette described by a point P which is carried by 
a curve CD which rolls without slipping on a curve AS (Fig. 117), we adapt the 
method of the above example. The curve CD and the point P are drawn on 
tracing paper, and the curve AB is drawn on drawing paper. The curves are 
placed in contact at Q, as shown, and the position of P is pricked through on to 
the drawing paper by means of a needle. The needle is next stuck into the tracing 
paper and the drawing paper at fi. and the tracing paper is rotated until a point 
a' near Q on CD coincides with a point a on AB. The needle point is now 
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tiansferred to pass through the coincident points aa\ and the tracing papei is 
lotated until the curves touch at aa\ The position of P is again pricked through. 
This procedure is repeated, the curves being made to touch at b, c, d, etc., in 

order, and the position of P is 



marked off in each case. A smooth 
curve through the positions of P 
gives the portion of the roulette 
due to the rolling between Q and 

B, A similar procedure will give 
the portion due to the rolling of 
QC on QA^ and the two portions 
make up the complete roulette. 

126. The Cycloid, The 
cycloid is the path of a point 
on the circumference of a 
circle which rolls without 
slipping along a fixed straight 
line. This path is a roulette 
and can be drawn by the 
method of the preceding 
article. In Fig. 118 OLM is 
the cycloid generated by a 
point P carried by the circle 
OABy centre C, as it rolls 
without slipping along the 
straight line OX, Suppose 
that P originally coincides 
with O and that the circle 
OAB moves to the position 
lA'B' in which its centre is at 

C. Taking OX as axis of jc, 
and a vertical line through O 
as axis of y, we have, if the 
angle ICP' = 6 and r is the 
radius of the circle, 

0/=arc/P^ = rO 


and .V ^ 01 - horizontal projection of CP' 

== /*0 — r sin 6 

or x: = r(0 — sin 0) (X.5) 

Also V -- Cl - vertical projection of CP' 

r— r cos 0 
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or j-Kl-cosO) . . . (X.6) 

(X.5) and (X.6) give x and y in terms of the parameter 0. 

From (X.6) we find 6 == cos”^ and by substituting this 

in (X.5) we could obtain a relation independent of 6, This relation 
is, however, very cumbersome and we find it better to use the two 
relations (X.5) and (X.6), from which we can obtain any necessary 
properties of the curve. 

To find the gradient at the point P' (x, v)* By (IL45) 
dy dO 

dx^^x therefore differentiating (X,5) 


and (X.6) and substituting, 


dy ^ sin 6 
c/x ~ 1 “ cos 6 


2 sm cos 


2 sin^ 


d 



or, since 


0 

2 



dx 


tan CIP' 


(X.7) 


If ^ = inclination of tangent to OX ■ 
* dx 


XTP\ then 


tan V’ 


(X.8) 


and therefore tp == CIP' 

Hence, the tangent PT is perpendicular to IP' as is otherwise 
obvious, since I is the instantaneous centre of rotation. 

As the angle in a semicircle is a right angle, the tangent TP' pro- 
duced passes through the highest point of the circle. Thus we 
have the following simple method of drawing the tangent to a cycloid 
at any point P'. Draw the rolling circle through P' (there are two 
possible positions for the rolling circle, but there is no difficulty in 
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determining which is the proper one) and join P' by a straight line 
to the highest point of the circle. This line is the tangent at P\ 

The complete locus of the point P' consists of an infinite number of 
portions, each of which is a copy of the portion OLM. 

EXAMPLE 1 


Find the area under the portion OLM of the cycloid. 

Let 

A = area under portion OLM 

Then 


But 

y = r(l — cos 0) 

and 

X = /'(6 — sin d) 

Hence, 

dx = r(l — cos d)dd 

and 

^ = 1^ - cos 0)Ve 


C2ir 

= 1^ (1 - 2 COS 0 + COS*' e)d6 


or the area of OLM is three times that of the rolling circle. 
EXAMPLE 2 

Find the length of the arc OLM, 

From the triangle PQK (Fig. 85) 

Af = v'(A;«:)“ + (Aj)* 

«"“• B -•/(§)■+(§)■ 

and in the limit 

"dO • 

s " ^ Jjj cos dp + sin® Odd 

— r ^ V2-- 2co$6 dS ~~ r 2 sin | dO 

[-co.gr 


length of arc s 




r(l — cos 6), ^ — r sin 0 
dti 
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The path of any point on CP or P^ on CP produced is known as a trochoid. 
The trochoid traced by has loops. The trochoids PiLiMi and P^L^M^ which 
are the paths of Pi and Pa respectively are shown in Fig. 118. The equation to 
the trochoid is 

X r6 ~ c sin 0 , , . (X.9) 

J-/—CC0S6/ . . . (X.10) 

where c = CPi or CPa, the proofs of these being left as exercises for the reader. 
(Exs. X, No. 22.) 

127. The Epicycloid and the Hypocycloid, When one of two 
coplanar circles rolls without slipping upon the other circle, which is 
fixed, any point on the circumference of the roiling circle traces an 
epicycloid or a hypocycloid^ the former if the rolling circle is outside, 
and the latter if it is inside of the fixed circle. Fig. 1 19 shows a circle 
PEQ, centre C, rolling on the outside of a fixed circle DQA, centre 
O, Q being the point of contact. Suppose that when rolling starts 
the line OC is horizontal and the points P and A are in contact. Let 

= 0 and ^P = ^ 

and let R and r be the radii of the fixed and rolling circles respectively. 

Let OA produced be the axis of x and the vertical through O the 
axis of y. 

The angle between OX and CP is (6 4- ^). 

Hence, x = difference of horizontal projections of OC 

and CP 

= OC cos 0 CP cos (0 +- 4^) 

(/? + r) cos 0 — r cos (0 + <^) 

Since the arcs QP and QA are equal, 

Rd 

Therefore, .v 

j?? 4 /' 

or X = (R + r)cosd — r cos — ^ — 0 . (X.ll) 

r 

Similarly, v = difference of vertical projections of OC and CP 
^OCsinO-CPsin (0 + ^) 

R t 

y = (R + t) sin 0 — r sin — 0 


R 

— ref) and 4> 


{R + /•) cos 0 — r cos 




or 


(X.12) 
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By substituting different values of 0 in (X. 11) and (X.12) we can 
find pairs of corresponding values of x and _>■, and from these the 
graph can be plotted. The cycloid, epicycloid, and hypocycloid are, 
however, best drawn by means of geometrical constructions which 
the reader should have no difficulty in discovering for himself. The 
path of P is made up of a number of equal portions, of which three 
are shown. 

Fig. 120 shows the circle PEQ rolling inside the fixed circle QDA. 
With the same notation as before, 

X = sum of horizontal projections of OC and CP 
= OCcosO + CP cos 



Fig. 119 

and y — difference of vertical projections of OC and 
= OC an d - CP sin 6) 

from which the two equations to the h 3 q>ocycloid are 

„ 

X = (R— r) cos 6 + r cos 0 

r 

and y ~{R — r) sinO~r sin — — - 0 

r 


CP 

(X.13) 

(X.14) 
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If r is greater than R the circle FEQ envelops the circle QDA, 
the curve traced out by P is then known as the pericycloid, 
and that traced out by any other point on CP or CP produced is a 
peritrochoid. 

If jR = /% the epicycloid described in Fig. 119 is a cardioid (see 
Ex. 1, Art. 108). If 7? - 4/* the locus given by (X.13) and (X.14) 
becomes the four-cusped hypocycloid of Fig, 114. If R - 2r the 
hypocycloid becomes a diameter of the fixed circle. Thus, in Fig. 1 14, 
the points A and B are moving along the diameters OA and OB 




respectively of the fixed circle. All other points on the circle OAIB 
are moving along diameters of the fixed circle, for each point is 
moving along the perpendicular to the line joining it to /, and is 
therefore moving along a diameter through O. Every point on the 
rolling circle traces out a diameter of the fixed circle. 

If r becomes infinite the pericycloid becomes an involute of the 
circle DQA (see Art. 85). Thus the involute of a circle is a roulette 
generated by a point in a straight line which rolls without slipping on 
the circumference of a fixed circle. (Compare this with the definition 
of the involute in Art. 85.) 

The gradient at any point of an epicycloid or a hypocycloid is 
found by the method used in Art. 126 for finding the gradient of the 
cycloid. We can, however, make use of the properties of the instan- 
taneous centre in order to draw the tangent to any of these curves. 
As Q is the instantaneous centre of rotation, the tracing point P 
moves along a line perpendicular to PQ, and this perpendicular is 
the tangent at P to the locus of P. 

The curve traced out by a point lying in CP or CP produced is 
known as an epitrochoid in Fig. 119 and a hypotrochoid in Fig. 120. 
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128. Epicyclics. Suppose the line 0(' in Fig. 12! to be lotatin 
about O with uniform angular velocity radians per second in th 
anticlockwise sense, and suppose CF to be rotating about C wit 
uniform angular velocity rog radians per second. The path trace 
out by F is called an epicyclic. If the angular velocity of CF is in th 
same sense as that of OC, the epicyclic is direct; otherwise it i 
retrograde. It is easy to see that the epicycloid of Fig. 119 is ai 


epicychc. 


The inclination of CF to the horizontal is 



the notation of Art. 127, so that the angular \elocity of CF is 




times that of OC in the same sense. Consequently, any point on Cl 
or CP produced traces out a direct epicyclic. Thus all epitrochoidj 
are direct epicyclics. In the same way we see that CF in Fig, 120 is 

^ ^ 

rotating in the opposite sense to OC and with angular velocity - - 

times that of OC, Any point on CF or CP produced in this case 
traces out a retrograde epicyclic, and so all hypotrochoids are retro- 
grade epicyclics. The reader will see from the following example that 
the ellipse is a retrograde epicyclic for which the two angular 
velocities are equal. 


EXAMPLE 1 

If a crank OC of length a rotates about O with constant angular velocity 
vh radians per second, and a second crank CP of length h rotates about C in the 
same plane with constant angular velocity <o^ radians pei second, find the 
equations of the epicyclic described by P, Tf - — Wi, show that the epicyclic 
is an ellipse or a straight line according as a is different from or equal to b. 
Take the axis of .x along the line on which C? CP is a straight line and the axis 
of y perpendicular to this at O. Then 1 sec. later the cranks will have rotated 
through angles and radians respectively, as shown in Fig. 121 , and we have 

;c ~ <2 cos (lilt + b cos oi^t 

j = a sin (lilt + h sin (o^t 

If ft>8 ~ — Oil (Fig. 122), these equations become 

a cos (lilt + b cos (Hit == (a + cos (Hit 

y = « sin (lilt b sin (Hit — — 6) sin cojt 

Hence, since sin^ coit -f- cos® == 1, we have 

(a+6)* ifl-bf 
the equation to an ellipse. 
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li'rz /), the Lquut5<>ns toi x and \ become 

V la cos tnj and ~ 

and the locus of P is therctore the hnc i 0, i.e. the v-a\is* (Compare this 
example with Exs. X, No. 37.) 

The curves discussed in Arts, 126 and 127 are known as point- 
roulettes. The envelope of a line carried by the rolling curve is a 
Une-roulette. The four-cusped hypocycloid in Ex. I, Art. 124, is a 
line-roulette. 


C 




EXAMPLE 2 

Find the Ime-roulette generated by a diameter of a given circle which rolls 
without slipping along a given straight line. 

The point in which the diameter AB (Fig. 123) touches its envelope is evidently 
at the foot M of the perpendicular to the diameter fiom the point of contact O 
of the circle and line, for this latter point is the instantaneous centre of rotation. 
Thus the point M on the roulette lies on the circumference of a circle of which 
OC IS a diameter, C being the centre of the rolling circle. The circle OCM 
touches the line XY at the same point as the rolling circle, and its diameter is 
half that of the rolling circle. The line-roulette is therefore the cycloid generated 
by a point on a circle of half the diameter of the given circle rolling along the 
given straight line. 

129. GKssettes. When a plane curve moves so as to touch two 
other fixed curves in the same plane the locus of any point which is 
fixed relative to the moving curve is a glissette. This locus is some- 
times called a point-glissette, and the envelope of any straight line 
carried by the moving curve is called a line-glissette. The fixed and 
moving curves may, as particular cases, be straight lines or polygons. 
Either of the fixed curves may be a point which may be looked upon 
as a closed curve enclosing zero area. We shall give a few examples of 
glissettes. 
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EXAMPLE I 

In Ex. 1, Alt. 124, we saw that when a straight line slides with its ends one on 
each of two fixed intersecting lines at right angles to each other, any point in it 
traces out an ellipse. The ellipse is then a point-gUssette. The envelope of the 
line is the four-cusped hypocycloid which is therefore a line-glissette. 

EXAMPLE 2 

A plane moves parallel to itself so that two perpendicular lines in it, OP and 
PO\ pass through the fixed points O and O'. Show that P describes a circle in 



Fig. 124 

space and that the glissette described by any other point is either a pericycloid or 
a peritrochoid. 

Since in all positions of the plane OPO' (Fig. 124) is a right angle, then the 
locus of P in space is a circle on 00' as dameter. At any instant the point in 
OP in contact with O is moving along OP, and the point in O P in contact with 
O' is moving along PO'. Hence, if 01 and 07 are drawn perpendicular to OP, 
O P respectively, their intersection I is the instantaneous centre of rotation of 
the plane. It is evident that 1 lies on the locus of P so that the space-centrode is 
the circle on 00' as diameter. Now, P/is a diameter of this circle, and, since P 
is a fixed point in the given plane, the body-centrode is a circle whose diameter is 
twice the diameter of the space-centrode. The motion of the plane is the same as 
that produced by the rolling without slipping of a circle (the body-centrode) on 
another circle (the space-centrode) of half its radius, the bigger circle enveloping 
the smaller. Any point in the given plane which lies on the circumference of the 
body-centrode will describe a pericycloid (see Art. 127), and any other point in 
the plane will describe a peritrochoid. We shall find the equations which give 
the peritrochoid described by a point Q in the plane distant c from P. 

Let O’ OP = 0 and let QP make an angle with OP produced. Take the 
j:-axis along 00' and the y-axis perpendicular to 00' through O. Then, if Q is 
the point {x, y) and 00' «=* a 

x = OP cos 0 -f QP cos (6 “f ^) “ u cos® 6 4- c cos (0 -h ^) . , (1) 

y ~ OP sin 61 f QP sin (0 -h ^ ~ n cos 0 sin 0 + c sin (0 j- . (2) 
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Now, a, c, <!> aie constants, so that the ecjuation^ (1) and (2) give .x and v in 
terms of the variable 0, 

The reader should compare the above example with E\. 1, Art. 124. We saw 
in the latter example that when OPO' is fixed and OO' mo\es, an)^ point carded 
by OO' traces out an ellipse relatixe to OPO\ In the above example, the relative 
motion is the same, and so any point on OO' tiaccs out an ellipse on a plane 
cairied by OPO'. This principle is made use of in the elliptic chuck used m a 
lathe for turning elliptic cylindeis. 

EXAMPLES X 

(1) A body in plane motion moves so that two lines fixed in it always pass 
through two points fixed in space. Find the space- and body-centrodes. 

(2) A sheet of metal moves in a plane, so that a fixed peg runs along a straight 

slot in the metal and a straight edge of the metal at right-angles to the slot always 
touches a fixed circle. Determine the locus described by the instantaneous centie 
(i) in space, (ii) in the body. (U.L.) 

(3) A body in plane motion moves so that two perpendicular lines fixed in it 
always touch one each of two circles fixed in space in the plane of the body; find 
the centrodes. 

(4) Sketch the mechanism of the simple engine and that of the oscillating 
cylinder engine, and show in each case how to find the instantaneous centre of 
rotation of the connecting-rod. 

(5) The lengths of the crank and connectmg-iod of a simple engine mechanism 
are r ft and / ft respectively. Taking rectangular axes with the centre of the 
crankshaft as origin and the line of stroke as axis of x, find the equation to the 
space-centrode for the motion of the connecting-rod. 

(6) A line of length {a r b) slides with an end on each of the rectangular axes 

OX and OY. A point in the line traces out the ellipse ~ H 1. Sketch 

graphs of the line and ellipse, and using the property of the instantaneous centre, 
explain a construction for drawing the normal at any point of the ellipse. 

(7) Show that the normal to the cycloid passes through the point of contact of 
the rolling circle and the line on which it rolls, and that the tangent passes through 
the other end of the diameter through the point of contact. 

(8) What does the hypocycloid of Fig. 120 become when r ~ IRl 

(9) Find the length from cusp to cusp of a cycloid, radius of rolling circle == a, 

(10) Find the radius of curvature at any point of the epicycloid whose para- 
metric equations are (X.ll) and (X.12). 

(11) Show that the gradient at any point of the epicycloid in the last example 

is ^ tan (0 h and that the length from cusp to cusp is 

dx ^ R 

(12) Find the length of the arc PF' of the cycloid (Fig. 118) in terms of r and v’. 

ds 

Show that if the length of the arc is s, then ^ IP'. Hence, prove that the radius 

of curvature at the point F is equal ^ ~ ^ ^ ' 

(13) Using the result of the last example, show that the evolute of the cycloid 
of Fig. 1 18 is an equal cycloid generated by a circle of radius r rolling on a straight 
line parallel to and at a distance 2/ below it. 
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(14) The equation of motion of a particle moving under gravity on a smooth 
d^s » 

curve in a vertical plane ^ ^ where s is the distance of the 


paiticle measured along the curve from its lowest point, and y) is the inclination 
of the tangent to the positive direction of OX. Show that if the cycloid of Fig. 1 1 8 
is rotated through 180® about OX^ the equation of motion of a particle on it is 


dt^ Aa 

with simple harmonic motion of periodic time 2rr 


^ = 0. Hence, using the result of Art. 38, sl^w that the particle moves 

M 


(15) A fiat piece of metal has two edges AB and BC at right-angles to each 
other. The metal moves in a plane so that AB always passes through a fixed 
point and B moves along a fixed straight line. Find the gUssette enveloped by 
the line BC. 

(16) Show that the space-centrode of the body in Ex. 15 is a parabola, and find 
the equation of the body-centrode referred to rectangular axes of which B is the 
origin and BA the axis of x. 

(17) A circle of radius a roils, without slipping, inside a circle of radius 4a. 
Show that, by a suitable choice of axes, the equation of the curve described by a 
point on the circumference of the rolling circle may be written 


jc == 4a cos'* 6, y ^ 4a sin^ 0 


and find the equation given by eliminating 6. If this curve be revolved about 
the x-axis, show that the surface area of the solid formed is I92na^l5. (U.L.) 

(18) If a circle of radius a rolls outside a circle of radius 3a, show that the locus 
traced out by a fixed point on the rolling circle is given by 

X = 4a cos 0 — a cos 40, j = 4a sin 0 — a sin 46 


the origin being the centre of the fixed circle. 

If r be the distance of a point on the locus from the centre of the fixed circle, 
and p the perpendicular from this centre to the tangent at the point, prove that 
^2 ~ 9^2 ^ 1 h (U.L.) 

(19) A circle rolls on and touches the outside of a fixed circle of radius a; 
show that the path of a point on the circumference of the roiling circle will be 
given by 

( X ” a(l r n) cos 6 — na cos 6 

; 

y ~ a(i + n) sin 6 — na sin — — 0 

( X - a(l “ n')cosd' { n'a cos ^ fl' 

n 

y = a(l ~ n!) sin 0' — na sin ^ 0' 


according as the fixed circle is outside or inside the rolling one, the radii of the 
latter being na and n'a respectively. If « = 3, find n' so that the curves may be 
identical and express d' in terms of 0. (U.L.) 

(20) Prove that, if the extremities B of a line of given length move upon 
two fixed straight lines OX^ O 7, inclined to one another at any angle, the motion 
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of any figure rigidly connected with AB can be produced by the roiling of a circle 
inside another of twice the radius. Hence, shov\ that the path relative to 0X^0 Y 
of any point rigidly connected with AB is in general an ellipse. CU.L.) 

(21) Prove that any displacement of a rigid two-dimensional body in its own 
plane can be effected either by a motion of simple translation or by a rotation 
about a point in the plane. 

A uniform rod of length lit has an exti emity A on a smooth horizontal plane, 
and the other extremity B on Si smooth wall making an angle 120'’ with the plane. 
Initially, the lod is perpendicular to the line of intersection of the wall and the 
plane, with the end A close to the foot of the wall, and the rod is allowed to slip 
down, always remaining in the same vertical plane. Find the angular velocity of 
the rod when its inclination to the horizontal is 30*^. (UX.) 

(22) P is a point at a distance c from the centre of a circle of radius r. Deduce 
the equation of the tiochoid which P describes as the circle rolls without slipping 
on a given straight line. Prove that at any instant the normal to the trochoid al 
P passes through the point of contact of the circle with the straight line. 

(23) Pro\e that in Fig. 119, if s' denote the length of the arc of the epicycloid 

measured from A to P, then s _ cos Hence, deduce that 

PI 2J 

the length of the epicycloid from cusp to cusp is ^ 

jR 

(24) A straight line is tangential to a circle, centre O and radius r, at a point A, 
and P is the point on the line in contact with A. The straight line is made to roll 
without slipping on the circle. Prove that the curve described by P is given by 
the equations 

X ^ r cos + r<f> sin y = r sin ^ cos 4^ 

the axes of x and y being along OA and perpendicular to OA respectively, and 
^ being the angle between OA and the radius through the point of contact of 
the line with the circle at any instant. 

(25) Prove that the total length of the four-cusped hypocycloid or astroid 
-f -= fl (Fig. 114) is 6/, and that the area it includes is IttP. 

(26) AB and AC are two rods rigidly connected together at A, If AB and AC 
always touch two fixed coplanar circles, determine the space-centrode and the 
body-centrode. Show that the locus of ^ is a limagon. See (29). 

(27) Two straight lines AB, AC intersect at an angle a, AB rolls without 
slipping on a circle, radius r, which lies in the plane of the lines. Prove that AC 
envelopes an involute of a concentric circle whose radius is /• sin a. 

(28) OX, O Y are two rectangular axes, and P is a point on O T such that 
OF ^ d, A straight line moves so as always to pass through P, and a fixed point 
Q on the line moves along OX, Find the position of the instantaneous centre at 
any instant, and prove that the space-centrode is a parabola. 

Show also that referred to QF as initial line and Q as qrigin, the equation of 
the body-centrode in polars hr ^ d sec^ 0. 

(29) On a straight line OA, 3 in. long, as diameter, construct a circle. Let P 
be any point on the circumference and let (r, 0) be the polar co-ordinates of P 
referred to O as pole and OA as initial line. The polar equation of the circle is 
then r = 3 cos 6. On OF produced take points Q and R such that FQ = 2 in. 
and FR 3 in. Plot the loci of Q and R for all positions of P on the circle. The 
locus of Q is the curve r 3 cos 6 + 2, which is called a liniagon, and the locus 
of R is the curve /* -- 3(1 q cos 0), which is called a cardiaid. Prove that if F' be 
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the other end of the diameter through P in any position of the line OP, then QP‘ 
and RP' are normals to the loci of Q and R respectively. 

(30) A circle of radius a rolls on the outside of another circle of the same 

ladius. Show that the polar equation of the path traced out by any point on the 
rolling circle is r la(l - cos the origin being the point of contact of the 
tracing point with the fixed circle, and the initial line the radius of this circle 
through the point. (U.L.) 

(31) Jf p be the perpendicular from the origin on the tangent at a point on the 
hypocycloid 

Y (a - h) cos 0 h 6 cos ^ ^ ^ 0 

y (tf — ^ ) sin 0 — ^ sin 0 
h 

distant / from the origin, prove that H -- /t and determine the constants 

A and B in terms of a and b. (U.L.) 

(32) A crank OQ rotates round O with constant angular velocity ca, and a 

connecting-rod QP is hinged to it at one end g, while the other end P moves 
along a fixed straight line OX. If PQ meets the perpendicular to or through 
O in R, prove that the angular velocity of PQ is proportional to QP, and that 
the velocity of P is proportional to OR. (U.L.) 

(33) Prove that the equations 

X ~ aO - a smO,y a - a cos 0 

represent the curve traced out by a point on the circumference of a circle rolling 
along a straight line. 

A uniform square lamina, of side a and mass m, resting on a smooth horizontal 
table, receives an impulse B at one corner parallel to a side. Find the instanta- 
neous centre of rotation, immediately after the impulse, and prove that the path 
of this point is a cycloid. (U.L.) 

(34) Two points in a plane lamina describe fixed straight lines in the same 
plane. Show that the glissetles generated by all points on a certain circle carried 
by the lamina are straight lines. 

(35) Find the glissette enveloped by a line carried by the lamina in the last 
example. 

(36) An ellipse moving in the plane YOX is always in contact with OX and 
0 Y. Find the glissette generated by the centre of the ellipse. 

(37) A crank OP rotates at a uniform angular velocity Oi about O. A second 
crank PQ rotates about P at a uniform angular velocity cug* The path described 
by Q is an epicyclic; show that it is also a roulette and discuss the c^ses (i) 
PQ > OP and ~ — Og, i.e, the angular velocities are equal but opposite, 
(ii) PQ < OP and - Wg, (iii) PQ = OP and Oi - - — (iv) a)i Og. 

(38) Cos ^ 6 cos - . cos ^ 4 sin - ^ , sin 0. By using this and the 

^ R y ^ 

corresponding expression for sin - 6 and making /* approach the limit 

infinity, obtain from (X.13) and (X,14) the equation of the involute of the circle 
AQD (Fig. 120) which passes through A. 

(39) Show that the length of an involute of a circle of radius r measured from 
the point in which the involute meets the circle is iW, where Q is the angle turned 
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through by the generating line, and / is the length of the arc over which contact 
has taken place. Show also that the length is 

(40) Two {Hilleys are joined by a crossed belt. If one pulley drives the other 
and there is no belt slip, show that any point on either of the straight portions of 
the belt traces out an involute of a circle relative to a plane surface attached to 
either pulley perpendicular to its axis and carried by it in its rotation. 

(41) Show that all involutes of the same circle are identical. 

(42) Prove that the polar equation of a parabola of latus-rectum 2/ is 
/* = U sec^ iO, the focus S being the pole and the initial line passing through 
vertex A, The parabola is made to roll without slipping on a given straight line, 
the vertex A being the initial point of contact. Show that if P, the point of 
contact at a subsequent instant, be the point (r, B) referred to the pole and initial 
line given above, then the tangent to the path of S is perpendicular to SP and 
makes an angle with the given straight line such that v» - 10. If 5 be the point 
{x, y) referred to rectangular axes along and perpendicular to the given line, 
the origin being at the initial point of contact, show that y J/ sec JO == J/ sec f ; 

2x 

hence, deduce that the path of S is the catenary y =- J/ cosh - j 

(43) A circle of radius r and centre C rolls without slipping on a straight line. 
Find the equation to the curve traced out by a point P carried by the rolling 
circle, the distance CP being c. Distinguish between the cases c < r,c ^ r^c >t\ 

(44) In Fig. 118 let the origin O be shifted to the vertex of the cycloid OLM^ 
the axes OX, O Y remaining parallel to their original directions, but the positive 
sense of O 7 being now downwards. Prove that the equations of the cycloid are 
a: = r(0 -h sin 0 ) and y -== r(l — cos B), Prove also that s - Ar sin v» (the 
‘"intrinsic” equation), s being the length of arc from the origin to any point P 
on the curve and y being the inclination of the tangent at P to the horizontal. 

(45) A circle of radius a rolls externally on a fixed circle of radius la. Show 
that, referred to axes through the centre of the fixed circle, the equations to the 
curve described by a point on the circumference of the rolling circle can be 
written in the form 

X — Za cos 0 — fl cos 30 
y = 3n sin 6 — a sin 30 

Prove also that in this curve p ^ 4a sin where p is the perpendicular from 

the origin on the tangent and ip is the angle the tangent makes with the axis OX 
of the above co-ordinates. (U.L.) 


12— (T. 6 io) 
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FIRST ORDER DIFFERENTIAL EQUATIONS 


130. Formation of Differential Equations. Suppose we have a 
relation / {x,y) = 0 which involves n arbitrary constants A, B, C, D, 
etc. We can, by successive differentiation with respect to x, obtain 
n other relations involving x and y, and the first n derivatives of y 
with respect to x as well as some or all of the n arbitrary constants. 
From these n + 1 relations we can eliminate the n constants A, B, 


u y 

C, D, etc. The resulting relation will involve ^ and will, in general, 


contain difterential coefficients of lower orders, but will not contain 


any of the arbitrary constants. Such a relation is known as a 
differential equation of the nth. order. As all differentiations are with 
respect to a single independent variable .v, the equation is known as 
an ordinary differential equation. 


EXAMPLE 1 

Form a differential equation which does not involve a from the relation 

= Aax ( 1 ) 

Differentiating with respect to x we have 

2y| = 4. . . . . (2) 


Eliminating a from this and (1) we Imve 



X 


^ = 2 . 
dx 2x 


(3) 


i 1 ) represents the family or group of parabolas whose vertices are at the origin 
and whose foci are situated on the axis of x, (3) represents a property common 
to all the curves of the family. What is this property? In Fig. 125 we have 
sketched several of the curves. FM is the ordinate and OM the abscissU for the 
point F on one of the curves, and FT is the tangent to the curve at F. The 
relation (3) means that 


the gradient of the tangent at F — ^ 


the ordinate at F 
X the abscissa at F 
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PM £ 

Tm' 

y V 

TM 

TM -2x 2 .OM 

all curves of the family, the subtangent is bisected by the origin. 



i.e. 

or 

from which 
Thus, for 


EXAMPLE 2 

A particle which moves with uniform acceleration / ft per sec per sec along a 
straight line for f sec moves through a distance s ft where a is given by 

s — Vo [ Uot h l/f- . . . . (1) 


ii„ initial velocity in feet per second and So ~ distance of particle from origin 
when jf ”= 0. Eliminate the constants .Vo and u^. 

Differentiating (1 ) with respect to / we have 


Differentiating again 


ll 

. (2) 

dt^ 'f ' 

. (3) 


Since (3) does not involve So and % it is the required relation. (3j is a second 
order differential equation. 



348 


PRACTICAL MATHEMATICS 


EXAMPLE 3 

From the relation -f- Ax -r By C = 0, form a differential equation 
which does not involve either A, or C. 


We have y^ ^ Ax -\- By n- C = 0 

Differentiate with respect to x 

■ • (1) 

2x + 2y|+^ + 5|=0 . . 

• (2) 

Differentiate again 



• (3) 

Differentiating a third time, we have 


dx dx^ ^ ibd (b? 

• (4) 


As (3) and (4) do not involve /I or C we obtain on eliminating B from (3) and 
(4) the required relation 



a third order differential equation. 

If a differential equation contains partial differential coefficients it 
is a partial differential equation. The order of a differential equation is 
that of the highest order of derivative present. The degree of a 
differential equation is that of the highest power of the highest order 
of derivative present. 

Differential equations are not usually formed in the manner indi- 
cated in Ex. 1, 2, and 3. They often arise in investigations in geometry 
and in applied science^ and are mathematical expressions correspond- 
ing to certain properties or laws. The equation (3) in Example 1 

dO 

expresses the property stated at the end of the example. is 

d^x 

the expression of the compound interest law. == — n^x is the 

expression of the relation between acceleration and displacement in 
simple harmonic motion, and states very clearly and tersely that the 
acceleration is proportional to the displacement and is always 
directed towards the point jc = 0. Each of the equations (1) in the 
above examples is known as the primitive of the corresponding 
differential equation. The primitive is, of course, the solution of the 
corresponding differential equation. 
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We saw above that a primitive involving n arbitrary constants gives 
rise to a differential equation of the nth order. Conversely, the solu- 
tion of a differential equation of the nth order involving no arbitrary 
constants is a relation between the variables involving n arbitrary 
constants. This is the complete solution. ^ Any solution involving less 
than n arbitrary constants is a particular solution. In this chapter we 
shall deal only with equations of the first order and the first degree, 
of which the general form is 

/’J + e = o . . . {xi.D 


where P and Q are functions of .x: and y. 

If P and Q are single-valued continuous functions of x and y, and 
we substitute any two values of x andy in (XLl) we obtain a single 


dy 

value of Thus, with any point (x,y) there is associated a direction, 
dy 

i.e. that given by The relation between x and y is represented. 


therefore, by a family of non-intersecting curves, one of which passes 
through every point in the xy plane. If P and Q are not single- valued 
functions there will be two or more of the curves of the family passing 
through any given point. 


First Order Differential Equations 


131. Solution of the Equation when the Variables are Separable. 
We have assumed that P and Q are both functions of x and y. We 
shall first consider the cases in which either one or both of the 
variables is absent from both P and Q. 

(1) y absent. In this case P and Q are both functions of x and 


<k 

dx 



the solution of which is 


y = .f Fix)dx + C . . . (XI.2) 


where C is a constant. 

If X is absent also, then — ^ is a constant k, say, and the solution 
is y = + C. 

(2) X absent. Here (XI. 1) becomes 


Q dx 


I, or, writing F(y} for — 


P 

Q' 
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EXAMPLE 1 


F(y'^ — 1, the solution of which is 
SFiy)dy = X + C . 




(XI.3) 


Here y is absent. Transposing and rearranging, we have 


dx 


l + x 


= - 1 + ' 


1-a: * ' l-x 

Integrating directly, y = — x — 2 log (1 — x) + c. 

EXAMPLE 2 

Isochronous Governor, In the theory of governing it is shown that in an 
isochronous governor the balls must move on a curve whose subnormal is 
constant, the axis of x being the axis of rotation. Find the equation to the curve. 

dy 

We saw in Art. 76 that the subnormal is equal to y — . Let n be the constant 
length of the subnormal. Then ^ 


dy 

y-ic 


and integrating 
or 

from which 


fy dy = fa dx ~h c 
iy^ ax -h c 
/ == 2ax + 2c 

which is the equation to a parabola. Taking the origin at the lowest point of 
the graph, the x-axis being vertical, we have x = 0 when y. — 0. Thus, c = 0 
and the equation is 

y^ = 2ax 

EXAMPLE 3 

A rocket moves verticdly upwards with initial velocity U. During the ascent, 
matter is continuously ejected vertically downwards with constant velocity u 
relative to the rocket, the mm of the rocket at time t being M(1 + Tf /c® 

is neglected, show that the rocket will ascend to a height 1 + 2 ”/ 


Let V be the velocity and x the height of the rocket at time t. Since 


(U.L.) 


== 1 + 


Mass 


|2 


M 


we have, neglecting k\ etc. 


(2^ AO 


The rate at which momentum is given to the ejected matter is 


' (mass) X u = 


kMu 

8 
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The rocket exerts a force ol this magnitude on the ejected matter, and the reaction 
on the rocket is therefore an upwards force of the same magnitude. The force in 
the direction of motion is the excess of this force over the weight of the rocket, 

i.e. — M{2 - ki). The equation of motion is, therefore, since force ^ mass 

o 

X acceleration. 


kMii 


Mil- kt) 

dv 
It ' 


M ^ 

-a 

s 

ku 

2- kf 


kt) 


(1) 


Now 


^ku 


2 


/ kt\ ku 

y " 'Ty neglecting and higher powers of k. 


Hence, 


dv 

di' 




{ 2 ) 


ku 


Thus there is a constant retardation of magnitude g — It is proved in 

, , . , , . . . , . , (initial velocity)^ 

elementary dynamics that the maximum height attained is -z — 

If ^is the greatest height attained, we have then ^ retardation 


H 






~2gV 2gJ 


El( 

Zg\ 


1 + 


ki4'\ 

~ j neglecting k^, etc. 


(Note. The statement in this example that may be neglected is open to 

objection; the term involving A:® also involves and for large values of t it is 

possible for the term for example, to be greater than the term kt. The 

result given should not be accepted without some consideration of the error 
involved in the approximation.) 


dy 

(3) Equations of the type f{y) ~ = 0 in which both x andy 

are present but the variables are separable. If one or both of the func- 
tions P and Q involves x and v it may still be possible to express 
p f(y) 

— in the form In such case (XI.l) becomes 

2 9W 


fiy)^ + <Kx)==0 . . {XI.4) 


the solution of which is 

tf(y)dy:^ m)dx^c . . (XI.5) 



352 


PRACTICAL MATHEMATICS 


EXAMPLE 4 

Solve xO + + (1 - x)y = 0 

Dividing through by xy, we have 

log;? + y-hlogx- X c 

or y- jc + logjrj- c - 0 

EXAMPLE 5 

dy 

Solve A* cos y ^ + sin j = 0 

We put this equation in the form (XI.4) by dividing through by Asinj. 

We have cos ydy 1 . 

" 7 } — h = 0 

smy dx x 

and integrating log sin y + log a = log C 

where log C is an arbitrary constant, 

C 

or smy = — 

EXAMPLE 6 

Solve (1 +x) J+(I-j') = 0 

Dividing through by (1 + a) (1 — y) we have 

l-ydx^i+x ” 

Integrating we have fj'Z^ + JfTa ~ ^ 

i.e. ~ loge (1 - y) -h loge (1 + a) - !oge A, where iog^ A - C 

t ^ t 

or ^(1 - j^) = 1 -f 

the equation to a straight line whose intercept is greater by unity than its gradient. 


132. Homogeneous Equations ate equations of the type (XI.l) 
in which P and Q are homogeneous functions of x and both 
functions being of the same degree. The method of solution is to 

substitute ;•= vx. J becomes ^ (w) = V + and - 1 becomes 
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a function of v. In this case the equation (XL I) reduces to an equation 
of the type 

dv 


which can be solved by separating the variables, thus 

F{y)-v 


1 


dx 

dv 


or 

whence 

EXAMPLE 1 
Solve 


1 


F{y) — V dx X 
dv 

; = lOge-V + C 


F(V)- 


dy 


f + (?xy + = 0 


dy 

This becomes on transposition ^ 

. , dy dv ^ ^ , 

Writing y = v;c, we have^ = v + and substituting 


V + . 


Transposing, we have 
or by partial fractions 


dv 

TCT' - 
dx 

^dx 


3v -f 1 
4v^ + ' 


3v + 1 

4v® -f V 
■ IvTT 

» 

X 


\v 4v 4- 1/ 


dv 


\v 4v 1/ dx X 

and integrating 

log, V - i log, (4v + 1) = - log, JC + log, C 
or 4 log, v~ log, (4v + 1) = — 4 log, X + 4 log, C 

A 

whence ~ 5?^ writing A for CK 

y 

Now, putting V — and simplifying, we have 

^ A l) as the solution. 


(XL6) 
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Equations m v^hith P and Q are linear tunctions of \ and ;; can 
generally be made homogeneous by the substitution of X + h for 
\ and 7 i A for > where h and ^ are suitably chosen This method 
IS shown in the next example 


fcXAMPLL 2 


St>Ke the equation 


dx 


1\ Jx 1 
'Sy lx 3 


Substitute \ h loi \ ind K / foi y Then since A A' 

y d\ £/> , . 

\\ anavuhivt 

ax d \ 


i\x and A Y 


d) 7> 3\ 7/ - 3// 7 
d\ - 3> -r IK- Ik I 7//H 3 

Now choose h and A so that the terms independent ot X and V disappeai 
from both numerator and denominator 

hoi this uc must base Ik 3/i 7 0 

and U 7A 3 0 

ind solving toi h and A we have AO/ 1 
Substituting these values we have the homogeneous equation 


^ 7> IX 

dX 3 7"^ IX 


Put > 


\ I ds before and 

dv 
dX 

h d\ 

I Tx 


\ 


/ 2 M 

Vi 1 1 1/ 


d\ 
dX 

BymUgrition 2!og(i \) 


lx 3 
3i 7 

J ^ 3(v 1) 

3W 7 7 3i 

and by partial ft actions 

3 

X 

5 log (i 1) 3 log A' log C fiom which 


CX^ 

(V h 17 

{r-x)^_ 

(Y+Xf 

l OT V y — I The solution becomes then 
U C(y r r ir 


Now \ \ and \ 

ii 


X 
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133 Exact Equations; If u is \ function of ^ ind i 
by (V 5) 


If now we wiite 


this becomes 


^ du , Dw , 

du — :r d\ ^ d\ 

d\ Dv 


„ du J ^ dli 

P a-and0 


du Pd\ ^ Qd) 

If then we have an equation of the type 

Pd\ f Qd^ “ 0 

where we can find u, so that 

^ ^ ^ du 

P ” and 0 = 

d\ 


we have 
(XI 7) 


(XI S) 


we have du 0 

or u == C as the solution of (XI 8) 

A differential equation such as {XI 8), which can be formed by 
direct differentiation of a primitive without any subsequent operation 
being performed on it, is known as an e;{act equation and the quantity 
Pdx [" Qd\ or du is known as a perfect or complete differential 


Example 1 

Solve the difterential equation 2(x h y)dx i 2(>c: - y)dy 0 

If the equation is exact we have — 2{x ^ >) and ^ ~ — j) Careful 

^ Bx Dj 

inspection will show that these are the partial differential coefficients ol 
w X 2xv V 
Hence the solution is u c, oi 

X ^ 2x\ — ) c 


EXAMPLE 2 

Solve {x 4 log y)dy ^ ydx 0 

If this IS exact, we have 

Bu .Bu , 

— y and — ^ X r logy 

Bx B) 

and by inspection // y logy y H X) and the solution is u t or 
y(Iog V ^ 1 + x) - c 
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riic reader will notice that in the last two examples we have 
guessed the form of the function u. We could have proceeded thus : 

In Ex. 1, integrating 2{x ^ v) we have u = .y® + 2xv -h/i(j). 

Similarly, finding u from - 2(x— v) we have u-lxy — y^ 

^ Comparing these expressions for u, we see that fAx) must 
be and f\{y) must be — so that u - x^ + 2yv — In Ex. 2, 

\ log \\ from which u xy t r log v — y + fiix) and 

i)ii 

r Irom which u \v /i(v). By comparison, we see that 

J^ix) 0 and /,( v) - y log r - v, so that u — jr log y — y + xy as 
before. 

The above method of solution applies only to exact equations. 
Sometimes an equation can be made exact by multiplying through 
both sides by a factor. We have not the space to devote to the 
methods of doing this, for which we refer readers to treatises on 
differential equations. It is, however, obvious that xdy — ydx — O 
is made exact by division of both sides by .x* for, doing this, we 
obtain 

xdy — ydx 
x^ ~ ^ 

dy 

X-r — V 

• . dx ^ 


Hence, - =- C or y — Cx is the solution. 

A particular case of the use of integrating factors is dealt with in 
the next section. 


c? W dU 

we have from the conditions P — ^ and 


the relation 


dy ~ dx 


(X.I9) 
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This relation provides a test for exact equations. If, and only if, 
the values of P and Q in (XL8) satisfy the condition (XL9), the 
former is an exact equation. The reader should apply the test to 
each of the equations solved in this section. 

If P and Q in P clx 4 * Q dy satisfy the condition (XI.9), then 
P dx + Q dy is n perfect differential. 

134. Linear Differential Equations of the First Order. When the 
dependent variable and its derivative occur in an equation only in 
the first degree the equation is known as a linear equation. The 
typical linear equation of the first order is 

%+Py-Q • • • (xi.io) 

where P and Q may be either constants or functions of x, or one a 
constant and the other a function of .v. If P and Q are both constants 
the equation may be solved by separating the variables thus 



P 


from which, by integration, 

log, - -f) == - 

whence y — Ae + ^ . . (XI.ll) 

The general method of solution of (XI. 10) is by means of an 
integrating factor. If the equation is written as 

dy Py dx — Q dx . . ■ (XI. 12) 

it is clear from the form of the left-hand side that the integrating 
factor is a function of x alone, because dy appears in the first term 
and y in the second. Let f(x) be the integrating factor. Multiply 
through by/(jc) in (XI. 12), then 

/ {x)dy -f PJ (x)y dx — Qf (x) dx . (XL 13) 
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(XI 14) 


We have assumed that the lett-hand side is a perfect differential, 
tiid so the test (XI 9) applies Applying this test, we have 

PJ^^) 

As \ IS the only sanable involved, we may write this 

Integraimg we have 

log /(v) \ Pcl\ 

or /(x) 

which IS an integiating iactoi ol (XI 12) or (XI 10) We have omitted 
the constant ot integration as we only need a particular solution ot 
{XI 14) (The reader will see, however, that if is a constant, 
is also an integrating factor ) 

When solving (XI 10), therefore, we multiply each side by the 
mtegralmg factor We then have 

4 I - Qei‘‘‘ 


or {e^‘ >) = 

and, integrating, i — J dx + A 

or } A] (XIIS) 


FXAMPLE I 
Integrate ^ 


\ V 0 


HeieP V \Pd\ 


and the integrating factor is e 


Multiplying thiough by this we have 


y) = o 


whence 



FIRST ORDER DIFFLRhNTIAl EQUATIONS 


359 


LXAMPLL 2 


Solve (I \y \ 

d\ 

Dividing thiough by (1 x) this butomes 

V I 

1 % ^ 1 V 

Heie P j \Pih ilogd { \)dndLJ^^^ 

V 1 + ^ which is the mtegiatmg fictor Multiplying thiough by this 

1 

A 1 X 


\ 1 


■ ^ 
dx 


\ i ^ \ 


and integidtmg 
whence 


f^iyVl , v») 

1 

A 1 7 


yv 1 1 \ 

sinh ^ \ C 



sinh ^ \ ( 

i 

A 1 \ \ 1 

X 


FXAMPLfc 3 

Solve ^ ny 
dx 

Here P — — I Pdx nx^ and the integrating factoi is e 
Multiplying through by this we have 





iX 


and integrating 

^ ^a— H)l 

oL— n 

and 

y = — L_ Ce^ 

a— n 


135. Some Important First Order Differential Equations. 

EXAMPLE 1 

The Decay Function The amount of a given substance taking part m a chemical 

leaction is x grammes t seconds after the reaction has commenced If ~ - kx 

where A is a constant and x — a when f — 0, find x as a function of t 
dx 

— — Ajc IS an equation of the type of case (2), Ait 1 31 (It also falls under 

other cases ) Dividing both sides by x 

X dt 
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m 

hence 

01 

When t 0, i Uy there 


dx kt C 

J X 

log \ -kt \ log. A, wheie log, C 
X 4e 


and X ae 

We i>aw ui Ar 1 . 98 that as t inci eases by equal increments, x decreases by fixed 
ti actions, if then half the substance disappears in T sec from the start, three- 
cfuaitcrs (1 - 1 ) of it will disappear in 2 rsec, seven-eighths (J + 1 + J) will 
disappeai in3/ sec,elc.(i 1 * \ - iV + . . . to « terms) being the fraction 
of It which will disappcai in nT sec. A simpler way of stating this is that the 

traction of the substance will be left present after wTsec from the start of 

the reaction. 

EXAMPLE 2 

Temion m a Belt. If / is the tension at any part of a belt just slipping over the 
surface of a pulley, and 0 is the angle subtended at the centre of the pulley by the 
piece of the belt between the points where the tension is T and the point at which 

the belt first makes contact with the pulley, we have the relation^ — fiT where 

/I is the coefficient of faction and is the least tension in the belt. 

This example is of the same type as the last. It becomes on transposition 

IdT _ 

TS '' 

J-r- 

log. 

Hence, 

r 

Since the least tension occurs when = 0 we have To when 0 — 0. 
Substituting these, To-- A 

and 

EXAMPLE 3 

Rod wider Uniform Stress. A straight lod of homogeneous material of length 
/ in, and of circular section is suspended vertically, and carries a load of W lb at 
its lower end (Fig. 126). If the material of the rod weighs w lb per in.® and the 
tensile stress in the material of the rod Is everywhere equal to fo lb per m.\ find 
the radius of the rod at a depth r in. below the upjjer end. 

Consider the piece of rod between two horiaontal planes at distances x and 
Ajt in. respectively below the upper end (Fig. 126). Let 7 and y + Ay be 
the radii in inches respectively of these sections. (It is clear from the conditions 


i.e. 

where /f is a constant. 


,dT- 

T~- 


J imB I C 

* tiQ H- log, A 
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of the problem that tly is negative.) The forces acting on the element of volume 
aie — 

(1) An upwaid force on the uppei face of magnitude Try /;, lb. 

(2) A down'ward force on the lower face of magnitude iriy i lb. 

(3) A downward force equal to the weight of lb. 

For equilibrium we have therefore 

'rry% — ^(y -f Aj)8/o - wy** A.V . W - 0 

or ZyAyfo^ M-^yy I h^/Ax: 0 
Dividing by A\ we have 


and in the limit when Ar ~> 0, Ay -> 

a 


0 

0,and 


2jA 

2 /. 


dx 

dx 


wy^ - 0 
+ wy 0 


This IS the differential equation whose 
solution is required. It may be solved by 
separating the vaiiables or by means of an 
integrating factor, the former being the 
simpler method. Dividing thiough by 2/o 
and transposing 

dy w 
dx 
1 dy 
ydx 

and integrating, 

log,i ^x-i log, A 


2/o" 

w 

'2/0 

w 

2/i 



whence y Ae ' 

If r is the radius at its uppei end, then y = /* when — 0, and substituting, 
r = Ae^ A ^ r 


and y = 

gives the shape of the rod. 

If s is the radius at the lower end, then 


w 

2fl^ 


Now 


ns% 1^, or 5 = 

jw 


•/t 

J: 


^/o 
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The uidjus v of the rod at a depth a in. below the upper end is then given by 

w 
,e 

■«) 


— w , 


lE i<' 


EXAMPLE 4 

Parabolic Cham Cwve, A pair of chains supported at the same level at both 
ends carry a suspension bridge. The weight of the bridge and chains is equally 
distributed horizontally, i.e. each length of chain whose horizontal projection is 
1 ft in length carries the same load. Show that the shape of the chain is a parabola 
and find an expression for the tension at any point of a chain. 

Let L ft be the total span and W lb the total load. Then the load per foot on 
W 

one chain is — lb. Consider the equilibrium of the piece of chain OP (Fig. 127) 

JtJLi 

where O is the lowest point in the chain. Take O as origin, OM the tangent at 
0 as the axis of X, and the vertical through O as the axis of F. Let a, y be the 

W 

co-ordinates of P. Then the load on OP is — x x and OP is in equilibrium under 

the action of the three forces: (1) the tension T^lh along the tangent at O, (2) the 

Wx 

tension Tib along the tangent at P, and (3) the weight — lb acting along a 
vertical line halfway between O Y and MP. 

Let the line of action of (3) cut OX in N. Then ON — NM = Since the 

three forces are in equilibrium they meet in a point, and the line of action of T 
passes thiough M Thus NP is the tangent to the curve of the chain at P. Hence, 
we have 

gradient of tangent at P 

X 
2 

X 

have 

1 

a: 

'= 2log,x 
== 2log,x 
- Ax^ 

which shows that the chain hangs in the form of a parabola. 

This equation can be obtained from the triangle of forces PMN thus: 
Wx 

Since PVf represents the force r~ Ib and MN represents the force of To lb. 


-f C 

f log, A where log^ A ^ C 


civ 

J\ 


- i 

Separating the variables, we 
1 cty 
ydx 
log.j 

i.e. log. 7 

This becomes y 
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m 


FM 


we have .... 
NM 

y - Ax'^ if A 
WL 


Wx 

2L 


iVx^ 

4LT,; 


, which IS the saaic as 


PM 2y 
Bui .rr^ 

7 0 NM X ' 

]y / 

. If ,S IS the sag m the middle, y S when a - —and 
^L>1 (, * 2 

^ WL 

l6r„ ” 165 

From the triangle of forces PMN we have PN^ PM^ ^ NM\ or 

y. I 



Fig. 127 

The maximum tension occurs at the ends where x - 
Tmtii *=* J To® 


m 

16 


W 

4 


j 


1+-V 

165® 


^Vl-+ 16 S* 



EXAMPLE 5 

Resisted Motion. A particle falls freely under gravity from a great height, 
there being a resistance proportional to (1) the velocity, (2) the square of the 
velocity. Show that, in each case, the velocity approaches a certain limiting 
value, and find expressions for the ^stance x ft travelled by the particle in terms 
of the time t sec occupied by the motion. 

Using engineers* units, we assume that Wlb is the weight of the particle and 

y — — its velocity in feet per second. 
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(I) Then, if the resibtance to motion Rib varies as the velocity, we have 
R k - - V where k is constant, and p is the acceleration due to gravity in feet 

g 

per second per second. Since the weight acts vertically downwards and the 
resistance opposes this, the equation of motion is 

Force ~ mass x acceleration 


01 “7 -r 

dt * 

From this — ~ ~ - A 
g— kv dt 

and integrating, iog(^i^ - Av) - - A/ + log, A 
whence g ~ k\ 

or 

k 

Now V ~ 0 when r -- 0 if the particle starts from rest, hence, 
0 -|(^-4)or4 -g 

and (2) becomes v - ^ (1 — e-^) 

k 


from which wc see that v approaches the limiting value ^ as / approaches infinity. 

V - I is known as the terminal velocity of the particle, though this velocity is 

never actually reached* To find the relation between x and t we write — for v 
in (3) and integrate directly, thus, 

x = C(i 


As -- 0 when t = 0, 




“f Cand C = 




By eliminating / between (3) and (4), we can obtain the relation between 
X and V* The required relation can, however, be obtained much more directly 
by the following method— 

Since- (1) maybewntten 
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165 


? dx 

k ^ 

Let Vo — f be the terminal velocity. Then (5) becomes 
A 

V dv g 

V(i - V dx i„ 


(-11 

\ \’o " v/ dx 


and integrating, — v— Vylog^Cvo i) - - v - C 
If V 0 when a: — 0, ~ Vy log Vo C and substituting in (6) 
- V + Vo log — — = £. jc 

Vo- V Vo 


;C ^^“(volOg—^'- v) 
sr\ ® Vft - - V / 


is the relation between x and v. 

(2) If the resistance is proportional to v\ put R resistance in pounds 
^ — V®. The equation of motion is 

(7) 

.... < 8 , 

or — ? — ~ = A: where Vo ~ /f . By partial fractions we have 

Vo® ~ V® fift Nk'' 


tVn \Vft — 1 


Vo^-v® 2vo\Vo-v Vo-fv- 


Hence (8) becomes 


Wo+v Vq— v/ dt 


1 ^ tfv ^ j 

— v/ dt 


and integrating, log^ - 2voArf 4 log* A 

from which 


If V = 0 when / — 0, 
and therefore 


A 
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Sol\m4 il*^**^ ^ 


\i it e ^ U 
^ tanh \(J^t 


\s / appioachts inlimt> tliu valut of tanh ^ approacheb unity Hence 

)<, IS the tciminal \elocitv It is obvious otheiwise that is the terminal 

\elocit}, for it i yj in (7), the acceleiation is zeio and the particle will move 

with uniform velocity Actually the particle never attains it* terminal velocity 
as it would icquuc an inhnite time to do so To find i in teims of x we write 

\ , tor ill (S), oDi lining 

a\ (it 

'1 ^(1 ■) 


A dr T^) 


This becomes 


whence on integiatmg. 


Since 1 0 when v 0, 

and 


r) — — 2 Ax ^ log 4 
I 4e Mr 

l lo“ 

0 lo - 4 

Vj-(1 ^ 


which again shows that the terminal velocity is Vo and that it is acquired m falling 
through an infinite distance A relation between x and t can be obtained by 

writing ^ for v m (9) and integrating, or by eliminating v between (9) and (10) 

Using this method we h^se 


Uah*^ 

V| 
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which IS the icquirtd lelation Since I tanh* u scch-* u this simpliiies to 

I 

sech ~ ^ 

>( 

/( 

tiom which cosh^ e 

h 

or X log cosh ^ 

EXAMPLE 6 

Induced Cm tent Solve the equation Ri E where L and R are 

constants, for the following values of £ (1) £ 0 <2) £ Fq {a. constant), 

(3) E — Easmot 

This equation give^ the law of induced currents ot electacity, and is ot the type 
dealt with in Art 134 Dividing through by L, the equation becomes 


di R £ 

dt I ' / 


(1) 


The integrating tactoi is t ^ 


O! 


m if 

f di R i 

dt I 
U 

d . h . 
/) 
dt 


Integrating we have i 

where is a constant Thus 


it 

Muhipl>ing ihiough bv this 
ht 

Ee^ 

L 

M 

Pel 

I 

ht 

I \£i^ dt \ 


ht 

J 


ht 

h ^ dt ic 


it 

i 


a) 


(3) 


(1) £- 0 In this case the integral reduces to zeio {icmember that i is the 
constant of integration) and (3) reduces to 

Rt 

I Ac ^ (4) 


This gives the relation between the current i ampeies and the time / seconds m 
a circuit of resistance R ohms and inductance L heniys, t seconds after the circuit 
IS broken Since i — A when t 0, ^ is the value of the current at the instant 
when the circuit is broken 
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(2) L L In this case we have 

m u 

I "T E,LJ 

I ^ e \ ^ 


If/ Ovvhtn/ 0 then 0 


m 

Hence f ^ 

K 

This gives the curient / in a circuit such as that m (1) t seconds after the circuit 
U 

IS made t ^ steadily tends to the value 7ero as t increases and the current tends 

r 

to the value ” 

K 

(3) £ £i%mut Substituting m (3), 

I ^ I FoSinto/ dt ^ Ae (7) 


By the methods of Art 53, the \aiue of | smeot e dt is found to be 

sin (<wr— a) where a = tan“^~ Substituting this m (7), 

Rt m m 

i ' £ LEq Jj , , X . ^ 

/ — e — ' — -r. e sm (cot — a) + 

£ ^ r 


or i =~ sm (o/ - a) 4e (8) 

V £*• {- (t)H “ 

As r increases, the value of the second term on the right decreases, until after 
a time it becomes negligible and 

/ — L-Jil sin {a>t — a), where a — (9) 

V 4* 0)-!^ £ 

[Discharge of a Condenser A similar problem to (1) above is that of the 
discharge of a condenser of capacity C through a resistance R If ^ is the charge 
in the condense! at time t the relation is 

1 n 
^dt '' C~ ^ 

This corresponds to case (1) of Ex 6, and the solution is by comparison 

~ CR 
q^q,e 

where is the original charge at time / - 0 ] 
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bXAMPLE 7 

Stress m a Thick Cylinder When investigating the stiess m the matcuai of a 
thick cylindei subjected to mteinal pitssure we obtain the lelalions 

dp 

p > a, ‘I <’> 


wheie p and q aie the ladial stiess and the uicumiutntial sticss iLsputively in 
pounds pel squaic inch (each positive when the stress is tensile), / is the radius in 
inches, and « is a constant Expiess p and q as functions of ; , and deteiminc the 
constants in these expicssions loi the case of a cyiindci ot external ladius /?, in 
and internal ladius R in undei inteinal pressure/? and no extcinil pitssuic 
Eliminating q fiom (I ) and (2) we hue 

P ‘j, P 


dp 2 dr 

or, separating the variables, — 

op f 

Integrating, — log (<7 — ~ 2 log^ / — loge 6 

— loge b being the constant of integiation 

\ogAa-p) = loge b-2 log, r 

b 


1 e 

" P-, 



b 

(3) 

01 

p-a-- 

From (2) 

b 

q z=s Q A — 

(4) 


a and b are arbitrary constants whose values are determined fiom the conditions 
to which the formulae are applied Thus, m the given case p — — po when 
/ = and p ~ 0 when r — Ri Substitutmg these m turn in (3) 


and 

from which a and b are found 


° P" Itt> - Rj!‘ * P" - Jit- 



0 
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/ 





The nuximum urcumfeicntial stress 
/f Htixc Irom (5) 

/ei 

/’■ 


_ /^0^2 ( j 

AV - Aa V 

occurs when / 

R 

H 



IS least, 


(^) 

le when 
( 6 ) 


I WMPI h S 


Motion of a Ship It is assumed that the lesl^tance of the water to the motion 
of a ship IS pioportional lo the square of the speed of the ship It is found that 
when the engines are stopped the speed of the ship is leduced fiom 12 knots to 
^ knots in 20 minutes C aLulate the hoise-powei necessary to propel the ship at 
a constant speed ol 1 2 knots the mass of the ship being 5 000 tons [1 knot is a 
speed ot 6 OSO tt pei hi ] (U L ) 


12 knots 


12 6 0S0 feet 304^ 

60 60 second 15 


3 knots 


76 

15 


ft per sec 


1 et A Ib be the lesistance to motion Since R or v% we may put R — kM\^ 
where M is the mass in pounds and A is a constant v is the speed in feet per second 
The equation ot motion is 

Force mass \ acceleration 


AMv“ 


M 


lit 


t being the time m seconds From this 


Integrating 
Since / 0 when v 

When r - I 200 , 1 e 


1 

x-dt ^ 


C 


304 

15’ 


kgt 


11 

304 


76 


after 20 mmutes, v ^ hence, substituting, 


‘|= 1 200A^ 


b 


il 

304 




1 

1200 


y 


il 

304 


45 

1 200 > 304 \ 32 




3 

80 X 304 X 32 


fiom which 
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v\ 


1 Ik icMst ince /? ^iven hv 
R - kM\ 


and 


Powei “ 


work done per sec in ft-lb 
550 ft-lb pei see 


AAA'* 

550 


3^ 5000 N 2 240 304^ 

550 ^ SO 304 32 15* 


653 h p neailv 


r XAMPLF 9 

Comcctnc Lqmhhtiwn of the Atmosphac bind the i elation between the 
pies>uie p lb per ft- and the height h ft above sea-level of the atmospheie which 
IS assumed to be stationai) 

I et H lb be the weight of a cubic foot of an at a pressuie of p lb pei ft- It is 

easy to piove, and is proved m textbooks of mechanics, that u This is 

the difterential equation with which we start, but as thiee vaiiablcs are involved, 
we require some other relation 

(1) Assume that the temperature is constant throughout the atmospheie In 
this case, if v is the volume of 1 lb of air and this an is supposed to be moved 
about from place to place, any expansion or conti action will tollow Boyle’s Law, 
p\ k wheie A is a constant This, then, is our second i elation 


Also 

n 

\ 

We have then 

dp 

dh 

» 

or 

idp 

pdh 

1 

A 

and integiating, 

log^/ 

r/' 

A 

01 

p 

Ae 


Now A ~ and if po the pressure at sea-level and Wo lb the weight of 


a cubic foot of air at sea-level, we have k 


.Si 


Substituting this 


p^Ae ^ 

Since p pa when h — 0, po = or A - 


po and 


is the required law 
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(2) Assume that the temperature is not constant, in which case the law con- 
necting p and V is not pv ^ k but /7v” = k where n is some number other than 
unity. The assumption of constant temperature is obviously absurd, being 
contrary to our experience that the temperature of the atmosphere varies greatly 
with change of altitude. It is probable that the law connecting pressure and 
volume is very nearly the adiabatic law of expansion, which is in the case of air 
k approximately. 

in this case, ^ ™ ^ Substituting 

for V in terms of p, we have 

2 

dp _ 

dh 1 

kn 


or 


1 





and integrating, 



i 


4- A 


When h — 0,p ^ pQ, and substituting in the above, 

« — 1 



Substituting for we find that 


W “ t M - 1 





i n - 1 w - 1 

Solving this for h, h — (jPo ^ — p ^ ) 


or since = — 

From this the pressure at any height may be calculated if the pressure and the 
density at sea-ievei are given. Now, for a perfect gas we have the law pv = Rt 
where t is the absolute temperature, and ’ 

^£.(Ss)» ^£L^3L^L 

Vo'^ Po^P^ Pi>% Rti h 
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Hence, substituting in (1) and writing — /?/„ 

^0 


h 


1 \ tj 


from which 


/-/o- 


n- 1 
Rn 


h 


This relation shows that the temperature falls by equal amounts for equal 
increases of the height* 


136. Orthogonal Trajectories. If two families of curves are such 
that each member of either family intersects at right angles every 
member of the other family, the members of one family are known 
as the orthogonal trajectories of the other. 

Let (XL16) 

represent one family of curves, c being an arbitrary constant or 
parameter. We can form from (XL 16), by the method of Art. 130, 
a first order differential equation which is independent of c. Let 
this equation be 

(*•>'■*)=" ■ ■ ■ 


At a point of intersection of a curve represented by (XL 16) and 
its orthogonal trajectory the gradient of the latter is 

jdy 


1 


dx 




where ^ is the gradient of the former curve at that point. The values 

I dy 

of X and V are the same for both curves. Hence, if we write 1 ^ 
dv 

for ~ in (XL 17) we shall obtain the differential equation of the 

family of orthogonal trajectories of the family represented by (XL 1 6). 
This equation is, therefore, 


EXAMPLE 1 


Find the equation of the system of orthogonal trajectories of the family of 
curves 

Differentiating both sides of the given equation with respect to at, we have 




m 
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dy jd\ 

svhich 1 the ditttiLitii x\ tqualion ot the gjsen tamil)' Changing ^ into I j — , 

\H obtain the diiluenlul equation ot the tarnil) of oithogonal trajectoiies, i e 

d\ \ ih dx 
, oi — 0 

Integrating we have log \ log x log A where ^4 is a eonstant, fiom which 
I 


Both systems oi euivcs are rcetangulai hypeibolas The reader should sketch 
their graphs 


IXAMPIl 2 

hind the oithogonal uajeetoiies of the system ot parabolas v 
1 he pirabolas of the s\stcm have all the same veitex and the same axis We 
have on dincienliaiion 


I linnnaung a between this and the given equation. 




d]r 

ih 


\ 


2x \ is the ditleiential equation ot the system of paiabolas 


Changing ^ into ~ I we have 

th 2\ 

(h 1 

as the dilTeientiai equation ot the orthogonal tiajeetoiies 
Hence, } d} ^ 2\d\ 0 

liom which 2x x- c- 

c being a constant Thus the orthogonal tiajectones form a system of ellipses of 
semi-axes and c wheic < is a variable paiameter 


EXAMPLES XI 

(1) hoim a difterential equation which does not involve eithei a oi b fiom the 

ielation(y a)^ \ h 

(2) If X 4sinv i^eosx, ioim a second order differential equation 
independent of A and B 

(3) If j ^ sin m i B cos mx r C sinh mx ^ D cosh wa, show that 
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Solve the tollovving clifleiential equations 
ch 

(5) 2xf^ ) 0 


(8)j^-v 0 


(9) ^ at- bt c 


UO) ^ J Q)r wheic f) is constant and / 2a cos o^t 
ily 

(ID (I v)^ I X- 

1 f^} 

(12,-^ . 


(14) ^ 

^/;c jc- - 1 

(15) \a--'V- 
d\ 

(,6)!^^_cosx 
1 -f w/x 


Solve the homogeneous differential equations- 

as)^ - 5^; 

(x t y) 

(19) = 1- )•* 


dx bx — c/ 

m\ & =.yl±}^ 

^ die 

(22) S = ^-±X' 

^ * dx xy 

Solve the exact equations. (23) to (26). 

(23) (x4 ^y)dy i (v ^ \)dx-=(i 
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(24) Ov \)(i\ i(n \)il\ 0 

{ "^S) (sia \ \ cos \ \)ih 0 cos \ sin i \)d\ 0 

(26) tl\ il\ 0 

\ 1 XI 

(27) Solve bi in«i dcttinnnc the constant of integration so that ) 

when \ 0 

/ r* 

(2b») It % ul show that / He whcic / is a constant 


(29) Solve ' k<f - 0 and adjust the constant ol integiation so that q 
whenr 0 

I'^O) Solve™ indif! h A, A being a constant, c\pi ess // as a 

di 2^ 

junction ol / Sketch a giaph showing the lelation between h and / 

(M) Solve (i) 4 1 0 and (n) ^ 4) 5 Deteimine the constants 

(h a\ 

oi mtegiation so that m each case \ 6 v^hen x 0 

(32) Solve /n a ind find the value of the constant of mtegiation, so 

a\ 

that \ 0 when \ 0 

(33) Solve ^ V f ■* and y l 

ch ax 

(34) The equation giving the cuuent ;; m a conductoi at any time t is ol the 

form a ^ i by c sin pt Find the general value ofj and determine the constant 
of integration if ^ 0 when t 0 

.A 

Solve also a \ by — cc ^ (U L ) 

df 

(35) Obtain the general solution of the equation ^ j By f{x\ where 
A and B are constants 

A particle of mass I lb moves m a medium whose resistance is Jvlb weight, 
where \ is the velocity, and is subject to an acceleiating force constant m direction 
which at time t is 4t^ lb weight If the particle starts fiom rest, find its velocity 
after 2 seconds (U L ) 

(36) Solve - 3> = v- 1 

dx 


(37) Solve : 


N\ 


(38) Solve L-j h Ri - E wheie L, and E are constants 

at 

(39) Solve the last example lor the case m which £ =- 200 cos qt where q ^ 300, 

« 100, £ 0 05, and find i on the assumption that / 0 when t 0 What 

value does i appioach after a long time ^ 
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(40) The subtangenl of a cuivc is constant Find the equation to the cuive 


( 41 ) Solved 

dx 3^ "}■ j; 1 7 dx 8\*~ 2j + 4 

(42) A particle P moves in a sti aight line undei an attiactioii diiecled towards 
.1 lixcd point O m the line, and varying invci scly is th^squaie ol OP Show that 

- .. /I ~ . 


its velocity \ in any position Pi is proportional to 
from which it staits with zero velocity 


OPi O I 


il I IS the point 


( 43 ) 


• Ai^ and ' 


V " 7 , hnd the lelalion between \ and i and, il 
ds 


\ — V when s 0, piove that ^ - 2) As 

r 1 - 

(44) A body falling veitically uiidei giavity encounters the lesistance of the 
atmosphere If the resistance vanes as the velocity, the equation of motion is 

^ = Aw where A: is a constant and g is the acceleiation due to gravity 

Prove that u — Show that as t inci eases u approaches the value ^ 

Now, wilting ^ for u wheie x is the distance fallen by the body from rest m 

time t, show that x ^ ^ (1 - ^ A?) 

k A- 


(45) Find the velocity-time and space-time relations for the body m the last 
example on the assumption that the^resistance varies as the square on the speed 
Find the terminal velocity m this case 

(46) If a ngid body rotates under giavity about a hxed honzontal axis, the 
equation of motion Is 


M(k*‘ 4 h)c) • 


Mghsm 0 


where M is the mass, k the ladius of gyration about an axis parallel to the 
fixed axis through the centre of gravity, h the distance of the centre of gravity 
from the axis, Q the angular displacement of the body from its equihbrium 
dd 

position and ^ the time Show that 

-j- c where C is a constant 

A® + 

Find the value of C if o) == (Oq when 6 ~ 0 

(47) If w ^ X and 1^ ^ aX where m, a and / are constants and X, v, 

dt dt 

and ft) functions of / show that if Vo and ft>o are the ongmal values of a and m 
respectively, 

I — Vo “f- — (ft) ~ ft)o) 

am 

(48) Show that the adiabatic cuive thiough any point m the pressui e-volume 
diagram of a perfect gas is steepei than the isothermal thiough that point. Show, 

13— (T 610} 
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turthct, that along a given isolheitiul the angle of mtei section rises from zeio at 


either end to a ma\imuui ol sm 


— 1^, and that the points conesponding 


to this nu\imum on ditleiciit isotheimais aic on a stiaight line thiough the oi igm. 
(3^ is the ratio of the specific heats of the gas.) 

A quantit) ot peitect gas occupying a volume Vi at absolute temperatuie F is 
compiessed adiabatically until its volume is vj. It is then allowed to cool at 
constant volume until its temperatuie is again T. Finally, it expands isothermally 
until its volume is again Show that the work done on the gas is 

*'■[,•■^1!©' '-'I ' '“sS 

per unit mass, vv heie R is the gas constant. (U.L.) 

IPafftal Salutiotu y is greater than unity. The adiabatic law is ~ Ci, and 
the isothcimal law is p\ C^. If the law of expansion is pv^^ -= C, then ^ is 
easily proved to be - w C and the gradient of the graph is measured by Since 

n 1 for an adiabatic cuive, and n - 1 for an isothermal, the former is steeper 
at a point of intei section. The numeiical values of the gradients of the adiabatic 

and of the isothermal aie therefoie and -^respectively, and if 6 is the angle 

between them we have, using the formula for tan (difference of two angles), 

n ' V V 

tanf/ T-rt 


or writing jc for £ tan Cl (7— 1) — ^ — ■ . . . . (I) 

V 1 + yx^ 

This is a maximum when ; — ^ — -is a maximum, i.e. when ~ ^ ~ 0. 

1 + yjc® dx I + yx^ 


This gives Jc ~ ^ Hence, the maximum difference of slope is given by 

tan0-=i(y-l)Kyi.= ^ 

At the two ends a: ~ ^ is either infinite (when v = 0) or zero when v =* 00. 
in both cases tan - 0 and 0 - 0. Again, if 

y— 1 

2 v 9 

cotfl=?4 

y-i 

and cosec^ 0=1 + — — = ("Liliy 

(y-l)» V-l-/ 

y-J 




tan 0 ~ Hy — 1) X 


Hence, 
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Tiie angle of intersection is theiefoie 



- constant. The giaph 


oil 


zero at the ends and a maximum when 
constant is a straight line through the 


oiigin, so that the points coiresponUmg to the maximum on dilTcrent isothcimals 
he on this stiaight line. 

The second part is solved by finding the aica enclosed between the ordinate 
1 and the isothermal and adiabatic curves thiough the point for which 
V _ Vi and the temperature is T.] 


(49) If mv — ^ a — where k, and m are constants, determine v in 
terms of x, ^ 

A toboggan, weighing 2001b, descends from rest a uniform slope of 5 in 13 
which is 50 yd long. K the coefficient of friction be j\,, and the air-rcsistance 
vanes as the square of the velocity, and Is 3 lb weight when the velocity is 10 ft-sec, 
prove that its velocity at the bottom is 38-6 ft-sec, and show that, however long 
the slope is, the velocity cannot exceed 44T4 ft-sec. . (U.L.) 


(50) Up to a certain height in the atmosphere it is found that the pressure p 
and the density p are connected by the relation /? == [n > 1]. 

If this relation continued to hold up to any height, show that the density 
would vanish at a finite height and that the absolute temperature would vary 
directly as the distance from the top of the atmosphere. (U.L.) 


(51) If a volume v of a perfect gas at absolute temperature T is compressed 
adiabatically to absolute temperature r®, prove that the volume becomes 


V 



, where y is a constant. 


A cylinder contains 5 ft* of air at a pressure of 28 Ib-in.*^ and at temperature 
15°C. If the air is suddenly compressed to half this volume by a piston, prove 
that the work done is about 7 ft-tons, and find the final temperature. [Take 
y to be 1 *41.] (U.L.) 


(52) If^ = 
dv 

y— 1 


WV 


and w = c/>’’ where g and c are constants, show that 


V* + 


2gyp V 

(r~ I) 


= constant. 


(53) Euler’s equations of motion for a body under the action of no external 

forces aio A^- (B- C)a^^ = 0, B^- (C- A) ■= 0, and C ^ 
dt at at 

- (/I — J?) (OxODt == 0 where B, and C are constants. Multiply these through 
by ft)j, a> 2 , and o)® respectively, and add. Integrate the resulting equation to show 
that Ao>i^ + J9co 2® + Co)®® ~ where A is a constant. 


(54) Find the orthogonal trajectories of the family of circles jv* 4- » a\ 

Show that these are radii of the circles. 


(55) Find the equation of the family of circles which all pass through the 
points (~ a, 0) and (-f ^ 7 , 0) and find their orthogonal trajectories. Show that 
these are circles. 



wo 
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(56) Innd the orthogonal trajectories of the family of ellipses i, 

and of the hyj*)erbolas "a 

(57) A fluid contained in a vertical cylinder is lotated with the cylinder about 
the axis O Y of the latter so that all portions of the fluid have the same constant 
angular velocity. The surfaces of equal pressure in the fluid are paraboloids of 
revolution generated by the rotation about they-axis of the family of parabolas 
V kx^ i\ c being a vaiiable parameter. OX is horizontal Show that the 
surfaces generated by the family of orthogonal trajectories of the parabolas are 
represented by the equation v'a- r OZ being horizontal and 
perpendicular to OX 

(58) (i) The equation giving the horizontal oscillation of a compass needle is 
of the form 

- asinO-'/xu-* 
aO 

Find (u m any position if it is zero when ^ j 

(ii) Solve the equation 

T 3;c - tf “N (U.L.) 

at 

(59) If ^ ~ ^ ^ ~ 0, V ~ 0, prove that 

cosh(^//l ) 

A particle falls freely from rest in a slightly resisting medium in which the 
resistance varies as the square of the velocity. Show that so long as the velocity 
of the particle is small compared with the terminal velocity, the distance fallen 
in any time is approximately x — x^l€ht where x is the distance through which it 
would have fallen freely in the time and h is the distance through which it would 
have to fall freely to acquire the terminal velocity. (U.L.) 

(60) When a certain body is dropped from a great height it has a terminal 

velocity of 400 ft per sec. Assuming that the resistance of the air varies as the 
square of the speed, find the height to which this body would rise if it were 
projected upwards with a speed of 1 000 ft per sec. (U.L.) 

(61) Find v in terms of x from the equation v-^ ~ a — where a and b 
are constants; given that V when x ^ c, 

A particle of mass 1 lb moves in a straight line in a medium in which the 
resistance varies as the square of the velocity and is acted on by a force doing 
work at a uniform rale of 20 ft-lb per sec. If the resistance equals 2 lb weight 
when V -= 1 ft per sec, find the distance that the particle has moved from rest 
when V 2 ft sec, (UX.) 

(62) Solve the cMerential equations— 

(i) 4- 1 »» y sin .r 

dx 

(iiij 2(.4x-~ 3y - IJ I 3 (6v - 2 jc - 1) ^ - 0 


(U.L.) 
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(63) The frictional torque acting upon a flywheel is at every instant equal to 
k(co^ \ c^), where o) is the angular velocity and k and c are constants. Show that 
if the flywheel be set rotating with angular velocity c tan A, the angular velocity 
after the time ? is c tan (A — At) where A — kcjl and I is the moment of inertia 
of the flywheel. 

Is the above expression for the angular velocity at the time t valid for all 
values of/? (U.L.) 

(64) (i) Find the value of a given that x* ^ ~ a - x, and that p - 0 when 
X - 2 and when x == 6, 

(ii) Solve the equation 

^ ■=. ^ j- 3 
dx X -r y i 3 

given that y — 1 when — 0. (U.L.) 

(65) A particle is projected vertically upwards with velocity F in a medium in 
which the resistance to motion is at every instant proportional to the square of 
the velocity. The terminal velocity, i.e. the velocity when the resistance is equal 
to the weight, is u. If there were no resistance the particle would ascend to height 
h if projected with velocity u and to height FT if projected with velocity 1 Show 
that the actual height to which it ascends is 

Alog. (lf|) (U.L.) 


(66) A flywheel, of moment of inertia /about its axis of rotation, is acted upon 
by a couple whose moment at time / is Go -f C sin /?/, where Go and G are constant, 
and is subjected to a resisting couple of moment kw, where to is the angular speed 
at any instant and k is constant. Find the value of to at any time /, and show that 
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137. Equation!) of the Type ^ = / (x). The equation 

% ;u) . (xif.i) 

can be solved by two successive integrations, thus 

%^-lJix)dx+C . . (XIL2) 

and v= /J/(x)<^vdx + Cx + i) . . (XII.3) 

where C and D are constants of integration. Equations have been 
solved by direct integration in Art. 131, As a further example we 
give the following— 


EXAMPLE 

Show that at a point of inflexion 


dx^ 


0 . 




The bending moment at any point of a loaded beam being J?/ ^ (approxi- 
mately), find a formula for this if the beam is supported at its ends and the 
loading is as indicated m the diagram (Fig. 12B). The total load is and in 
addition theie is a fixing moment M applied at each end, keeping the beam 
horizontal at those points. Determine M and show that the points of inflexion 
arc about 0*6/ from the centre of the beam. (UX.) 

Let X be the distance of a point P in the beam from the left-hand support, and 

W 

iety be the deflection of P. Each support exerts an upward force y on the beam. 

The load diagram to the left of P is made up of a rectangle of area xl and a 
triangle of area The total area of the load diagram is so that the loads 
IVx Wx^ 

represented by a/ and aie — and respectively. The moments of these 

about P are and ~ , their sum being — (x^ -f Hence, the bending 
W Wx 

moment at F is M + — (r^ H Vx^) We have, therefore 


18/^ 

dx^ 

dx 






18/2 

if 

18/^ 

382 


( 1 ) 


v4 




Integrating, 


( 2 ) 
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the constant ot integiation being zeio, because - 0 when a 0. From 
dv 

symmetry = 0 when a ~ /. 


0 


Ml 


Wl^ 

18 




or 


M ■■ 


il 

72 


Wl 


At a point of inflexion 
^ dx^ 

in (1) we obtain the equation 


0 (Art. 65). Hence, substituting for M and 


(£y 

r/v‘* 


^ {x> + Zlx^ - 91‘x) + g M = 0 




Solving this for ~ by one of the methods of Arts, 61 and 62, we And that 

f = 0*4 to the neatest tenth. The points of inflexion are therefore at distances of 

0*4/ from each end, or 0-6/ from the centre. If it is required to And the deflection, 
integration of (2) gives 


Mx^ ^ W 

+ 18 ? 


(b + t-H- 


the constant of integration is again zero for y — 0 when x 0. Hence, 

A® , jc® XZlx^\ 


W 
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ns Equations of the Upe^^— J(\) Considu the equation 

-/(t) (XII 4) 


Multiplying both sides h} 2 

“ d\ d\^ 


Inte^iating with lespcct to we have, since 
d /c/t \ ^ d\ d ] 


W __ 

\iy\ / “ af\ </\“ 

m 


’'a* 


s'2 ) f{^)d^ ^ C 


(XII 5) 


This is a first order equation with the variables separable and 

V2|/(i)^i+C “ 

the solution of which is 


J \ 2 f /(])./! -c 

w A Tr" 

It IS convenient to write p for If 


j- \ + 2) 


, d^\ dp dp d\ dp 

^ ^ d\^ d\^ dx d\ dx d\ 

Then, substituting in (XII 4), we have 

pt-fM 


(XII 6) 


which IS a first order equation By the method of separating the 
vanables 

P^P =iiy)dy 

and integrapng. 

If = J/(v) dy + C 
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d\ 

It we now lepldce by ^ and wiitt C for 2C we obtain the first 

order equation (XII 5) and solve as before This latter method ot 
solution IS particularly useful m solving equations arising m dyna- 
mical problems If \ and t are distance and time m reclilmear 
d\ , , 

motion ^ IS velocity and^ is acceleration Alternative expressions 

for acceleration are, theiefore, and i the litter ot v^hich 

^ (it‘^ (i\ 

may also be written ^ ( 2 ^^) 


EXAMPLE 1 

Solve ^ 
ax 


— wheie a is a constant 
V 


Here, wilting /? ^ for 

ay ax 


P 


dp 

dy 


L 


and 


From this 


ip ^ h C, where T is a constant 



- 1- A 

^ 2 C /-/1 


and integrating 


1 

’2C 


(2Q® — — ± (x + D), whcie /> is a constant 


Squaring both sides and reai ranging, we have 
2Cf^fi^4C\x+ D) 

and the solution is J r ^ 1^) 


EXAMPLE 2 

The Inverse Square Law A particle moves along a straight line with an 
acceleration directed towards a point O in the straight line and of magnitude 

Find the velocity of the particle at P if it starts from R with zero velocity 
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Let .T - OP and OR - r (Fig. 129). The equation of motion is 
d-jc ^ 

df2 " 



the negative sign denoting that the acceleration is directed toward O, 
Integrating, j v’** = 4- ^ + C (2) 


U r 



OPR 


Fig. 129 


When 


;c = r, V ~ 0 



r 


or 

r 

Substituting in (2), 

... (3) 

from which the velocity may be found for any value of x. The velocity v at P is 
therefore given by (3). If r - oo, i.e. if the particle moves from infinity to P, 

0 and (3) becomes 
r 



The attraction of the earth on a particle outside of it varies inversely as the 
square of its distance from the earth’s centre, and so (3) and (4) above will apply 
to the case of a particle falling towards the earth. In this case, if a is the earth’s 

radius, the acceleration of the particle when aisg. Consequently^ ~ 
and from (3) 

and as before, if r is infinite, 

■ X 
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which gives the velocity for any value of a* of a particle falling from infinity with 
initial velocity zero. When the particle arrives at the earth's surface, we have 
X = a and 


dx 

dt 


V ^ V lag 
\ the 


dx 

Writing ^ for v in (3), and taking the square root of each side, we have 


(5) 


We place the minus sign before the term on the right, because we are con- 
sidering the case of a particle moving from R towards O. From (5) 



dt C 




dx 


Now substitute x — r cos- 0, 



cot 0, and dx — — Ir sin 6 cos BdO. 


•/ = - C+2rJcos=et/0 

= -C + rJ(l +cos2e)dfl 
= -C+K0 + isin 20) 

. r = - C + r (cos-» ^ Vrx - 

Now t = 0 when x ™ r, 

0 - C 4- Kcos-M) 


and 


C- 0 

? = y^ |^cos-»^+ Vrx- x“| . (6) 


(6) gives the time taken for the particle to move from R to any other point. 
We see from (3) that v is infinite when a ~ 0, so that the particle would reach 
the origin mth infinite velocity. From (6), if a = 0 we have 


/ 



• r cos“^ 0 


the time taken to move from R to O. 


IT 97T” 

^ 2 ~ 2V2VJ1 


exampubS 

Simple Harmonic Motion, Solve the differential equation 
d^x , 



m 
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v^hcre t is time in seconds, .v is the displacement of a particle along a line, and 
n IS a constant. Shosv that the motion of the particle is periodic and of period 


— seconds. (Sec Ait. 38.) 


Multiplying both sides of (1) by 2 and tiansposing, 

dt dt" dt 

. (2) 

Integrating with respect to t we have, since 2 ^ 

/dxy 
dt \dtJ ' 


(3) 

Since the left-hand side of this is positive, C is also positive. Write C " « V. 

Then (^)' - - ?-) 

. i t/A 

and — ^ n 

\ - v- dt 


X 

integrating this, cos~*“- ± int i a) 


ft om which x~ acOb{nt x) 

. (4) 

the double sign being unnecessary because cos A) - cos A. a and a are 
constants of integration, and their values are determined in any particular case 
from the particulars of the motion at any given time. Since a is an arbitrary 
constant, (4) may be written in the form 

jc a sin (nt + of) . 

. . . . (5) 


where a' is equal to a h Either (4) or (5) may be taken as the solution of (1), 
as also may ^ 

ar ~ ^ sin nt + B cos nt . . . . (6) 

which is obtained by expanding sin (nt + a') in (5) and writing A for a cos a' 
and B for a sin a'. 

The motion represented by (4), (5), or (6) is periodic, and its period is the time 

2 ** 

in which nt ^ a increases by 27r, i.e. seconds. This motion is known as Simple 

Harmonic Motion. The angle a in (4) is known as the epoch; the angle wr ^ a 

d^x 

is the phase. Equation (1) written in the form ^ n^x shows that the 

acceleration is proportional to the displacement, and that the former is always 
directed towards the origin x — 0. 

EXAMPLE 4 

Simple Pendulum. A particle C suspended from a fixed point O by a string of 
length /ft makes small oscillations under gravity about its equilibrium position. 
Find the periodic time. 
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in Fig. 130, OC shows the pendulum in a position in which the string makes 
an angle 0 with the equilibrium position OB. Suppose the particle to be set 
oscillating to and fro between the extreme positions A and and let C be its 
position after time t sec. Let 0 radians be the magnitude of the angle BOC and 
Wlh the weight of the particle. The forces acting on the particle are {a) the 
tension in the string OC, which being at right angles to the direction of motion 
has no component along the tangent at C to the arc ACB^ and (6) IK lb, the 
weight of the particle which acts parallel to OB. The component of the latter 
force in the direction of motion is IKsinOlb, and the equation of motion is 

Force -= mass \ acceleration 



where x — arc BC = /0. Substituting this value of x in (1), we have on trans- 
posing 

^ f sin e - 0 (2) 

or substituting for 0 in (2), 

d^x . X ^ ... 

(3) 

X X 

As the oscillations are small, we may write j for sin thus obtaining 
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^here t is time in seconUs, x is the displacement of a particle along a line, and 
n is a constant. Sho\s that the motion of the particle is periodic and of period 

I'lr 

— seconds. (Sec Art. 38.) 


Mu!tip!)'ing both sides ot (I) by 2 and tiansposing, 


, d\ d\\ 


dt dt^ 

Integrating with lespcct to t vve have, since 

C?)‘ -- 


2fdx 


dx 


dt 

dx d^x 
dt dt- dt 




(2) 

(3) 


Since the left-hand side of this is positive, C is also positive. Write C = wV. 
Then 

and - J— -I- H 

\ A- 

X 

Integrating this, cos ^ ~ -= dr -s.) 
from which .r ~ « cos («/ 3c) . . . (4) 

the double sign being unnecessary because cos(— A) cos A. a and a are 
constants of integration, and their values are determined in any particular case 
from the particulars of the motion at any given time. Since a is an arbitrary 
constant, (4) may be written in the form 

X - a sin (;i/ 4- a') (5) 


tr 

where oc' is equal to oc ^ -r. Either (4) or (5) may be taken as the solution of (1), 
as also may ^ 

X - A sin w/ 4* j 5 cos . . . . (6) 

which is obtained by expanding sin {nt 4- aO in (5) and writing A for a cos a' 
and B for a sin 

The motion represented by (4), (5), or (6) is periodic, and its period is the time 

in which nt r o. increases by 2ir, i.e. seconds. This motion is known as Simple 

Harmonic Motion. The angle % in (4) is known as the epoch; the angle ni -i- a 

d^x 

is the phase. Equation (1) written in the form ^ ™ ““ shows that the 

acceleration is proportional to the displacement, and that the former is always 
directed towards the origin x — 0. 

EXAMPLE 4 

Simple Pendulum. A particle C suspended from a fixed point O by a string of 
length i ft makes small oscillations under gravity about its equilibrium position. 
Find the periodic time. 
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In Fig, 130, OC shows the pendulum in a position in which the string makes 
an angle 0 with the equilibrium position OB. Suppose the particle to be set 
oscillating to and fro between the extreme positions A and D, and let C be its 
position after time t sec. Let 0 radians be the magnitude of the angle BOC and 
IV lb the weight of the particle. The forces acting on the particle arc (a) the 
tension in the string OC, which being at right angles to the direction of motion 
has no component along the tangent at C to the arc ACB^ and (b) IITb, the 
weight of the particle which acts parallel to OB. The component of the latter 
force in the direction of motion is IF sin 01b, and the equation of motion is 

Force -= mass x acceleration 
IVd-x 

or - W'sinO ^ ^ (1) 

g lit- 




where x = aic BC = W. Substituting this value of x in (1), we have on trans- 
posing 

+ 0 ) 

or substituting for 0 in (2), 


dt^ 

As the oscillations are small, we 


t 0 . 

X X 

may write j for sin j, thus obtaining 


( 3 ) 
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Comparing this with equation (1) of the last example, we see that the motion is 
simple harmonic, and from (4) of the same example we see that the solution of 
this equation is 

.V a cos • * • • 

where a and a are constants. 


The periodic time is therefore 


EXAMPLE 5 


Compound Pendulum, A straight rod AB can rotate about a horizontal axis at 
A (Fig. 131). G is its centre of gravity and AG — h ft. The radius of gyration of 
the rod about A is k ft. Find the periodic time for small oscillations about the 
equilibrium position (a) by means of the equation of motion and (d) by means of 
the energy equation. 

If the mass of the rod is of M lb weight, and a mass of m lb weight is attached 
to the rod at a point C between A and B such that AC — a, find the new period 
of oscillation. 

In the figure let ^i) be vertical and let angle BAB == d radians. 

(d) Suppose the rod to be oscillating about its mean position A By and to be 
passing through the position AB in the sense of 0 increasing at time r seconds. 
The forces acting on AB are (i) the reaction of the axis at A, and (ii) the weight 
MIb acting vertically downwards at G, The moment of the former about A is 
zero, and that of the latter is — Mh sin 0, the minus sign indicating that the 
sense is opposite to that of 0 increasing. The equation of motion is therefore 

Couple === moment of inertia x angular acceleration 


or 


— Mh sin 6 


g dP 


sh 

^ + fjsine = 0 


( 1 ) 


For small oscillations we write B for sin 0, and obtain 


dP 




( 2 ) 


Comparing this with equation (4) of the last example, we see from (5) of that 
example that the solution is 


0 0j cos { 


■ 


. / +■ ot 


(3) 


01 and at being constants. The time of an oscillation is therefore 


which is the same as that of a simple pendulum of length ~ -r is known as 
th^ imgth of the equivalent simple pemuium, n n 

ib) Suppose that when the pendulum is in its extreme position, the angle 
between and is ^ radians. 

The potential energy of AB in the position shown is - Mh cos $ ft-lb. 
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Mk^ fdQ\^ 

The kinetic energy of AB in the position shown is - ~ j ft-lb. 

The total energy in this position is therefore 

ik^fdBy ) 

In the extreme position, the rod, being momentarily at rest, has no kinetic energy 
and its potential energy is — Mh cos ^ ft-lb. By the law of the conservation of 
energy, if we neglect friction, the total energy of AB is the same in all positions. 
Hence, 

^ ^ cos ^ I === ~ M/i cos 


which is known as the equation of energy. Dividing through by M, and differen- 
tiating with respect to /, we have 


and dividing through by 


g di 

S dt' 


^ + /isme^=0 


S'* . « „ 

^ + psme = 0 


which is the same as (1) above. 

When the mass m is attached, the couple acting becomes 

— Mh sin ^ — /wa sin 6 ~ — (Mh + ma) sin B 
and the moment of inertia becomes 


M , „ m „ 

— 


The equation of motion is therefore 


or 


— (Mh + ma) sin d 


d^6 , g(Mh “b ma) , ^ 

4- “iTj-ri r sm 0 

dt^ Mk^ 4 - ma^ 


Mk^ 4 ma^ 

Mk^ 4 

g dt^ 

= 0 


The length / of the equivalent simple pendulum is therefore 

_ 4 

Mh 4 ma 

and the periodic time is 

Systems like those in Exs. 4 and 5 above to which the law of the 
conservation of energy applies are known as conservative systems 
and are free from frictional resistances or other energy dissipating 
influences. If there are elastic forces in the system and strains occur 
during the motion, the elastic energy stored up in the system must 
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be included in the total eneigv It 2, I' and are, respectively, the 
kinetic, potential, and elastic energy, the equation of energy is 

T f I f i C, where C is a constant 


Inthcexampleot Ail A3, 7 j ' 11^2 ft-lb, assuming 

the potential energy in the equilibrium position to be zero, and E^. 

/ rj> V Ti/ . 


/W \ 

I tension x sUetch IQV-^ Lx)( ^ x 1 
1 he energy equation is 


^ + Wx + iE^Hx-\h 


H /(/\\ 

2r v*; 


H “ 


le 


fix t 2^ -i rc + ! - c 
\(ftj ^E^W fV 


ivhence dilTeientiating with lespett to t and simplifymg. 


d“x 

If 


+ ^^ = 0 


IS the equation of motion, the same as in the example We could 
have Ignored the potential energy m this example because the initial 
tension in the spring, i e that when jc = 0, balances the pull of 
gravity on the weight and so the terms Wx and — • Wx cancel 
If we know that the motion is simple harmonic, we can find the 
frequency of vibration without forming the equation of motion, by 
equating the elastic energy m an end position, in which there is no 
kinetic energy, to the kinetic energy in the neutral position, in which 
there is no potential energy The equation of energy m this case 
becomes 


Maximum kinetic energy = Maximum potential energy 

In the above case, if the amplitude of vibiation is aft, and the 
angular frequency of vibration is o) radians per second, i e the time 

2*77 

ot a complete oscillation is — seconds, the maximum strain energy 


W 


js lEaP and the maximum kinetic energy is ^ wW and 
W 


2 ^ 






iEd^ 


1 c 




w 
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SO that if t seconds is the period ol oscillation, 


t 


Itt [W 


As a moie gencial illustration consider the case ol a load W lb 
attached to some point m a light flexible structure and pioducing a 
deflection A ft at that point If the load is set oscillating in a vertical 
line with amphtude a ft, the load £lb to produce a deflection of 1 ft 
W 

IS ^ The energy equation is 


Maximum kinetic energy = Maximum potential energy 


W 

2g 




W 


a- 


and 


1 e 


or 


0)® = 


1 

A 


CO = 


CO = 


J 

J 


static deflection in ft 


12^ 

Static deflection in in 


^2 2 ) 


EXAMPLE 6 

Euler's Theory of Sti uts ACB (Fig 1 32) is a long unifoim flexible lod or strut 
under the action of two equal and opposite thrusts P, P at its ends The stiaight 
line AB along which the thrusts act is the unstrained position of the rod, and the 
ends A and B of the i od aie unconstrained m direction F md the relation between 
P and the deflection of C the mid-pomt of AB from its original position 
Let X — AM and y — XM be the co-ordinates of any point X on the rod 
Let / — AB^ and let E and I be Toung’s Modulus and the moment of inertia of 
the cross-section of the rod about its neutral axis The bending moment at X 
IS — Py and by the theoiy of bending, 

ag--/5. (1, 

d‘y P , . jP 

or ^ where = 

This equation corresponds to that in Ex 3 above Hence, by comparison, the 
solution is 

y - Aco^mx f S sin m (2) 

where A and B are aibitrary constants 
Since V - 0 when a 0, 0 and (2) reduces to 
) B sm m\ 


(^) 
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Agim \ Ouhui X / hence 

B sin ml 0 

fiom v\hieh B 0 or sin ml 0 


(4) 


As we ire iindm^ the value ot B lor which the stiut will bend — 0 is not in 
aci cement with the conditions and consequently sin ml 0 is the required 
solution of t4) F rom sin ml 0 we have the mhnite numbei of solutions 
nl T ml 2r ml — Bjt, ml ~ mr etc Since m 

J — these give the solutions 



^ £I 

7 I I 

I 


\7rEl 


I 




9r El 


I 


, etc 


(5) 


Fio 132 


The least value of these would cause the rod repie- 
sented in the hgme to deflect as shown (3) shows that 
tlu curve tCB is a sine curve The othei values of P in 
(S) coiicspond to the cases m which the rod is so con- 
stiamed that the cuive into which its centre line is 
deflected toims lespectively (1) a complete wavelength, (2) 
one and a half wavelengths, (3) two wavelengths, etc of 
i sine curve When P has any of the values in (5), (4) is 
sitished for all values of B and we see from (3) that the 
m iximum value of the deflection may have any value 
Tt^El 

Thus, when F— ~ , the lod will be in equihbnum m 

any position, and if whilst the rod is deflected, P is 
inci eased, the roa will collapse by buckling For values 
iPEI 

of P less than the rod will remam m its unstramed 
position ^ 

It is eleai that though we have apparently an mfinite 
number of buckling loads for the strut, only one or two 

P 

ai e possible in pi actice, as the value 

Area of cross-section 

cannot eicceed the safe working stress for the matenal 


d^\ dv 

139 Equations of the ^ ^ ^ ^ + by 

h are Constants. Considei the equation 


^ A n 


and substitute y ■■ 


dx^ 

From this 


0 in which a and 


(XII 7) 


dx 


ki and 


d^ 

dx^ 


A^i 
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Substituting these values m (XII 7), 

1 (A" + ak + b) -- 0 

It, therefoie, we give to A. a value which satislies the equation 
k- + ak 1 A = 0 (XII 8) 

\ = will satisfj (XII 7) Let ki and be the roots of the 
quadratic equation (XII 8), then v = and j. — will both 
satisfy the equation (XII 7) We have written B as the arbitrary 
constant in the second of these, as the constants may have any values 
whatever and need not be equal It is clear, furthei, that, since 
1 = and i Be^ * satisfy (XII 7) sepaiately, then sum 

I = A^^^ -r Be^ ^ (XII 9) 

will also satisfy the equation As the latter contains two arbitrary 
constants it is, therefore, the full solution of (XII 7) (XII 8) is known 
as the auxiliary equation There are three cases to consider, (1) that 
m which ky and kg aie real and unequal, (2) that in which ky and Ag 
are real and equal, (3) that in which Ai and Ag are imaginary or 
complex quantities 

Case 1 Auxiliary Equation with Real and Unequal Roots 
If a^ > 46 in (XII 7), ky and Ag are real quantities and (XII 9) is 
the final form of the solution, in which 

ky - a + 

and Ag == i( — a — Va® — 46) 

If 6 — 0, ky is zero, and the solution becomes 

j = .4 + Je-" (XII 10) 

If a = 0 and b^O, then 6 must be negative, and the roots of (XII 8) 
are Ai = V— 6 and Ag ==• — V— 6, which are both real 
The solution is then 

y = Ae'^-^ -j- B0~'^-^ 

Wntmg for — 6 and using the relations given in Art 11, we can 
express the above solution in the form 

y = C cosh car + D sinh cx (XII 1 1) 

EXAMPLE 1 

Solve the difterentul equations — 

(i) ^ — s~ -1 3y 0 (u) - « j, where « is a constant 

dx‘ dx dx‘ 
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(i) From (XIL8), the auxiliary equation is A® — 5/: + 3 — 0, the roots of 


which are 


' i<5 ± Vl3) 


i.e. ki = 4-303 and — 0-697 

The complete solution of the differential equation is therefore 

y _ ^y4-sooj; .u ggo-eatj! 

where A and B are arbitrary constants. 

(ii) Here the auxiliary equation is = n\ whence ki — n and 
The complete solution is therefore 


Case 2. Auxiliary Equation with Real and Equal Roots. 
If a® — 4b, ki and are each equal to — |a, and (XII.9) reduces to 

y — or if C = .<4 -f- R, j’ == 

which is not the full solution, as it contains only one arbitrary 
constant C. 

In order to find the full solution, we adopt the following artifice. 
Assume that the roots are ki and ki + h, where A is a small quantity 
which will ultimately be made to approach the limit zero. 

Then y — Ae*'*® -f 

y == + Re**) 

On expanding we obtain 

u. ;,„^..[c + a„4-a/i(^ + ^ + ^+ ...)] 

where C — A + B. 


The infinite series in the inner bracket converges for fimite values of 
X, and is zero when h = 0. By letting the value of R approach 
infinity as the value of h approaches zero, we may make the value 
of Sh remain finite. Let D be this finite value. Then we have as the 
full solution of (XII.7) 

7 = (C I)x)e~f‘'® . 

EXAMPLE 2 


Solve the equation 


rhr» dx 


q- 9;- = 0 


. (xn,12) 



SECOND ORDER DIFFERENTIAL EQUATIONS 397 

The auxiliary equation is /r® — 6A: + 9 0 

i.e. (k - 3)2 -•=== 0 

whence A: = 3 (equal roots) 

From (XIL12), the full solution is 

Dx)e^^ 

Case 3. Auxiliary Equation with Complex Roots. If 

< Ab, the roots of (XII.8) are complex and unequal. In this 
case ky, = l{ — a A- ^ — Ab) and k^ — l( — a — Va^ — Ab). 
Writing for Ab — a® and substituting in (XII.9), we have 

y = where i = V — 1 

From this, y = + Be~^^), or making use of the 

relations (1.45) and (1.46), 


y 




1 / CX CX CX 

^ sin ^ cos y - 


Bi sm Y 1 


Putting E for A B and F for {A — B)i, we have 




( CX CX 

E cos Y + ^ sin 




Alternative forms of this are 

y = sin 

and y == cos 


( CX \ 

T + “j 

( 3 -^) 


(XIL13) 

(XIL14) 

(XIL15) 


These three relations represent damped oscillations when x represents 
time. If a = 0, the exponential factor becomes unity and disappears 
from the relations, which then represent undamped oscillations, or 
simple harmonic motion. 

Another method of solution of this latter case is given in Example 
3, Art. 138, 

EXAMPLE 3 

Auxiliary Equation with Complex Roots, Damped Oscillations, Solve the 
(Fx dx 

diJBferentiai equation JJT ^ — 0, k being positive, and show 

that the successive maxima of x form a series in geometrical progression. 



m PRU'IKHL MAfHEM/VfJCS 

If the oscillations ol a pendulum aic tlctcimincd by the above equation, the 
time of a complete oscillation being I second, and if the first and fifth displace- 
ments on the same side of the equilibrium position are in the ratio of 4 to 1, show 
that the time taken m swinging out from an ec]uiiibtiiim position to an extreme 
position is about 0-241 second. (l^.L.) 

In sohing the equation 


iJ-\ th 

dF -‘'It 


{n^ ^ k^)x 0 


we have, as auxiliary equation 

\ 2km , A-® 0 

Solving foi m, 

/;r* r 2km 4 A“ — 

i.e. {m "f ^')® where / - — 1 

i.e. m t A’ ~ ± ni 

i.e. m ~ — A ± ni 

The full solution is therefore, by (XII. 14), 
x-^ Re- sin 

where R and t aie aibitrary constants. 

Let us reckon from an instant when a: = 0, i.e. t = 0 when r -- 0. Then from 
(5), 0 = jR sin i, from which sin 6 = 0 and, therefore, t 0. Substituting in (5), 

jc — Re~ sin «/ . . . . . (2) 

represents the motion. 

The graph of this function is of the type shown in Fig. 74, y being the dependent 
variable there instead of x as in the present case. 

To find the values of t for which x is a maximum, we put 

(it 

i.e. ~ {Re- ** sin nt) - 0 


- A sin /ir 1 n cos nt ^ 0 


from vyhich we find that 


If a is the least positive value of nt satisfying this, the roots of the equation in 
nt are 

a, 7r 4- a, 27r 4- at, 3 it 4- ot, etc. 

« ... a a 4“ ^ ot 4~ 27r a 4- ^ 

from which / — , etc. . . • (3) 


Substituting these values in turn in (6), we obtain for x the values 


X = Re ^ sm. cst, Re ^ '^sin (a ^ ^r). Re ^ ^ \ 


sin (a 4- 2tt) 


sin (a 4 - Stt), etc. 
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These are alternately maximum and minimum values, and the i at lo of each 
maximum to the succeeding one is found by dividing the first value by the third, 
or the second by the fourth, which of these it is depending upon whether % is less 

2n'A 

than or greater than These ratios have both the sanie value, i.c. e and, 

therefore, successive maxima of x form a series in geometrical progicssion. 

We have seen that a: — sin {nt f t) represents simple harmonic motion, and 
that X = is the decay function. By comparing (1) above with (5) of Ex. 3, 
Art. 138, we see that the motion is oscillatory and that the amplitude is continually 

decreasing. The time of an oscillation is the periodic time of sin (nt ! i ), i.e. 

n 

and since this is 1 second, n -= Itt, The ratio of two successive maximum dis- 
placements is therefore e^, and that of the first displacement to the fifth on the 
same side of the equilibrium position is -= As this ratio is 4, we have 
_ 4 ^ from which 

4 X 04343/r - 0-6021 


or 


k - 0-3466 


To find the time of the first outward swing in any oscillation we note that when 
the pendulum is in an equilibrium position x - 0, and therefore from (2), 

nt = WTT, where w is 0 or a positive integer, and t - — . At the end of the next 


outward swing the time is 


rmr a 
n 


as seen from (3). Hence, the time T of the 


outward swing is given by T- 
k = 0-3466, we have 


tan a 


n 

277 


mrr a 
n n 


Since tt and 


18-13 


and from tables, 
Hence, 


0-3466 
% - 1-516 radians 

T •= - 0-241 second nearly. 


EXAMPLE 4 

d'^x 

Solve the equation — ri^x ~ 0 (see Ex. 3, Art. 138). 

The auxiliaiy equation is ~ whence ^ ± ni. 

The full solution is then 

X — E cos nt 1 F sin nt 
which corresponds to (6) of the example quoted. 

[In (XIL13) put = 0, c - 2«, and x — /.] 

The reader should notice that the equation ^ ^ -f = 0 represents 

oscillatory motion only if a® < 46, and that the damping or dying away of the 
oscillations is caused by the presence of the term o As a decreases, the 

damping decreases, and if = 0, we have simple harmonic motion, as in Ex. 3, 
Art. 138, If 6 is negative, as in Ex. 1 (ii) above, a® cannot be less than 46, and the 
motion is not oscillatory. 
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t-XAMPU. 5 

(i'iy 

Solve — k'v svheie k is a constant. 

SubsUluting j ' and dividing through by we have 

w** = A** 

or m ~ ^ fc 

The complete solution is therefore 

V — -j- Be 

140* Linear Equations of Higher Order than the Second. In 
order to solve a linear equation of the ;ith order with constant 
coefficients such as 


j liE 4 A ~~ 


+ . . . +./J+ wv-=0 (XIL16) 


we substitute r -- Making this substitution and dividing 

through by we obtain the auxiliary equation (of the / 2 th degree 
in A') 

fcn ^ ak^ » 1 + - 2 4. . _ + Jk -h /M - 0 . (XiL17) 


Let the n roots of this be /q, feg, fcg, . * ky,. Then the complete 
solution of (XrL16) is 

y = + . . . + . (XII. 18) 

where A, B, C, . , M are arbitrary constants. For the general 
method of solving (XII.I6) wffien two or more roots of (XII.17) 
are equal, or when some of the roots are complex, readers are 
referred to treatises on differential equations. We shall solve two 
examples. 


EXAMPLE 1 


Solve 


d^y _ 2 ^ 

d,^ dx^ dx 


+ 2^ = 0 


Substituting J ~ we obtain the auxiliary equation 

or A*(A-2)-(A-2) -0 

i.e, (A~2)(A®- 1) 

the roots of which areA:«~ = 1, and A = 2. The complete solution of the 
differential equation is therefore 

y Ae"^ 4- Be^ + Ce®* 
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EXAMPLE 2 

IVhirling^ of Shafts. In tinding the whirling speeds of unloaded shafts it is 

necessary to solve the equation ^ where m is a known constant, y is 

the deflection from its statical position of a point on the shaft distant v from some 
point in the shaft. Solve this equation. 

i d^V 

Substituting 7 in ~ m^y we obtain the auxiliary equation k* - 

the roots of which are ^ ± m and A' - it ini where / - 'Z - 1. The complete 

solution of the differential equation is therefore 

y = Ae^'^ -t -i- h . . . U) 

As in Case 3, Art. 139, the sum of the last two terms on the right can be written 
in the form E cos mx -f Fsin mx and (1) becomes 

y == Ae^^^ -f t Fcos mx f Fsin mx . . . (2) 

The arbitrary constants A^ B, F, and F are determined in any particular case 
by the nature of the constraints on the shaft in a similar manner to that in which 
the values of the constants were determined in Ex. 6, Art. 138, 

dy V 

141. Use of Operators. If we write Djfor Dh' for ~ and, 
d^y 

generally, D^y for ^ in (XIL16) we obtain the relation 

+ aD^ - ly + + . . . + m)’ = 0 . (XII. 19) 

or {D^ + aD^-~^ + bD^ - ^ + . . . + m)/ = 0 . (XIL20) 

(XII.20) is merely a short way of writing (Xn.l9), a single v being 
written after the bracket to save writing y in each term, if f{I>) 
represents the quantity in the brackets in (Xn.20) this relation may 
be written 

f(D)y = 0 ... (XIf.2I) 

We saw in Art. 27 that 

D(u -f- v) — Du -f* D\^ 

and we have seen also that in an expression such as that on the lefl 
of (Xn.l9) the order of operation is immaterial, i.e. 

(D 4- m)y ^ (m + D)y 
(D^ + ID + m)y = (i)^ + m + lD)y 

== (ID + jD^ + Bi)y = etc. 

D(au) — a Du if a is a constant 



Again, 

and 


(XII.22) 
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Wc can Iheiefoie manipulate the symbol D in combination with 
constants and with pONitive integral powers of itself by the methods 
of ordinal y algebia Now let us write / > for Jj; dx, from which the 

constant of integration is omitted Then, since (Jv dx) ~ v, we 
have D .1 V — u Similarly, ^ ^ 

C li 

d\ ~ V or / .£>)-- i 

From these we see that 

/ _ I = /)-i andi)- j = 

Similarly, p = D~^ and /''=-£)-« 


Some Importa.nt Relations 

(1) To find d meamng for D"iP' and for It is easy to 

show that, if n IS a positive integer, D’‘e‘“ — e" . oc" and that 

JD «e" — /“e" = e" -t — « -"e". Consequently, for all integral 
values of n, ^ 

Z)»e« == a«e« . (XII.23) 

If f (D) = a,D'* -J- ~ ^ . . . + a„ + j. it follows 

that 

/(Z))e« =fiaL)e^ (XIL24) 


(2) To find a meamng for ^ ^ c“® and for We have 

(D— a) . e“' — e“'. Now write; for and we have 

(jD— a)i> - e°“, an equation which we solved in Ex. 3, Art. 134. 
Putting c 0 in that solution, 

I 


1 — • 


Thus, 


1 

D-a' 


— a 
1 


a. — a 


fOet 


1 1 e“ 

^ - e*’ — ^ 

y - Oi D Og (a— ai)(a— Oj) 
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and i< y(Z)) IS a function of D which can be wiitten in the form 
(£>-ai)(Z)-fl,)(Z)-a,) . . . (D - a„) 


1 „ e“' 

fim' /(») 


(XII. 25) 


(3) To find meanings for f{D^) sin(ax + b) and f (D“) cos(£a: + />) 

sin (ax + b), — — sin {ax + b) and 

cos (« + 6) = — cos {ax + b). Hence, 

/ (Z)*) sin {ax + 6) = sin (ax - 1 - b)f (— a^) 
and / (D^) cos {ax + b) ~ cos {ax + b)f{— a^) 

1 T 

(4) To find a meaning for - f jm\ TTKn 

J ) 1 / {Z>“) 


{Xri.26) 


cos {ax + b). First consider the meaning of • 


Putting y for this expression, we have 

(D^ — = sin {ax + b) 

Assuming that = ^4 sin {ax + b), (XI1.27) reduces to 
A{— a* — a®) sin {ax + i») = sin (ax + b) from which 

1 


sin {ax + b). 
(XIL27) 


Thus, 2)8 — "^ 8 + ^) = sin {ax + b) 


1 


Similarly, 


1 


= sin {ax + b) . 


(—a® — a®) 

sin {ax + b) 

1 


By continuing in this way we see that if we have f (Z)®), a function 
of D\ which can be written in the form 

(D® - a®) (D® - /S®) (D® - f) (D® - d®) . . . 

1 . / , sin(<zx + (i) 

then sin {ax + b)= f{- 

and similarly. 


(XII.28) 


1 


/ t IN 


cos {ax + b) 


/VTT 



-Utt 
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142. Linear Equations. Complementary Function and Particular 
Integral. Consider now the equation 

+ + . . (XII.30) 

in which P and Q are constants and is a function of x. We have 
solved the equation in the case where X — - 0, that is, the equation 

g+4:Mj.-o . . (xiui, 


Let y u be the complete bolution of (XIL31), Then, if j == 

is any particular integral of (X1L30), the complete solution of the 

latter is , -sox 

y - u + V , . . . (XIL32) 


To prove this we substitute v for r in (XTL30), obtaining 


W-w (hi 




= X 


This is obviously true, for the quantity in the first bracket is zero, 
as y == w satisfies (XII. 31) and the quantity in the second bracket is 
equal to X because;* = v satisfies (XIL30). Hence, since u contains 
two arbitrary constants, y = « + v is the complete solution of 
(XIL30). Thus the solution (XIL32) is the sum of two parts u and v, 
of which u is known as the complementary function and v as the 
particular integral The method of solving (XIL30) is to find (1) the 
general solution of the equation obtained by putting Z = 0, and (2) 
any particular solution of the equation. The sum of these two parts 
is the complete solution required. In finding the particular integral 
we can guess the same if possible, but we shall usually make use of 
operators, using the rules proved in Art. 141. 


EXAMPLE 1 


Solve the differential equations 

( 1 ) 4v 


(li) 


° dx 


16v 


Equation (i) can be solved by the method of Art. 134. Here it will be solved 
by operators. 

Let j - u i- r, where v is a particular solution of 
dv 


dx 


4 4v ~ 


( 1 ) 
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and w IS the complete solution of 

hi 

4 « - 0 


dx 


Determined by the method of Art. 131, 

u ie ^ 

which IS the complementaiy function 
The particular integral v is found fiom 
(D . 4)v--2e^^ 

1 

^0,4^ 

I 


, 2e‘ 


— 
3*4 


Hence, the complete solution of the equation is 

2 

y ^ 

In (ii) the complementary function u is the complete solution of 
dhi du 

16ii = 0 

dx^ dx 

Determined by the method of Art. 139, 

u = 1 - B) 

The particular integral v is found from 

SD { 16)v - 

I 

* 1 - p <* »' 

1 


i.e, V ~ 0*01^““’*’ 

Hence, the complete solution of the equation (ii) is 
y = e^^{Ax {-B) + 

EXAMPLE 2 

Forced Oscillations, Undamped, Solve the differential equation 
d^x , 

1 px a sm pt 

Let .V ^ « 4 V where v is a particular solution of 
d^v , 

^4rpv^asinpt 

and u is the complete solution of 
fu 
dt^ ‘ 
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( 1 ) 

( 2 ) 


pu - 0 


(3) 
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We found « in Ex, 3, Art. 138, where we saw that 
u — A cos (V ^// 1 “r a) 
This is the complementary function. 

To find a particular solution of (2), we have 
“h /4)v “ a sin pf 
1 

V = — G sin p/ 

-h /( ' 

— ^ 
d^x 

Hence, the complete solution of i~ ^ix = 
is A' — A cos iV p / -f a) + 


( 4 ) 


a sin pt 
a sinpt 
P-f 


(5) 


The relation (5) represents the oscillations of a body which would execute 
simple harmonic motion if left to itself, but which is subjected to an impressed 
acceleration represented by X — a sin pt. 

EXAMPLE 3 

Forced Oscillations^ Damped. Solve the differential equation 




sin (ot 


A spring is loaded with 32 lb weight, its point of support has a motion given 
by sin mt (ft), the resistance to the motion of the load is measured by ten times 
the speed in feet per second. If the spring extends ft per lb load and its mass 
may be neglected, give, when the oscillations have become steady and = 50, 
the amplitude of the oscillations. (U.L.) 


d^v dv 

We have ^ + 10^ + 50y = sineor .... (1) 

Let y = tt + V be the complete solution, u being the complementary function 
and V the particular integral of (1). To determine v we have from (1) 

(i>® 4- IQD + 50)v = sin cot 
Le. 

== r^^TloFT^ 


lQD-(50-m^) 


lOOi?®- 

lOD- 


(50- 

•(50~€a«) 


sin cot 


2500 

(30-0)*-* lOD) 
2 500 4* CO* *" 
(50 — o)®) sin cor 


sin cot 


sm mt 


lOcocbscof 


2 500 4- CO* 


( 2 ) 
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The complementary function u is the complete solution of 


1? I- 107, + 50" = “ 

Putting H - we obtain the auxiliary equation 
+ lOA: -f 50 == 0 


the roots of which are k 


5 4 - 5/ and — 5 — Si. 


The complete solution of (3) is therefore 

u = Ae^~ o + 5i) i q- 5 — 50 ^ 

^ Re - ^^cos (5t + fi) as in Ex. 3, Art. 139. 
and the solution of (1) is 

„ , V . (50 — a>2) sin cor — lOoj cos (t>/ 

y = Re- ot cos (5/ .) + isOOT^r” 


To obtain the equation of motion of the weight, we have, if v ft is the displace- 
ment of the lower end of the spring from its position of rest, ^ 


Stretch of spring 
Tension in spring 

Frictional resistance 


= j ~ sin (ot ft 
= 50(j— sin £ 0 /) lb 

- .o|.b 


Total force resisting motion == 50(y -» sin mt) + 10 ^ lb 
tut Force = mass x acceleration 


~{ 500 --sincu/)+ 10 j) = |xg 




10 ^ “h 50jy = 50 sin cot 


and the solution of this is 


y = Re''^^ cos (5r + + 2 500 + a>* 

or, since — 50, 

5 

y = Re''^^ cos (5r + e) — ~cos mt . . . (5) 

The first term on the right of (5) represents the free oscillations. These decay 
and soon become negligible, leaving 

5 

— coscor 


to represent the subsequent motion when the oscillations have become steady. 

Putting in the value m ^ V^'SO we have y ^ cos 5 v 2r, and the amplitude 

is therefore 0*707 ft. 
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(li 


Solve the equation L — -r Ri - £« cos a>/, using operators. 

A similar equation was solved by another method in Ex. 6, Art. 135. Dividing 
through by L we have 

(ii R t>{i ... 

r' ■ -U) 

1 he solution is / n i wheie / - u is the complete solution of 

y . 7/-O 
dt L 

and * i is a paiticulai solution of ( 0- To find the complementary function u 
we have 


and thcrcfoic 

the solution of w hich is 


dll . R .. 
— q- y // 0 

dt I 

} du 

u dt 


( 2 ) 


R 

L 


log, « = - ~ r + log, A 


u~Ae 




(3) 


To determine the particular integral v we have 


ih 

dt 


— V — Y cos o>t 

Lt Xy 


E, 

L 


0,-1 


cos (ot 


In order that we may be able to use the relation 


1 


cos (Ot ~ cos (Of . 


1 


we must convert - 


D 


R 


fm /(-o>^) 

into a fraction whose denominator is a function of D^, 


We do this by multiplying numerator and denominator by Z) — — . Thus 


D - - 

^ _L_ 

t (g 


cos wt 


E, 




{d- I) cos 


cos tx)t 
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or since 

r, 'f LE„ f . R 

^ ^-d^" - am 

i.e. 

JE 

*’ ' -T?"-?”?. 1 Rcosid/) 

rQ‘*L- -f i?- 

or 

' E 

V -- 2 cos {o)t — a) 

q. 

where 

1 1 

a ~ tan~^ — 

The complete solution is then 

-i?/ 

t: — r * 


/ — - 4 - — - cos {lot ~ a) \ Ae 

•V Vz,^ + R'‘ 


) 


EXAMPLES XII 

Solve the following differential equations and evaluate the constants of 
integration from the given data. 

cl^x ilx 

(1) — - where ^ is a constant, x Xq and — when / ~ 0. 

(2) — 3 + 4r. = 2 and A when i ~ 1. 

dt^ dt 

(3) 42 kt^. 4^ — 0 and y ~ 0 when t — k is a constant. 

dr dt 

(4) £2 ~ kifix— x^), 4^ = 0 and y — Vn when and a are constants. 

dx^ dx 


(5) ^ — 9 sin ;c — 4 cos .v. v == 2 — ? when x-^%: and v — 1 whenA' — 0. 

dx^ ^2 2 

(6) ^2 = 6y. — ~ 0 when ;c — 0 and y — 6 when x - 0. 
dx^ dx 

(7) ~ 2. = i when .x: =- 0 and y ^ 8 when — 0. 

^ dx^ / dx 4 

(S)— 1 - 9a: = 0. — 18 when r ^ and a: = - 6 when / rr. 

^ ^ dt^ dt 


(9) ^ 0 when .v 0 and y 8 when a' **- 0. 

^ dx^ dx 

(10) ^ — 1^. S 0 and y - 8 when t - 0. 

^ dt^ / dt ^ 

(11) ^ -I- y === 6, ^ = 0 when / w and y ^ 12 when t - 0. 

^ ^ df ^ dt 

[HinL Substitute a new variable r for 7 - 6.] 

(12) ^ + 47 = 20, ^ = 6 if X = w andT = 8 if - I- 

(br dx ^ 


iA-^rT. 6 io) 
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(13) Sohc 8v 20. 

(14) Sol\e tho example m 137, foi the case^ m which the load diagram li, 
Ulan isosceles tiianglc with the length of Iho beam as base, (ii) a trapezium with 
Its non-parallel sides each of length / and its parallel sides horizontal, the upper 
side being half the lower side which extends from support to support. 


05) 

Sohe the equations: 

/-V 


6r -0. 





dx 

I7v 0. 

(16) 

Solve the equations: 

'■’S’ 

dx 

9v 0. 





d\ 

25j -0. 

(17) 

Sohc 

dP 

^ dx 

(<7“ " k^)X 0. 


(KS) 

Solve 

dP 

3a ^ - 
dt 


0 . 


(19) 

, d^x 
di- 

4 - 0, 




(20) Write down the equation of motion for small oscillations of a simple 
pendulum about its equilibrium position, and show that its periodic time t in 

seconds is / - Iv where / is the length of the pendulum in feet and g is the 
S 

acceleration due to gravity in feet per second per second. 

(21) Prove that ^ ^ where v and r are continuous functions of a. 

dx dz dx 

If T is the distance traversed and v the speed of a body at any time r, show that 
dt^ ds 

The force on a body of mass M moving in a straight line is directed towards a 
fixed point O in that line, and is of magnitude kMlx\ where x is the distance from 
O at time /. If E is the kinetic energy at jc == a, find the kinetic energy at any 
distance jc. Reckoning t from the instant when x ^ a and the body is moving 
towards O, find x in terms of the time if £ = kMja, (U.L.) 

(22) A small ring of mass m which can move on a circular wire, centre O, is 

acted on by a force directed from the point A on the circumference of the circle, 
the force when the ring is at P being equal to mfi(l — API AO). Show that there 
are three positions of equilibrium, and find the period of a small oscillation when 
the position of equilibrium is stable. (U.L.) 

(23) A mass of Wlh is suspended at the end of a spiral spring which stretches 
through a distance I ft under the action of a tensile force of E lb weight. Find the 
period of small vertical oscillations of the weight (i) neglecting the mass of the 
spring, (ii) assuming the spring to have a mass of w Ib. 
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(24) A uniform rod AB of mabs m is free to turn about a smooth veiUcal axis 

through the end A. A spring, with axis horizontal and peipendicular to the rod, 
has one end lixed and the other end attached to B. Show that the period of small 
oscillations of the rod is the same as the peiiod of a mass Im at the end of the 
same spring. ' (U.L.) 

(25) A uniform horizontal rod AB of mass W lb is free to turn m a vertical 
plane about A. A mass w ib is attached at B, The rod is held in a horizontal 
position by a vertical spring attached to the lod at C between A and B, such that 
AC ^ a ft, the length AB being I ft. The spring is such that it would stietch I ft 
under the application of a tensile force of E lb weight. Find the period of small 
oscillations of the rod (neglect the weight of the spring). 

(26) Assuming the equation E/ ^ = M for the cuivature of a loaded beam, 

shovi that, if a unifoim horizontal beam of length 2a is simply supported at the 
ends and cai ries a variable distributed load which at a distance x from the centre 
has the value >i’(l “* x-Ja^) per unit length, the central dcllexion of the beam is 
(61 IVc^)/{4S0EI), where W denotes the total load. (U.L.) 

(27) Show that the inclination 0 to the vertical at any time t of a simple 
pendulum of length / making small oscillations in a medium in which the 
resistance per unit mass is k limes the linear velocity is given by 


, cH ^ f,dd ^ . 


The time of a complete oscillation of a pendulum making small oscillations 
in vacuo is 2 seconds; if the angular retardation due to the air is 0*04 s angular 
velocity of the pendulum, and the initial amplitude is 1°, show that in ten com- 
plete oscillations the amplitude will be reduced to approximately 40', (UX,) 
(28) If X is the displacement of a particle oscillating under the action of a 
force proportional to the displacement, and a small frictional resistance propor- 

d^x dx 

tional to the velocity, the equation of motion ^ ^ ^ ^ ^ 


< 4«®. Show that the ratio of the amplitude of any oscillation to that of the 
preceding one is constant. Give the solution of the above equation. 

(29) A simple pendulum is formed of a particle of mass M suspended from a 

fixed point by a light wire of length /. If a particle of mass m is fixed to the wire 
at a distance a from the fixed point, show that the time of a small oscillation is 
decreased and that it is possible to choose the distance a so that the time of 
oscillation is a minimum. (UX.) 

(30) A sphere can rotate freely about a horizontal axis distant a ft from the 
centre of the sphere. If the radius of the sphere is r ft and its mass M lb, find the 
period of small oscillations about the position of stable equilibrium. 

(31) Apply the equations of angular momentum and energy to the following 

problem. A mass M hangs from the end of a string which is passed up through 
a hole in a smooth horizontal table so that a length a lies straight on the table. 
A mass m, attached to the end on the table, is projected with a speed V in the 
horizontal direction at right angles to the string. Show that, in the subsequent 
motion, M will move up and down within definite limits, and find the value of V 
so that just half the length of the string on the table may be pulled through 
the hole. (U.L.) 

(32) A weight, lying on a rough horizontal table, has attached to it a spring 
the axis of which is horizontal If the free end of the spring is set in motion in 
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the direction of its axis with a velocity v, wliich is kept constant, show that, after 
the weight has begun to mo\e, its motion relative to the free end is simple- 
harmonic, with a niavinium relative velocity v, (Assume that the friction has 
the same magnitude when the weight is at rest as when it is in motion.) (U.L.) 

(33) Solve the equation — -f 36x =* 3 cos 6t. 

A spiral spiing of negligible mass, which stretches 1 in. under a tension of 2 lb, 
is fixed at one end and canies a mass of Mlb at the other end. Find Af, given 

that the period of the free vertical oscillations of the mass is j sec. If, when the 

mass A/ is at rest, a periodic force A" — 2 cos 6/ lb acts upon it, prove that the 
displacement vft in time / sec is given by v •= If sin 6/. (Neglect frictional 
forces.) 

(34) A mass oscillates under the action of a spiral spring, which is fixed at one 

end, and against a constant frictional resistance which is always contrary to the 
velocity. Show that the period is independent of the friction, and that the ampli- 
tude decreases by the same amount in each half-oscillation. (U.L.) 

(35) A spheie of radius a is projected with linear velocity Kup a plane inclined 

to the horizontal at an angle a. The sphere initially having no rotational velocity, 
show that the time which elapses before the sphere rolls without slipping on the 
plane is y 

^(sin a -h ^ lU cos cc) 

and obtain the time when the sphere is at the highest point on the plane, ju is the 
coefficient of friction between the sphere and the plane, and is greater than 
f tan a. (U.L.) 

(36) Solve the equation ^ + 2ay == 0, where a is a 

constant. ^ 

d“S z/y 

(37) Solve completely the equation — -f 6 ~ — 1 6ir = cos 3/. 

(38) If j satisfies the differential equation 4 - Fj — 0 (F, /, P constants) 

and y = 0 when .v ™ o and x = / show that y is zero for all values of x unless 
P has one of the values -- £7, where n denotes an integer. (U.L.) 

(39) Show how to solve the differential equation + and b 

being constants. 

If y^ ^(x) is a particular integral of the equation ^ + a ^ -f 6y = f(x), 
explain how to solve this equation. 

Solve completely the equation ^ ^ (U.L.) 

(40) Solve the differential equations; (i) ^ 6 — 7y ~ 0 

^ dx^ dx ^ 

wg + il + v-" 
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(41) Solve the ciifferential ecjuation-^: (i) ~ 25 v 

(U) I 25.x 20c 

at- 


(lii) 2^^ I 3 


20v ~ \ -e 


(IV) 1^!} ' 5v coi>5r 

</r“ iL\ 

(.42) The equation foi the discharge of a condenser is 

, d-x „ dx , . 

L— , Cx 0 

dt- dt 

dx 

If the charge is q when the circuit is closed, i.e. if jc -- q and =r_ o when r ^ 0, 
find the value of ;r in terms of L 

What relation exists between the constants L, R, and C if no periodic terms 
occur in the value of jc ? ( U.L.) 

(43) Solve the equations 

where R ^ 100, L -= 0*005, iT - 10 ^ - 1 000. (U.L.) 

d^x 

(44) Integrate the equation ^ ^ ^ sin /. 

(45) The motion of a weight at the lower end of a spring is given by 

^ + 6^4- 25y ~ sin 2r, the other end of the spring having a simple 

harmonic motion. Solve this equation and point out the part of it which gives 
. a steady motion when / is large. 

Also solve ^ — 2<2 ^ d^y - (U.L.) 

dx^ dx 


(46) Verify that the solution of the equation 1 tdy <i<inpt is 

y pt ^ sin ipt a), where k and a are arbitrary constants. 

^ ” dy 

If = Ip, find the values of k and a in the case for which v and ^ are both 

zero for t = 0. Draw the graph of y for values of / from 0 to 2Tr//?, (U.L.) 

dht 

(47) Find the value of u which satisfies the dificrenlial equation ^ ^ u 
= 2k cos 6, and the two following conditions— 

(i) u has the same value when 0 - - W 


(u) \^udO - 0 
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cl^x dx , , 

(48) Solve the equation ~jT 2a'^ -r { dr -f b'^)x = k sin pt subject to the 


dt^ 
. dx 


conditions that a: — h and = 0 when t — 0 
dt 


(U.L.) 


(49) If A is the displacement of a particle, t the time, and a, b, and c constants, 

d^x , dx 

the equation of motion of the particle can be written « + o 4 - ca = 0, 

Solve this equation, (i) when > 4ac, (ii) when b^ — 4ac, and (iii) when />- < 4ac. 

in each case sketch the graph, showing the relation between a and t. 

(50) A condenser of capacity C is discharged through a circuit of resistance R 
and inductance L. Prove that the charge Q at any time t is given by L 

-h 4- ^ “ 0; hence, show that if R be sufhciently small, the discharge is 

oscillatory, and determine the period of the oscillation. Calculate the frequency 
if the capacity is 0*02 microfarad, the inductance 0*0003 henry, and the resistance 
negligible, " (U.L.) 

dO dx 

(51) If a + 2h6 4- w = 0 and ^ ^ ~ differential 

equation connecting a, t, and the constants a, b, and k. Express the relation 
between a, 6, and k so that if .v denotes a displacement and t the time, the motion 
may just be non-oscillatoty. On this supposition, show that 

-it 


^ ( a \ 

A == e ® I Ao 4- “ Xot 4- 6ot I 


where Xq and O© ar© the values of x and 6 when / = 0. 


(U.L.) 


(52) A thin uniform wooden rod, 4 ft long, can turn freely about one end in a 
vertical plane. A cross-piece in the shape of a thin metal rod can be attached to 
the wooden rod at any point at right-angles to it and with its mid-point on it in 
the vertical plane in which the wooden rod moves. The weight of the cross-piece 
is eight times that of the wooden rod. When the system makes small oscillations 
about the fixed end, compare the times of these oscillations (i) when the cross- 
piece is at the other end, (ii) when it is at the middle of the wooden rod. (U.L.) 

(53) A rod diameter in., length / ft, weight JVlb, is suspended horizontally 
by two parallel vertical wires of length L ft The wires have their upper ends 
attached to a ceiling and the lower ends are attached to the rod at points whose 
horizontal distances from the centre of the rod are a ft. The axis of the rod 
executes small oscillations about the vertical through its centre. Find the time 
of one oscillation. 

(54) Obtain the equations of motion of a body rotating about a fixed axis. 

A wheel is suspended with its axis vertical by two equal vertical wires, each 
of length 3 ft, attached to points on the wheel which are diametrically opposite 
and each 4 in. from the axis. When the wheel is set oscillating about its axis 
tlnough a small angle, the period of a complete oscillation is found to be 3*26 sec. 
Find uie radius of gyration of the wh^l, assuming f == 32*2 ft per sec per sec, 

<UX.) 
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(55) If jc + a and p being constants and t denoting time, show that 

the point (x, y) describes a circle with uniformly accelerated angular velocity. 
The co-ordinates of a particle moving in the xy plane satisfy the equations 

^ ^ ny, ^ ~ nx. Prove that the particle is describing a circle with constant 

speed. (U.L.) 
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STATISTICS AND CORRELATION 

143. Statistics. Recent developments in the engineering industry 
have been more and more on the lines of repetition work, A single 
machine, or a set of machines, gives a continuous output of apparently 
identical articles. Owing to various causes such as variations in the 
quality of the material and in its physical characteristics, tool wear, 
shaft and bearing wear, fluctuating conditions of working, variations 
in control due either to neglect or to fatigue or to insufflciency of 
personnel, and to many other causes some of which cannot be 
specified, the articles are not identical. Causes which can be specified 
are assignable causes; those which cannot are chance causes. The 
former can be reduced to a minimum by careful methods of control, 
but the latter will remain. As knowledge of the variations increases, 
some of the chance causes may become assignable. 

In order that the effective control may be applied, it is necessary 
to study variations in the measures of the characteristics which it is 
intended to control — such characteristics being dimensions, weights, 
density, hardness, ductility, tensile or compressive strengths, etc. — 
and the effect of the variations on the quality of the product, as well 
as to locate, as far as is possible, the causes of excessive variation. 
The whole collection of apparently similar articles produced is known 
as the population or universe. For our purpose the term statistics 
means the collection of numbers representing the observed measure- 
ments of one or more particular characteristics in the whole, or part, 
of the population. Statistical method is the method of obtaining 
useful information from the statistics. Statistics and statistical 
method are both included when the former term is used in a general 
sense as in the heading to this section. 

144. Frequency Distribution. Suppose that the numbers represent- 
ing values of a characteristic over a population are arranged in 
ascending order of magnitude, and that the scale of numbers is 
divided into a number of intervals, usually equal. The number of 
characteristic values falling in an interval is known as the frequency 
in that interval. We also speak of the frequency between any two 
specified limits and of the total frequency, which is the number of 
the population. The difference between the highest and the lowest 
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of the characteristic values is the range. The interval, or the charac- 
teristic value at the middle of an interval, is associated with the 
frequency, and the whole of these pairs of numbers is called a 
Jrequency distribution. 

We shall illustrate the above by considering the characteristic 
values in Table I below, which give the tensile strength in quarter- 
ounces of single threads of cotton yarn, all of which are supposed to 
be of the same degree of fineness, i.e. 50’s counts. The numbers are 
in order down the columns from left to right. 


TABLE i 


16 

18 

19 

25 

1 

i 21 

19 

22 

17 

17 

20 

18 

17 

22 

17 

22 

17 

20 

19 

20 

20 

20 

22 

19 

21 

26 

20 

23 

20 

18 

21 

18 

17 

23 

18 

; 18 

16 

23 

20 

18 

22 

19 

18 

20 

16 

i 23 

19 

18 

17 

23 ! 

20 

19 

20 

22 1 

20 

25 

20 

18 

19 

19 

20 

20 

15 

24 

21 

24 

18 

19 

21 

24 

19 

22 

15 

24 

20 

20 

17 ! 

20 

20 

24 

20 

22 

18 

21 

22 

20 

22 

20 

20 

24 

18 

22 

16 

27 

23 

22 

18 

17 

18 1 

23 

25 


As the numbers are correct to the nearest unit, the least number 
15 may represent any value between 14*5 and 15*5, and the greatest 
number 27 any value between 26*5 and 27*5. The range is therefore 
27*5 — 14*5 = 13. We shall divide the range into 13 equal intervals 
13 

each of length 1. Table II gives the frequency distribution. 


TABLE II 


Interval . 

14-5- 

15*5 

15*5- 

165 

16*5- 

17*5 

17*5- 1 
18 5 i 

18*5- 1 
19*5 1 

19*5- 1 
20*5 

20*5- 

21*5 

Frequency 

2 

4 

9 

15 

11 

23 

6 


Interval . 

2L5- 

22*5 

22*5- 

23*5 

23*5- 

24-5 

1 24*5- 
1 25*5 

25*5- 

26*5 

1 26-5- ] 
1 27-5 i 


Frequency 

12 

7 

! 

1 ^ 

1 ’ 

1 

1 



In Fig. 133 characteristic values are set off to scale along the 
horizontal axis and frequencies along the vertical axis, and rectangles 
are constructed whose bases represent the intervals or sub-ranges and 
whose heights represent the corresponding frequencies. The interval 
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being unity in this case, the area of each rectangle is equal to the 
corresponAng frequency. The stepped figure is called a histogram. 

Another form of representation of the frequency distribution is 
X\\Q freqtiencx polygon. This is obtained by joining the tops of the 
frequency ordinates at the middle of the intervals, and is sho\\n 



Fig. 133. Histogram 


dotted in Fig. 133. For the frequency polygon all the class intervals 
should be equal. If the number in the population is increased and 
the class interval reduced, both the histogram and the frequency 



polygon will approach more closely to a smooth curve, and in the 
limit when the population becomes infinite they will both merge into 
the smooth curve known as the frequency distribution curve^ such as 
that in Fig. 134. 

The area under the curve between any two ordinates PM and QN 
represents the number of articles having values between ON ~ 
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and OM = Xi. The curve shown, which is belLshaped, is roughly 
typical of those obtained by plotting frequency against characteristic 
value in the case of most engineering characteristics. It is roughly 
symmetrical about its maximum ordinate though in many practical 
cases this symmetry is not so pronounced. If we had enough obser- 
vations in the above distribution table to plot a smooth curve, it 
appears likely from the histogram (Fig. 133) that the hump in the 
curve would be roughly over the value 20 which is to the left of the 
centre of the range. This lack of symmetry is called skewness^ and 
the distribution is called a skew distribution. Not all distribution 
curves are bell-shaped; some have two or more maxima, some are 
U-shaped, and some are of the shape of the letter J or J reversed. 
The hundred values of yarn strength given above constitute a sample 
taken from the population, and represent only a small portion of the 
population. Tests on a sample or samples are intended to provide 
information about the whole population. It is necessary, therefore, 
to ensure that there is no bias in selecting the articles, i.e. they should 
be selected in such a way that every article has the same chance oi' 
selection. If there is no bias and if the size of the sample is sufficiently 
large, the histogram or frequency curve will be practically the same 
for the whole population as for the sample, except for the vertical 
scale. An unbiased sample is known as a random sample. The larger 
the sample, the more representative it is of the total population. 

What can we take as the value of the characteristic, i.e. thread 
strength, in the example given ? If we are to be accurate, we can only 
say that the thread strength lies between 14*5 and 27*5 quarter-ounces. 
We see that the greatest frequency occurs when the strength is 20 
quarter-ounces, and that as a whole the frequency diminishes as the 
strength diminishes or increases from this value; hence the strength 
in quarter-ounces of any particular thread is much more likely to be 
near to 20 than to 15 to 27. 


145. Constants of a Frequency Distribution. The arithmetic mean 
is the sum of all the characteristic values divided by the total fre- 
quency. LetXi, Xg, , . ., Xa be the different valuer of the chara<> 
teristics, and /ij, . . their respective frequencies, and let x 
be the arithmetic mean and iV = S / the total frequency. 


Then 


- fjXi +/3JC3 + ■ . 

+ /s + ^ + . . ■ 4- /« 

_ S/x S/x 

•’"“IS/- W ■ ■ ■ ' 


or 


(XIILl) 
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It follows from (XIII.l) that 

. . . (XIiL2) 


The median is the central value oflhe characteristic when the values 
are arranged in order of magnitude. If the number of values is even, 
the median is half the sum of the two central values. In a grouped 
frequency the value of the median is found by the method of pro- 
portional parts. The mode is the value of the characteristic at the 
middle of the interval in which the frequency ii> greatest. This is not 
easy to determine as the choice of interval is arbitrary and it is not 
much used in engineering statistics. The mean is usually taken as the 
best estimate of the true value of the characteristic. In the deter- 
mination of the mean all the values are used, whereas the mode and 
the median would both remain unchanged if either the lower or the 
higher frequency groups had their values increased or decreased. 

A measure of the scatter or dispersion of values about the mean is 
also needed. Of several possible measures the following are the 
most important. 

The range is not a good measure as it takes account of the two end 
values only and does not indicate whether or not the values are 
closely packed about the mean. 

The mean deviation from the mean, or the average error, is the 
mean numerical difference between the value of the characteristic 
and its mean ; thus 


Mean deviation 


s/ 


(XIII.3) 


The sign in (XIII.S) indicates that all differences are to be taken 
positive. 

The mean deviation from any other value, say x = I, is 

Then, mean deviation (from y = 

-i:/(x-:v + 5-D .-s/ 

= [using (Xni.2)] 
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Mean deviation (from .r = Q 

S/ 


.V - ^ 


(XIII.4) 


The standard deviation is the root mean square of the deviation from 
the mean. If c = standard deviation, then 


(T 


^fix-xy 

s/ 


V N 


(XIIf.5) 


We use a to denote the standard deviation m the whole population 
and s that in a sample. If the sample is a very large one, the \ aliie of 
s may be taken as that of a. 

Note that a is the radius of gyration of the area under the frequency 
curve about a vertical axis through its centroid. 

The root mean square value of the deviation from any given value 
of .X, say X = ^, is s', where 

. . (XIII.6) 

.-. s'^^j = ^fix-cy 

=^^f{(x-^ + {x-~0\^ 

= S/(x - xf + 2S/(x _ ^ (X - 0 + X/ (x - 0“ 
= ajf + 2(x _ Q S/(x - 3^ + (X - S/ 

Now Sy (x — x) = 0; hence, writing d for x — ^ and dividing 
through by S /, we have 

= o® + cfs . . . (XI1I.7) 


Note that, if both sides of (XIII.7) are multiplied by A (the area 
under the frequency curve), the relation obtained is equivalent to the 
theorem of parallel axes for moments of inertia of area. (XIII.7) 
shows that has minimum value <t*, which occurs when rf == 0, 
i.e. when C = x, so that the sum of the squares of the deviations is a 
minimum when these deviations are reckoned from the mean. 

The square of the standard deviation is known as the variance. 
The standard deviation is generally taken as the measure of disper- 
sion. ^ 2/x and i S/x“ are called the first moment and the 

second moment respectively about x = 0, and —'Lfix— a) and 
S/(x — of are those about x = a. 

When estimating the standard deviation of a population from a 
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portion, or sample, of it, we introduce an error by assuming the 
sample mean to be the population mean. This gives too small a 
v^alue of the variance by c\ where c is the distance between the two 
means. For, if C above is assumed to be the population mean, then 
X — ^ c, i.e, ii — c, and (XIIL7) becomes in this case 5 - 1 ^ — 

As the population mean is not knowm, c is not known. It is shown 
in Art. 152 that the above error is corrected by writing 1 for 
ii/; or iNT— 1 for N, in (XIII. 5). This correction is necessary for 
small values of N, but becomes unimportant when N is large. 

If the values of .v are not grouped, we replace S fx by Sx, S f(x—x) 
by i](.Y — x), S / (X x) by S(x x), and H / (x — x)^ by S(x — xf 
in the above relations. 

EXAMPLE 1 

Calculate the mean value, the standard de\iation, and the mean deviation of 
the frequency distribution in Table 11 above, which gives the grouped frequency 
distribution formed from the values in Table I. 

We set up Table lU as follows — 


TABLE ill 


1 

2 

3 

4 

5 

6 

7 

X = strength 







in quarter- 

J frequency 

A 

d - A - A 

fd 

d- 

fd^ 

ounces 







15 

1 2 

1 30 

i 

■ 5 09 

1 

- 10-18 

25*908 

51-82 

16 

1 4 

1 64 

-4-09 

, ~ 16*36 

16*728 

66-91 

17 1 

1 9 

153 

-3*09 

- 27*81 

9*548 

85-93 

18 1 

1 15 

270 

~2-09 

- 31*35 

4*368 

65*52 

19 1 

n 

209 1 

~L09 

-- 11*99 

1*188 

13*07 

20 1 

23 

460 1 

-0*09 i 

- 2*07 

0*008 

0*18 

21 

6 i 

126 ! 

0*91 

5*46 

0*828 

4*97 

22 

12 I 

264 

1*91 

22*92 

3*648 

43*78 

23 

7 

161 

2*91 

20*37 

8*468 

59*28 

24 

6 

144 

3*91 

23*46 

15*288 

91*73 

25 

3 

75 

4*91 

14*73 

24*108 I 

72*32 

26 

1 

26 

, 5*91 

5*91 

34*928 1 

34*93 

27 , 

1 

27 

6*91 

6*91 

47*748 

47*75 

Totals •! 

i:/ - 100 

SA 


Xfd -0 


'^fd‘ 

1 

1 

! 

=-2 009 




= 638-19 


The headings indicate how the columns arc filled in. 
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Total fiequcncy — - 100 

2 009 

Mean value a ; - ,- 7^ - -20*09 quarter-o 

lOU 

This value is substituted for x at the head of column 4. 


- 20*09 quarter-ounces 


Standard 




rter-ounces. 


The total of column 5 should be 7ero, If the signs aie all taken positive in this 
column, the total is 199*52. 


Mean deviation - 


2*00 quarter-ounces. 


EXAMPLE 2 

The lengths in inches of 100 brass plugs are gi\en m column I of Table IV, and 
the frequencies in column 2. Find the mean value and the standard deviation 
of the length. 

Here we simplify the arithmetic by using class intervals, as given in column 3, 
instead of characteristic values. We also measure deviation from some value 
\ ^ say, which is estimated to be near the mean value. Thus we take 0*751 
as a first estimate of the mean value. 

TABLE IV 


X == 

length 
in inches 

frequency 

x'- 

class 

interval 

d-^x'-e 
-= deviation in 
class intervals 

Jd 

(i^ 

" 

fd^ 

0*746 

1 

1 

5 

5 

25 

25 

0*747 

2 

2 

4 

8 

16 

32 

0*748 

2 

3 

3 

b 

9 

18 

0*749 

6 

4 

_ 2 

12 

4 

24 

0*750 

13 

5 


13 

1 

13 

0*751 

28 

6 

0 

0 

0 

0 

0‘152 

1 23 

7 

1 i 

23 1 

i 1 

23 

0*753 

1 16 

8 

2 

32 

4 

64 

Q‘154 

4 

9 

3 ^ 

12 

9 

36 

0*755 

3 1 

1 10 1 

t 4 

12 

16 1 

48 

0*756 

1 1 

11 

i ^ 

1 5 

25 ' 

25 

0^757 

1 

12 

I ^ 

1 ^ 

36 

36 

Totals 

' i 

100 

1 

1 1 

1 90 I 

1 -44 

‘”46 

! 

i 344 


By (XIILl), 


class Intervals 


class intervals 
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X -0751 -- 046 X 0001 -0 00046 in. 


j , T =- 0 751 + 0 0005 0 7515 m. 

Also by (Xill 7), 

^ W _ (^ilV 

99 UOO/ 

-= 347-021 
- 3-26 

O' — ^ ^3 26 — 1 80 class divisions 
O' — 1*8 X 0 001 in. 

00018 in. 



The mean value is 0 7515 in , and the standaid deviation is 0 0018 in. The 
histogram for the above distribution is shown in Fig. 135. 

In both the above examples the total frequency is too small to 
give an approximation to a smooth frequency curve. Both are 
somewhat skew. 

146. Sheppard’s Correction for the Second Moment We assumed 
above that the frequency in each class-interval was collected at its 
centre. The usual type of frequency distribution is hke that repre- 
sented in Fig. 134, in which the frequency is greater near the middle 
and tails off to zero, or to very small values, at the ends. A more 
accurate value of the second moment, or of the standard deviation, 
will be found if we assume the frequency distribution in each class- 
interval to be represented by a trapezium, as in Fig. 136, rather than 
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by the mid-ordinate of a rectangle as assumed above. Let the class- 
interval be the constant h and let the ordinates fiom left to light be 
J’li >’ 2 . J’ij • ■ •> i'n + ii « being the numbei of class-intervals. Also 
let ABCD be the rih. strip of area d , , so that AD r , and BC y, ^ . 
The total frequency h, N = SA,. The distance of O from the mid- 
point of AB is dr = h(r — ]). The trapezium ABCD may be rcgaided 
as made up of a rectangle of the same area , on ^4 S as base and two 



congruent right-angled triangles one of which is added to and the 
other taken away from the rectangle (see Fig. 136). The second 
moment of the rectangle about 0 is /I, x + A, x d/. The 
horizontal distances of the centroids of the triangles from O are dr 
d: Ik, and the net second moment of these triangles about 0 is 

^ X JO, - j, + ,) X W- id, + ihy} ^ la- h 

(where Ig is the second moment of each triangle about a vertical 
axis through its centroid), 

i.e. |o» -Tf + i) \2d,x~ |/i 

i.e. Wir - i) (Tr + 1 - yr\ since d, ^ h{r - ^) 

Hence, the second moment of the area of ABCD about O is 

A,d,^ + -^.A^h^ -f \h\r- |)(j , , t - j,) 

If is the second moment of the whole distribution about O, then 
^ = Y,Ardy + - ^)(y, ,^-y,) 

i.e. A = 'LArdy + x’.MF + imir - i)0, + ^ - j,) . (XIII.8) 
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Now 


3(^2 — f -CV»- 12) T + . ‘ • + 

2/? - 3 ^ 2n -~J 

2 3 « *" ^ 2 i 1 ” 3 ft) 


“ ”• ( 33 ’! + J« + 3^3 + Vi + . . • + 3’«) ^■ 2 ^ 

(233 + 32 t 3’> I Ti t- . . . ^ r l}\, , 1 ) I- /^3^, , 1 

. , , , N 

But, by the trapezoidal rule, the quantity in the brackets IS " p 

and the term nv,, , , is negligible since i„ , 1 is small, so that (Xin.8) 
becomes 


i.e. 


N = 'LA,d,^ - ,\IVh^ . . (Xm.9) 


Thus, in assuming above that the second moment is ^ ^A,d,^, we 

have introduced an error which can be corrected by deducting 3 It- 
from the result obtained. 

In order to find the second moment about the mean value x we 
deduce Nx^ from that about O, and the error is the same for the 
second moment about the mean value. Since this latter is a\ the 
error in is — i\Ji\ 638T9 

In Example I of the last section we found that (T^-r=— 

- 6446, so that the corrected value is ct^ = 6446 3^ = 6*363, 

and a = 2*52 quarter-ounces. Similarly, since by working in class- 

344 

intervals in Example 2 of the same section we found s'^ ~ 

- 3*475, the corrected value is — 3*475 — 3^ = 3*392. 

Hence, = 3*392 — 0*46^ — 3*180, and a = 1*783 class divisions. 
Thus, the corrected value of o* is or = 1*783 x 0*001 = 0*00178 in. 


147, Probability or Chance. Suppose there is a large number N of 
occasions on which a certain event is equally likely to happen, and 
that the event happens on a number n of the N occasions. In such a 
case we should say that the chance, or probability, of the event 
happening on any one of the N occasions is n/N or alternatively 1 in 
N/n. If, for instance, we toss a coin in such a way that it is equally 
likely to turn up a head or a tail, the probability, or chance, of a head 
{or alternatively a tail) turning up is | or 1 in 2, This does not mean 
that, if we continue to toss the coin, heads and tails will occur alter- 
natively, but that if we toss it a large number of times, say I 000 or 



STATIST ICS AND CORRELATION 


427 


to 000 tmicb, the number of dnicb a head (or a tail) turns up will be 
approximately 500 or 5 000. There may be a considerable difference 
between the number of heads and the number of tails, but iii a veiy 
large number of tosses the ratio of the number of heads (or of tails) 
to the number of tosses will approach very closely to 1. If the 
production of a machine is carefully controlled and it is found that 
of a large number of articles produced p per cent are defective, the 
chance, or probability, that a single article taken at random as it 
comes from the machine will be defective is 7?/100 or 1 in 100//?, 

In the above we have used the undefined terms ‘‘equally likely to 
happen,” “carefully controlled,” “at random.” The meanings of 
these terms should become clearer to the reader as he studies the 
subject matter of this chapter. For a full discussion of the laws of 
probability readers should consult textbooks of algebra, or books 
which deal particularly with the subject itself. In the following w^c 
shall only make assumptions about probability when these appear 
to be reasonable. For example, if we have a frequency distribution 
like that of Table IV, but witli a very much larger frequency in each 
class, we shall assume that the chance, or probability, of any article 
chosen at random having a length betw'een 0*7485 in. and 0*752 in, is 
the sum of the frequencies in the groups between those lengths 
divided by the total frequency. For the distribution of Fig. IM the 
probability of the characteristic falling between the values OM and 
ON is the ratio of the area of the strip PQNM to that under the 
whole curve. 

148. The Binomial and the Poisson Distributions. Consider the 
products of a machine which are tested either by limit gauges such 
as “go” and “not go” gauges or by visual inspection. Those articles 
which do not pass the lest are known as defectives. From past 
records it is possible to find the proportion p of defectives in a large 
number of the articles. If ? = 1 — then q is the proportion of 
satisfactory articles produced. The engineer wishes to find from these 
values of p and q how many rejects he can expect to find in a random 
sample of a given size. 

Suppose we take N articles at random from the products. Of these 
qN will be satisfactory on the average and pN wtII be defective. 
Suppose now we take a second set N at random and pair them one 
by one with the first set. This will produce N pairs. Of the pairs 
formed with the qN articles of the first set, q qN ^ q^N will have 
no rejects and p x qN ^ qpN will have one reject, whilst of those 
formed with the pN articles of the first set q x pN — qpN will have 
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one reject and p / pN ~ p^N will have two rejects. Thus the 
number of pairs with 0, 1,2 rejects respectively are q^N, 2qpN, p^N 
which are the terms of the expanded form of N(q + p)“. 

Now suppose that the pairs are transformed into N groups of 
three by combining a third random set of N one by one with each of 
the N pairs. In the fraction q of the groups of three the numbers of 
defectives will be the same as in the original pairs, whilst in the 
fraction p the number of defectives will be increased by one. 

Thus we have for N groups of three 


Number of Defectives 


i 0 

1 

1 ^ 

3 

In groups . 

fN 

1 2q^pN 

qp^N 


InpNgioups . 


<YpN 

2qp^N 1 

p^N 

In all N groups . 


3q^pN 

2qp^N 

p^N 


These are the terms in the expansion of N{q + pY. 

Similarly, if we take a fourth random set N and combine the 
articles one by one with the N groups of three, the resulting groups of 
four will be such that in qN of the groups the numbers of defectives 
will be the same as in the groups of three, whilst in the remaining 
pN of the groups the numbers of defectives will be one more than in 
the corresponding groups of three. Thus we have for N groups 
of four— 


Number of Defectives 



0 

1 

2 

3 

4 

In qN groups . | 

q^N 

2q^pN 

3qYN 

qp^N 


In jpiV groups , 


q^pN 

3qYN 

3qfN 


In all N groups . : 

q^N 

AqyN 

6q^p^N 

^p^N 



These are the terms in the expansion of N{q + p)*. 


By proceeding thus and forming groups of 5, 6, 7, etc., . . . 
n — 1, n articles in succession we see by analogy with algebraic 
multiplication that for N samples or groups each including n articles 
the numbers in the groups containing 0, 1, 2, 3, 4, etc 1, 
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n defeclivc'j respectively are the terms taken in order of the 
of N(q + pY, i.e. 


jV^", NticY ~ ^ p, 
Nnqp'^ ~ ^ Np^ 


1) , , Niin—\){n~l) 

2r~ T- 31 t 


expansion 

y 

(XIII.IO) 


If the factor N is omitted from each term, we ha\e the series 

n{n— 1 ) , , n(n — \){n - 2) 

q",nq'‘ 'p, - — q’‘ q’> ^p\ . . ^nqp"- 

(xm.ii) 


the n + 1 terms of which represent respectively the chance or 
probability that any random group of« should contain 0. 1, 2, 3, . . 
n— 1, n defectives. 


EXAMPLE 


Ten per cent of the aiticles from a certain machine are dcfectnc What is the 
chance that there will be six defectives in a sample of 25 
p — OT, q — X — p — 0-9, and n — 25. Thus the lequiied chance is the 
seventh term in the expansion of tO-9 - OT)^’. 

This term is ^^09)" , (Olj-wheien 25 

6 ! 

= 177 100 X (0-9)'* ^ (O-I)'' 

Chance = 0-024 

In only 2-4 per cent of a large number of samples of 25 will there be 6 defectives 
in a sample. 


The distributions (XIII.IO) and (XlII.ll) are known as binomial 
distributions. If p — q, they are symmetrical distributions as dealt 
with in Art. 149, but if ^ # q, they are skew.Jf n is large enough 
to make p~q negligible compared with Vnpq, the distributions 
become nearly symmetrical and approximate closely to that 
shown in Fig. 137. In practical cases p is often less than 0-1 and 
for samples of from 3 to 100 the distributions arc skew. If we 
assume that p is small compared with 1, q" -- (1 — p)'* =• 

^1 — 1 which is approximately equal to and the 

series (XlII.ll) becomes 


1 )(«- 

3! 


2 ) 


. . to n -f I termsj 


If « is suflSciently large we may write « for n — 1, — 2, « — 3, etc., 
in the early terms of the series and the later terms become unimpor- 
tant because of the small value of p/q. Also since q is nearly 1 we 
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may write p for pfq. With these changes the distribution becomes 
that of the terms of 


or putting m for np 


nY nY nY 

“IT + IT + Ti" + • 


[1 + 


m“ fw nf 

ffl 4 - — „.| - 1 . — 

' 2! ' 3! ^ 4! 


. to « + 1 teimsj 

to n + 1 (Xin.l 2 ) 


This is known as the Poisson distribution. As it stands it is a pro- 
bability distribution, the {n + l)th term of which represents the 
probability of n defectives. If the expression is multiplied throughout 
by the number of samples, the terms represent the distribution of 
the samples, i.e. the numbers of samples having 0, 1, 2, 3, . . . etc., 
defectives respectively. 

We shall now find the mean value and the standard deviation of 
each distribution. Assuming an interval of 1 between successive 
frequencies, we associate the numbers of the distribution with the 
values ;c = 0, 1, 2, 3, . . . etc., respectively. Let and be the 
first and second moments about x = 0. Then for the binomial 
distribution (XIII.ll) 

n{n — 1) 

9” 




1^" X 0 + X 1 + 

n{n— 1) (n— 2) 


2 ! 


X 2 


+ 

■ np 


3! 


^-3 pi X 3 -f . . . to n + 1 terms 


[?• 




(«-!)(«- 2) 


2 ! 


ffl — 3jn2 


y + 


... to n terms 


0 


= np(q + />)" " ^ or, since q + p — I, 

Pi==np . . . . ‘ . . . . (Xm.l3) 

1^9" X 0 + nq”-^p X I® + - q”' - y x 2® 

h(b— l)(n— 2) , . 

~ X 3® + • • . to « + 1 terms 


P2 


+ 

np 


3! 






2! 


qn -.3p2 X 3 + . . * to « terms 


] 
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= np X first moment about .y = 

i,e. = np[{n— \)p +1] 

The mean value is pi ^ np 
The mean square about :r = 0 is 


1 of the terms of 
(<? 

. (XITI.14) 
. (XIII.15) 


s'^=: /z^ = np[n-lp+l] . . (XTn.l6) 

Substituting this in (XIII.7) and writing np for d 
= n^p^ — np^ + np — n^f' 

= npO.-p) 

and a=VJ^ (XIIT.17) 

For the Poisson distribution (XIII.IZ) 


f^i 


^ trr 

^ '+ /w X 1 H” X 2 + ^ X 3 + • • ' 


= X 0 

+ to « + i terms 
+ to /I 

X approximately when n is large 


{i 


] 


, m* m® 

OTe-“| 1 + + • 


Pi = m 


. (XIII. 18) 

The mean value is fii = m = np as for the binomial distribution. 

lxO + fftxl® + -^x2® + -^x3H- ... 

to « + 1 term 

J 

m3 


to « + 1 terms 

Ixl4-mx2+^x3 + j^x4+--- 

to n termsj 

m x first moment about x = 


i.e. /<2 = mim + 1) approximately 


1 of the first n terms 

of(XIIL12) 

. (XIII.19) 
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The mean square about a -=■ 0 is /««> m(m f- 1) and 

m(m -+“ 1) 
m 

and . (XIIL20) 

From (Xnr.18) and (Xin,20) we see that for the Poisson Distri- 
bution the standard deviation is the square root of the mean. The 
value of a from (XfIL20) is the same as that from (XIII. 17) if q is 
put equal to unity. 

EXAMPLE 

On the average 3 per cent of the aiticles produced by a machine are defectives 
Find the piobability that theie will be c defectives m a sample of 40 taken at 
random from the production, wheie c has the values 0, 1, 2, 3, 4, 5, 6 m 
succession. 

Assuming the distribution over a large number of samples to be binomial, the 
probabilities of 0, 1, 2, 3, etc., defectives are found by substituting n = 40, 
p ~ 0-03, q - 0*97 in the successive terms of (XIII. 11). These probabilities are 
given in the second row of Table VI. Similarly, assuming the distribution to be 
Poisson’s, we substitute in (XIII. 12) putting m — np^\2\ the values of the 
successive terms are given in the third row of the Table. 

TABLE VI 


Number of defec- 
tives in samples of 
40 from popula- 
tion with 3 per 
cent defectives . 

0 

! 

1 

2 

3 

4 

5 

6 

Pb ~ Probability 
m Binomial Dis- 
tribution 

0*2957 

0*3668 

0*2206 

0*0866 

0*0248 

0*0055 

0*0010 

== Probability 
m Poisson Distri- 
bution . 

0 3012 

i i 

0*3614 

0*2169 

i 

00867 

0*0260 

0*0062 

0*0012 


More accurate calculation is needed to find the probabilities of 
samples with more than 6 defectives. Table VII refers only to the 
Poisson distribution. The first row gives the cumulative sums of the 
numbers in the third row of the above table. 
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TABLE Vll 
Poisson Distribuiion 


Cumulative Sums 
of probabilities in 
above table - S 

0 3012 

0*6626 1 

! 

0 8795 

1 0 9662 0 9922 0 9984 | 0 9996 

Values of 1 S 

0 6988 

0 3374 I 

[0 1205 1 00338 0 0078 0 0016 0 0004 


Consider the value S == 0*8795. This is the sum of the probabilities 
of 0, 1, and 2 defectives so that 1 - -- 1 — 0*8795 is the probability 

of 3 or more defectives. Values of I — S represent in order the 
probabilities of I or more, 2 or more, 3 or more, etc,, defectives as 
indicated in Table VIII. 


TABLE VIII 


Number of defec- 
tives in samples of 
40 with 3 per cent 
defective 

1 

or 

more 

2 

01 

more 

I 

3 

or 

nioie 

4 

or 

moie 

5 

or 

moie 

6 7 

01 01 

moie more 

i 

Probability m Pois- 
son Distnbution 

0*6988 i 

1 

0 3374 1 0 1205 

0*0338 1 

1 00078 

i i 

0*0016 1 0 0004 


These probabilities apply to all cases in which np — 1 *2, e.g. 
n = 30, p ^ 0*04^* p ^ 0-06; etc. For small values of n 

or large values of /?, the Poisson distribution does not apply and 
probabilities should be calculated from the Binomial distribution. 

149. Cumulative Elffect of Small Errors: Normal Frequency 
Curve* We shall assume that the deviations from the true value e/, 
say, amongst the members of a population N are due to a large 
number of small errors affecting each characteristic. For simplicity 
we shall assume that all the errors are equal in absolute magnitude 
and of amount 5, and that errors are just as likely to be negative as 
positive. Due to the first error half the population \N will have the 
characteristic value rf— d, and the other \n will have the charac- 
teristic value d ^ d. Due to the second error the former group will 

form two groups, the one N with the value d 2h and the other 

— V with the value d— b ( d, i.e. d\ whilst the latter group will 
^ 1 

also form two groups, the one N with the value d and the other 
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N with the value d f- lb. Due to a third error, each of these 

groups will be split into two equal groups, one with its value decreased 
by 6 and the other with its value increased by b. This process is 
continued for successive errors, as shown up to the fourth error in 
the following scheme — 



The arrows indicate that each half of any group splits up into two 
equal parts, one with value increased by <5 and the other with value 
decreased by b. The successive rows are seen to be the terms in the 
expansion of N{a + where b = \ and n has the successive 

values 0, 1, 2, 3, 4, , For n errors the corresponding row will 

give the successive terms in the expansion of N{\ + i.e. 
N 

+ dy\ where c and d are each given the value unity. Thus, the 
terms of the distribution are those of the binomial series 


E 

2« 




«(«—!) n(n— I)(w— 2) 


2 ! 


+ - - 


3! 


+ . 


, «(«- 1)(k — 2) ...(«-/•+ 1) , 

I 1 ' 


r\ 


n(n— 1) 
■ jr- 


+ 


The (r I- 1)*” term is 




N n(n- 1) (n- 2) r + 1) N 

7 , - - - 
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We shall now find the limiting form of this distribution as n 
becomes very large, and we shall assume that n is even and equal to 
2k, Let Jo tie the value of the central frequency and Vr the value of 
the rth frequency to the right of the central one. 

N 

Then Vo “= central term m expansion of ^ (I ^ !)-' 

N 

- (k hi) term m expansion of ^(1 - 1)“' 

N 2k{2k-~ 1)(2A - 2) . . . (2k-k 1 1) 

— - - jP 

\lk N 

= 

N 

Also r, is the (A: + Js: + term in expansion of ^ (1 + 1)’^*' 


N , 2A:(21c-l)(2*-2) . . . (2*- 1) 

- 22 ^ ^ \k + x 

\2k N 

^ \k + x \ k-x ^ ^ (XII1.22) 

From these two relations, 

\k\t 

yi - 0 ^ -j- ;£ jA: — .X 

[F+x "" (k -iF) (Ffx-- 1) (F+ 2) .T7(F+T)' 

1* 

and|^^==*(*-l)(A:-2) . . . (A-- x+ 1) 

k(k-l)ik-2) . . .{k-x+l) 

{k + x)(k + x--\) . . . (k+l) 


Dividing numerator and denominator by and rearranging, we 
have 


yx = yoX 


(' 



) 


)(■•;) 


' - 0 


. (XIII.23) 
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For small values of z, log^(l \ z) - r; hence, taking logarithms 
of both sides in (Xni.23) and neglecting the second and higher 
.12 3 Y 


powers of 


A-’ A^ * * * ’ A 


we have 


Vo V 


i 1 1.^ 

k ^ k 


.k^k''k 


h2 + 34- 

x(x— 1) X 
k k 


, .V^ 


- 1! 

or, dropping the suffix A% y — Voe ^ . (XIIL24) 

y is positive for all values of a*, and the values of x extend from 
— 00 to + 00 . 

The standard deviation a is given by (XIIL17) with p = q = I- 
Thus 2a^ = A and substituting this value of A in (XIIL24) 

. . (XIIL25) 

This is called the normal function and its graph, the normal curve^ is 
symmetrical about OY, has a maximum ordinate Jq when x = 0, and 
lies entirely above OX (Fig. 137). It is easy to show that it has 
points of inflexion at y == i o and is asymptotic to X'OX at 
~ ± 00 . The whole area under the graph is the total frequency 
so that 


poo _ 

-\ 

J - uO 


. (XIII. 26) 


This integral is evaluated in Volume 11, its value being o7„V2ir, 
hence N — avo'/Tm. 

N 


Substituting in (XIII.25), v 


■e 


. (XIII.27) 


<rV2^ 


Putting N — I, 


. (XIII.28) 
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This is the probability distribution. If the whole area under the 

graph is unity and a < ydx represents the probability that a 

single characteristic value, chosen at random, lies between a and b. 
Thus 

1 




— \e (ix 




(XIII.29) 


Approximate values of may be found by expanding the 
integrand in powers of and integrating term by term. 



1 

1 

+ 

oVItt 

i,e. 

1 

r .X® 


oVlrr 

L"-2.3..r^ 


4.5.ff‘.2! 8. 7.0®. 3! 


•■]* 

. (Xlll.31) 

For example the probability P that the value lies between ,v ~ 0 
and X = <y/2 is 

1 


aVSn 


fa a 

V2~8T2T: 


+ 


a 

32 . 4 . 5 . 2! ■ 




0-1915 


Table IX gives values of A, the areas to the right of the ordinates 
in Fig. 137, AT — 1. Since OA bisects the area, which is unity, when 
x = Q,A = 0-5000 and when x = a/2, A = 0-5000 - 0-1915 = 0-3085 
as in the table. Values of 1 — .<4 wili give the areas to the left of the 
ordinates. More comprehensive tables are given in textbooks on 
statistics. The numbers to the left of the ordinates in Fig. 137 are 
a times the lengths of the ordinates for the case N = 1 calculated 
from (XIII.28). The mean deviation of the distribution is 


Mean deviation = hxyAx -F SjAxr 


2J 

Jo 


xy dx, since Sy A.v == 1 

f 


2 r - ^ 

~ ^ — , Are 20“ fjx =: — 9= ^ 

aV^jQ <^V27 tL Ju 


mean deviation = cr 



=: 0*7979cy 


or, very nearly^ mean deviation = i standard deviation* 
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TABLE IX 


Kla 

0*0 

01 

0-2 

03 

04 

0-5 

06 

0-7 

0-8 

A 

0-5000 

0-4602 

0 4207 

0-3821 

0-3446 

0*3085 

0-2743 

0-2420 

0-2119 

xjo 

0-9 i 

1 

1-0 

1 

1-2 

1 3 

1-4 

1-5 

1-6 

1 7 

A 

O '! 841 

0 1587 j 0 1357 

01151 

0 0968 ] 

0 0808 

0 0668 

0-0548 

0 0446 

x/a 

1-8 

| 1.9 

I 

|20 1 

21 

2-2 

23 

2-4 

2-5 

26 

A 

0 0359| 

00287 

0 0228 

0 0179 ; 

i 

0 0139 

0 0107 

0 0082 

0 0062 

00047 

xia 

2-7 

2-8 

2-9 

3-0 

3-1 

3-2 

3-3 

1-96 

3-09 

A 

0-0035 

0-0026 

00019 

0*00135 

000097 

0-00069 

0-00048 

0-0250 

0-00100 


From Table IX the area between any two ordinates may be found 
by subtraction as follows, the total area under the curve being taken 
as unity — 

The area between — 

= cxandx=+ a is 2(0-5 - 0-1587) =2 x 0-3413 =0-6826 
X = ~ 2(X and X = + 2<r is 2(0-5 - 0-0228) = 2 X 0-4772 = 0-9544 
X = - 3cr and X = + 3<y is 2(0-5 - 0-00135) = 2 x 0-49865 = 0-9973 
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These numbers represent the proportions of the characteristic 
values which fall inside the given limits. 

68*26 per cent of the values fall between the limits x ^ ±a 

95*44 per cent of the values fall between the limits x ~ i 2<r 

and 99*73 per cent of the values fall between the limits v ± 3or 

Two limits of importance are x == — 1*96(7 to x + l*96f; and 

r =r — 3'09<7 to X == + 3*09(7. The areas between these limits can 
be found from the values in Table IX. 

Area between x = — ■ 1*96(7 and x = h 1*96 (t 

- 2(0*50000 - 0*02500) - 0*95000 

Area between x = — 3*09(7 and x i 3*09c7 

- 2(0*50000- 0*00100) - 0*99800 

These show that in a normal distribution only 5 per cent, i.e.l/20th 
of the values, fall outside the limits x — I •96cr, and that of these 
half fall beyond each limit ; also that only 0*002 per cent or 2/ lOOOths 
of the values fall outside the limits x ~ 3*09(7 and that of these 

half fall beyond each limit. The chance or probability that one 
characteristic value chosen at random from a normal distribution 
shall fall between given limits is the ratio of the frequency contained 
between those limits to the total frequency, that is, the ratio of the 
area between those limits to the total area. As the total area is 
assumed to be unity the chance is given by the area between the 
limits. With limits ± 1*96(7 the chance that a value taken from the 
population will fall between the limits is 95/100; the chance that it 
will fall below the lower limit or above the upper limit is 1/40 in each 
case. With limits ± 3*09(7 the chance that the value will fall between 
the limits is 998/1 000; the chance that it will fall below the lower 
limit or above the upper limit is 1/i 000 in each case. 

EXAMPLE 1 

In a normal frequency distribution containing 1 000 characteristic values the 
mean is 45 and the standard deviation is 5. What would be the frequency of 
values between the values 50 and 60? What is likely to be the whole range of 
values 

X = mean - 45, (7 - 5, 50 = x f (7, 60 — \ ^ 3a 
From the Table, if Pis the probability of a value falling between X J crandx i 3cr, 
P- 01587- 0*0013 =- 0*1574 

and the frequency of values between 50 and 60 is 1 000 < 0*1574, say 157. If we 
take the limits x ± 3*09(7 the range will contain all but 2 of the 1 000 values, one 
at each end. The range is therefore very nearly 45 ± 5 x 3*09, i,e. 29*5 to 60*5. 

EXAMPLE 2 

Assume that the diameters of 1 000 brass plugs taken consecutively from a 
machine form a normal distribution with mean 0*7515 in. and standard deviation 
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(T ~ 0*0020 in. How many of the plugs are likely to be rejected if the diameter is 
to be 0-752 ± 0-004 in.? 

Gieatest diameter allowable ==- 0*756 in. 

Least diameter allowable - 0-74S m. 

Greatest diameter— actual mean diameter = 0*0045 in. 

(T = 2-250or in. 

20 

By proportional parts of the values in Table IX the area to the right of the 
ordinate x - 2-25cy in Fig. 137 is 0-0122 and the number of rejects at the upper 
limit IS 1 000 ^ 0 0122 = 12, say. 

Actual mean diameter— least diameter ^ 0*7515 — 0 748 

- 0-0035 

=r: ~ a == l-75(xin. 

20 

From the Table, as before, the aiea to the nght of the ordinate at ==- 1 •75o‘ is 
0-0401 and the number of rejects at the lower limit is 1 000 x 0-0401 = 40, say. 
The total number of lejects is about 52 or roughly 5 per cent. 

The normal distribution occurs very often in practice though there 
are other types of distribution. For example, the diameters of a large 
number of balls for ball bearings, produced under control by a single 
machine, would form a close approximation to a normal distribution. 
The weights of these balls, being proportional to the diameter cubed, 
would form a skew distribution with the longer tail on the right. The 
reader is warned against assuming without sufficient evidence that any 
distribution occurring in engineering statistics is normal and against 
insisting too strongly on the strict numerical accuracy of his results. 

1 50. Quartiles, DecQes* If in a frequency distribution we determine 
two characteristic values Qx and Qg so that J of the values are less than 
the former and I of them are greater than the latter, then Qx and 
are known respectively as the lower quartile and the upper quartile. 
With the median they divide the distribution into four parts each 
containing a quarter of the values. KQg — Qj) is known as the 
quartile deviation or the semi4nterquartile range and is a measure of 
dispersion sometimes used in place of standard deviation or mean 
deviation. The characteristic values which divide the population 
arranged in order of magnitude into ten numerically equal groups 
are known as deciles. In a symmetrical distribution the two quartiles 
Qi> Qz are equidistant from the median Af, and the quartile deviation 
is equal to Qs and to Mi — Qx* In this case the median and 
the mean coincide and half the deviations from the mean will be 
greater than, and half less than, the quartile deviation. On this 
account the quartile deviation used to be known as the probable error ^ 
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a term now little used. For a normal distribution the quartilcs can 
be found by interpolation in Table IX and are such that 
Quartile deviation =- 0-6745 x standard deviation 

151. Sampling Distribution of the Mean* When characteristic 
values can be measured without injuring the articles, as in the case of 
a measured dimension, 100 per cent inspection is possible though 
usually inexpedient because of its cost. Where tests injure the articles, 
as in tests of strength or durability, only comparatively few of the 
articles can be tested. In any case the usual procedure is to take from 
production a series of samples each containing the same number of 
articles, usually from 2 to 12, for engineering dimensions, but up to 
100 or more in some cases. The mean value of the characteristics is 
found for each sample and the range of values in each sample. The 
distribution of the mean value over a number of samples is called 
the sampling distribution of the mean. In the same way we can form a 
sampling distribution of the range or of the standard deviation of the 
samples. The sampling distribution of the mean over a large number 
of samples is a close approximation to the normal distribution, much 
closer than is the parent distribution, and we usually assume that 
with production under careful control the sampling distribution of 
the mean is normal. Suppose we take a large number m of samples 
of n each from a universe of values. Let the values in any one sample 
be Xi, Xgj, Xg, . . . ^ 1 , x„ all measurements being made from tl^ 

universe mean X, i.e, if is an actual measurement x^ = X, — J. 

r - n 

1 

The sample mean of the sample is - > and its square is 

1 2Fi ^ 

-g ^ Xy^ H — where is the sum of the products of all possible 

r =» 1 

pairs of values in the sample. If we find the square of the means in 
all the m samples and add them we have 

r mn - 

1 NT' 

Sum of squares of sample means == ^ + ^2 

+ pA^'^ ^ (XIII.32) 

where P^ is the sum of the products of pairs of values of x in the rth 
sample. The quantity in the brackets is the sum of a large number of 
products of pairs of values of x selected at random from the popula- 
tion; hence there is no correlation between the sets of values forming 
the pairs. Since about half the products are positive and half negative 
their sum is negligible compared with Sx/* The sum of the squares 
of the sample means of which there are m is ma^ where cr- is the 

15— (T.ero) 
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3 =a mn 

Standard deviation of the mean and ^ is mno^ where, since 

) « 1 

m is large, n is a close approximation to the standard deviation of 
the universe. From (XIIL32) then we have 

*' /r 



from which cr^ == or/ s/w . . . (XIIL33) 

i.e. the standard deviation of the sampling distribution of the mean, 

also known as the standard error of the mean, is times the standard 

deviation of the whole population. The principal use of statistical 
theory to the engineer lies in its providing a method for the careful 
supervision of a machine and its products so as to prevent avoidable 
production of articles not up to standard. This method is known as 
quality control, 

EXAMPLE 

The mean strength of yarn found from Table I was shown in Ex, 1, Art. 145, 
to be 20*09 quarter-ounces and its standard deviation 2*54 quarter-ounces. How 
accurate is this mean? 

The values x = 20*09 and a == 2*54 are those of a single sample of 100 and 
not those of the population. With a sample of this size the values will be fairly 
close to the population values. We have on substitution in (Xni.33) 

2*54 

* VlOO 

~ 0*254 quarter-ounces 
and 3*09u~=^ 0*785 

X 

As only 1 m 1 000 values fall beyond each of the limits x ± 3*09o'^ it is practically 
certain that the correct value of x lies between 20*09 + 0*79 and 20*09 — 0*79, 
i.e. between 19*3 and 20*9 quarter-ounc^. 

152. Standard Deviation Estimated from a Sample. The estimate 
of <T, the standard deviation of a universe, found from a sample is in 
error because (1) it varies from sample to sample even when these 
have the same mean, and (2) the sample mean and the universe 
means are not usually the same. By (X1IL7) the value of found 
from the sample is always less than it should be by the square of the 
difference between the two means. The error due to (1) is unbiased 
and is unavoidable. It can be reduced only by taking larger samples. 
That due to (2) is biased as it always reduces the value of a and can 
be allowed for. 
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Suppjose we estimate the value of a from a sample of size n. Let 
X and JP be the sample and universe means respectively. Then we can 
improve on the estimate from the sample by taking deviation from 
the universe mean, which is unknown. This seems impossible but 
there is a way out of the difficulty. Let be the estimate of a from 
the sample about the universe mean; then 

= S(:)!r — + 2{x — 2) S(x — x) + n{x — If 

The first term on the right is naf, where cr, is the standard deviation 
in the sample itself, and the second term is zero. We have then 

= of + (x- 2f 

Over a large number of terms {x — 2f would form a sampling 
distribution of which the mean value would be a^jn. Substituting 
this mean value for (X — Tf we have 

of' = of + a^ln 

af = ^ Og is our estimate of o, hence we may write 

(x — x)^ 

^2 ^ — ^ _ which reduces to 

(xm.34) 

Thus instead of (Xin.5) we have 


(xm.35, 


153. Corrdlatioii. When finding laws of graphs in Chapter VUI 
the type of law was usually suggested by theory and values of one 
variable were assumed to be known exactly whilst those of the other 
were subject to error, though actually values of both variables are 
subject to error. We also assumed that for any given value of one 
variable there is a unique value of the other. Many cases occur in 
social and industrial statistics in which this last is not true. If, for 
example, the two variables are the height and weight of the boys in a 
school, or the output and the expense of upkeep per week of a works, 
we shall find that a given value of one variable will usually be 
associated with two or more values of the other. This is not so because 
of errors in the estimates of the variables but occurs because of other 
variations not directly connected with the two variables. In such 
cases the variables are called variates and it is necessary to express in 
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some form the relationship between the variates. Fig. 138 shows the 
kind of diagram, known as a scatter diagram, which might be obtained 
on plotting values of pairs of variates. The points seem to have the 
trend of a curve, or it might be a straight line, and if the equation of 
this curve is found it will represent the cluster of points only in a very 
limited manner. In some cases there will be no apparent trend. 

When there is a definite trend we 
say that the two variates are corre- 
lated; the more definite the trend, 
the closer the correlation. We shall 
consider only the case where the 
trend is along a straight line which 
we call linear correlation. Where the 
trend is curvilinear it may be possible 
by a change of variate or variates to 
Q ^ change it to a linear trend. With a 

Fig. 138. Scafter Diagram trend we could determine 

the equations of two straight lines 
between which all the points just lie but many pairs of such lines 
could be found and the use of two equations to represent the trend 
would unduly complicate any further analysis. We try therefore to 
find a single relation which represents the trend and look upon 
deviations from this relation as “errors.” 

Suppose we have n pairs of corresponding values of two variates 
X and J and that on plotting these we find the points distributed 
more or less closely about a straight line. We wish to find the best 
expression Y = mX + c between the variates. We use the method 
of least squares varied so as to suit cases in which n is large. As we 
have no reason to treat one variable as constant in preference to the 
other, we shall find the equation in two ways (1) treating X as exact 
and (2) treating Y as exact. 

(1) Let Y =s mX + c be the equation to the best line assuming 
values of X to be exact, and those of Y to be subject to error. Let 
E be the sum of the squares of the errors, i.e. of the differences 
between the given values of Y and those calculated from the equation. 
Then as in Example 1, Art. 105, 

. . (XIIL36) 

^ ^ . dE dE 

For JS to be a minimum = 0 and — = 0 from which, after 
dc am 

division by —2, we have respectively 

'L{Y--mX-c)^0 . 



(XnL37) 
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From (XIII.37) 


S[jsr(y- mx- c)] 0 . 

S7=mSZ+m' 


. (X1II.38) 


But, if iP and Y are the mean values of X and F respectively, 
S7=nf and I,X=nX, 

Yr^-mX+c . . . (XIII.39) 

which shows that the line passes through the point (X, f) called the 
mean centre. 

From (XIII.38), HXY- mLX^ - cSr == 0 

Y.XY- mY.X^- (f- mX)Y.X = 0 

'ZXY- nXf 


i.c. m- ■ 

The'equation to the best straight line is therefore 


^X^-nX^ ^ ' 


(XIII.40) 


(Xin.41) 


(2) In the same way, assuming values of Y to be exact and those 
of X to be in error, the equation of the best line is 


SJF-nFF 
SP— nf® '' ' ■ 


. (XIII.42) 


Now change the origin to the point {X, f), keeping the direction of 
the axes unchanged. Let x and v be the new co-ordinates, i.e., 
y- f; then 

-ZXY =Y,{x + X){y + f) 

= I,xy -h fSx: -f XHy -1- nX? 

= Sxy -f nXf, since Sx = Sv = 0 
Hence 277- nXf =• Sx)> 

Also by (XIII.7) 

ST*- 

and S P — K 7® = ncr/, where and cr ^ are, respectively, the 

standard deviations of Tand 7. Substitutingthese values in (XIII.41) 
we have for the best line 

. . . (xni.43) 


z^xy ^ X 

n<TaOy 


. (XIIL44) 
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Similarly (XIII.42) becomes 




Saji; 

^ /?cr/ * * 

. (XIII.45) 

or 


A Srr J 

ffj, “ ■ Uj, 

. (XIII.46) 

Writing 


Sxy Sxy 

. (XIII.47) 

in (Xm.44) and CXIII.46), 



2 

= r-or Y- f 

. (XI1I.48) 

and 

X 

= r^orX-X = ^(Y- f) 

Cfy 

. (XIII.49) 


These are the equations of regression of j on (or Y on X) and of 
jc on j (or X on Y) respectively and their graphs are the lines of 
regression of on x and of x on j respectively. If ffj, is taken as the 
unit for the x values and as that for the y values, then with these 
standard units the equations of regression become 

j = rx or r- f == tiX- X) . . (Xm.50) 

and X = ry or r- j == /<r- f) . . (Xin.51) 

and the lines of regression plotted on the same scale along both axes 
are equally inclined to the line y = x when r is positive and to the 
line y — — X when r is negative. When r = 1 they coincide with 
y — X and when r = — 1 they coincide withy = — x. In both cases 
a change in one variate produces an equal change in the other, and 
we say that there is perfect correlation between &e variates, positive 
in the former case and negative in the latter. If r == 0 the lines of 
regression become the axes of co-ordinates y = 0 and x = 0 respec- 
tively and, as these are perpendicular lines, a change in one variate is 
not associated with a change in the other and there is no correlation 
between the variates. 

From (Xin.36), changing the co-ordinates to x and y and putting 



= Sy® — Inr^af + 
or £ = (l-j^S/ 
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This is the least value of the sum of the squares of the errors on 
assumption (1) above and is, therefore, essentially positive. Thus r 
can only have values between — 1 , when there is perfect negative 
correlation, and + 1 , when there is perfect positive correlation ; there 
is no correlation when r = 0. Thus r provides us with a measure of 
the degree of correlation between the variates and is known as the 
coefficient of correlation. 

It can be shown on the assumption that r is distributed normally 

(1 — r^ 

that its standard deviation is ■■ ■ This value may be used for 

large values of n when r is not too small. There is, therefore, pi actical 

and a I in 20 


certainty that r lies within the range r ± 


3(1-/) 
Vn 


chance that r will fall outside the range r ± —- 7 = - . If, for 

2n-r®) 

example, r — 0-2 and n = 81, then r dr 7=-^ = 0-2 ± 0-214 and 

Vn 

there is a 1 in 20 chance that r lies outside the limits ~ 0-014 to 0-414. 
As this range includes negative values the value r — 0-2 is not 
significant and there is not satisfactory evidence of correlation. We 
usually conclude that if r is greater than twice its standard deviation 
the correlation is significant though this test is not always reliable. 
For small values of « special methods are required for deciding 
which values of r are significant. Table X gives values of r which are 
just sigmficant by the above tests for values of n from 10 to 100 . 
For higher values of r the correlation is more significant. 


TABLE X 


n 

10 

15 

20 

25 

30 

35 

1 40 

1 

45 

50 

r 

0*63 


0*44 ; 

0*40 

0*36 


m 


0*28 


n 

55 

60 

65 

70 

75 

80 

85 

90 

100 

r 


0*25 




0*22 

0*21 

0*20 



Where the value of « is very large the above method of finding the 
correlation coefficient and the regression equations becomes very 
tedious and an alternative method is used. This consists of dividing 
the range of each variate into an equal number of sub-ranges, not 
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necessarily the same for the two variates. By drawing a horizontal 
line to represent one variate and a vertical line to represent the other, 
completing the rectangle, and drawing horizontal and vertical lines 
through the sub-range division points, we have a cell for each com- 
bination of sub-ranges, one from each variate. By making a dot in 
each square for each pair of variates falling in the two sub-ranges and 
counting the dots, the frequency is found for each cell. It thus 
becomes a simple matter to calculate the quantities involved in the 
regression equations and in the expression for r. For examples of 
this method readers are referred to textbooks on the subject. 

The above method of finding the correlation coefficient is known 
as the product-moment method. Table XI gives, m the first and second 
columns, 25 pairs of corresponding values of two variates X and Y. 
We show how to calculate the value of /* and how to find the equations 
to the lines of regression. 


TABLE XI 


Y2 


77-44 
104-04 
90-25 
114-49 
134 56 
110-25 
127-69 
166-41 
127-69 
156 25 
207-36 
156-25 
176-89 
219-04 
204*49 
196-00 
237-16 
219 04 
268-96 
219-04 
278-89 
249-64 
240-25 
299-29 
285-61 

4666-98 


xr 

- SX 

X 6*212 

n 

1-76 

- sr 

Y ^ J3.44g 

7-14 

n 

12*35 

'Sxy^ SJSrr- nXY 

19-26 

■= 2 290 96 - 25 X 6-21 

25-52 

X 13 

3045 

- 202 49 

37-29 


4902 
48 59 

ir= 2j-^ 

57 50 

6212= 

77-76 

25 

73-75 

« 12-501 

81-26 

«r,= 3-537 

97-68 


101*53 

107-80 

O' 2 ~ ss _ Vi 

25 25 ^ 

126-28 

4 666 98 

__ 3 448® 

131-72 

25 

152-52 

- 5-819 

145-04 

(Jy ~ 2*412 

172-01 

From (XIII.47) / = 

165-90 

170-50 

202*49 

197-22 

20M1 

” 25 X 3-537 X 2-412 

== 0-949 

2290*96 

Total 


X 

Y 


0*2 

8-8 

0*04 

0-7 

10-2 

0-49 

1-3 

9-5 

1*69 

1-8 

10-7 

3*24 

2-2 

11-6 

4-84 

2*9 

10-5 

8*41 

3*3 

11-3 

10 89 

38 

12*9 

14*44 

4-3 

11-3 

1849 

4*6 

125 

21*16 

5-4 

144 

29*16 

5*9 

12*5 

34*81 

6-2 

13 3 

38*44 

6-6 

14*8 

43*56 

7-1 

14*3 

50*41 

7-7 

14-0 

59-29 

8-2 

15-4 

67-24 

8*9 

14-8 

79*21 

9-3 

16-4 

86*49 

9-8 

14-8 

96*04 

10*3 

16-7 

106*09 

105 

15-8 

110-25 

no 

15-5 

121*00 

11-4 

17-3 

129*96 

11-9 

16-9 

141-61 

155-3 

336*2 

1277-25 
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From the calculations at the side of the table we see that / - 0 95 
indicating a very high degree of correlation between \ and Y. 

r 



0 / 2 3 4 5 6 7 8 9 lo Tf WX 


Values 

Fig. 139 . Regression]! Limbs 
From (XIII.48) on substitution 

Y- 13-448 = 0-949 X (J- 6-212) 

i.e. r= 0-647X4- 9-43 

This is the equation of the line of regression of Y on X. 

From Oan.49), 
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3-537 

X- 6-212 - 0-949 X ^ (i" “ 13*448) 

le. 1-3927- 12-51 

IS the equation to the line of regression of X on 7. The graphs of these 
lines are drawn in Fig. 139. Since both lines pass through Af(6-2U 
13*45) only one other point need be plotted on each. The inset figure 
shows the regression lines with standard units and equal scales. 


154. Correlation by Rank. Sometimes it is more convenient to 
deal with the rank or order of the values of the two sets of variables 
than with their actual values. In Table XI the order of the values of 
X in order of magnitudes is 1, 2, 3, etc. ... up to 25, whilst the 
order of the values of 7 is as given in Table XU. Note that where 
two or more values are equal they are given an average rank as 
follows. The two values 11-3 of 7 would, if slightly different, We 
occupied the sixth and seventh places ; they are each given the rank 6-5. 
Similarly the three values of 14-8 would occupy the sixteenth, 
seventeenth, and eighteenth places; they are each given the rank 17. 
These ranks could be taken instead of the values of X and 7 and the 
coefficient of correlation found from them by the above method. 
This method is not so accurate as the general one but can be simplified 
so as to be carried out more rapidly. Suppose we have two sets of 
numbers each containing the digits 1, 2, 3, etc. ... up to iV in this 
order in one set but in a different order in the other. Looking upon 
these as our values of X and 7 respectively we have 


^ ^ SAT N(N+\) N+\ 

IN 2 


. (XIII.52) 


also = cr,/ = — — 

But SJ72 = p + 2^ + 32 + . . . + 


i.e. 


N{N+l){2N+\ ) 

6 

, , {N+l){2N+\) {N+\y 

-Gy - g - 

1 

or/ = cr/ = . . . (XI1I.53) 


Also S(7- Yf = 2SX7 + SP 


Ar(i\r+i)(2i\r-fl) 

3 


2SX7 
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Now write d for X— Y, the difference between the orders of 
;irand Y. 

Thus we have 


i.e. 


_ SZr- NX? 

~ Na^Oy 

N(N + 1) {2N + 1) ^d^ N(N + I)^ 

6 2 4 ' 

N(N^-l) • • • • 


. (XIir.54) 


TABLE XII 


X . 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

Y 

1 

3 

2 

5 

8 

4 

6-5 

11 

6’5 

9-5 

15 

9-5 

12 

d . 

0 

1 

1 

1 

3 

2 

0*5 

3 

2*5 

0*5 

4 

2*5 

1 


0 

1 

1 

1 

9 

4 

0-25 

9 

6-25 

025 

16 

6-25 

1 


i 

14 

15 

16 

17 

18 1 

19 

20 

21 

22 1 

23 1 

1 24 

25 

Y 

17 

14 

13 

19 

17 

22 

17 

23 

21 ! 

i 

20 

25 

24 

d . 

3 

1 

3 

2 

1 1 

3 

3 

2 

1 

2 

1 

1 

d^ . 

9 

1 

9 

4 

1 

1 

9 

9 

4 

1 

4 

1 

1 


Hence 


108 

648-0 

^ 25 X 624 


= 0-96 


which approximates closely to the value found by the more tedious 
but more exact method. 

Correlation by rank is not as reliable as that by measurements; a 
difference of one in rank may indicate an almost negligible difference 
or a very si gnific ant difference in measurement. T^ie formula given 
above for 1±ie standard deviation of r does not apply to the rank 
correlation coefficient. 
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EXAMPLES Xlll 

(1) The following numbers are records of the weights in ounces of 100 articles, 
produced by the same machine, all of wliich are intended to weigh 12 ounces. 


11*5 

12*1 

11*5 

11*6 

12*2 

11*4 

11*0 

11*5 

11*7 

12*2 

11*7 

11*0 

11*8 

12*0 

12*1 

11*1 

11*0 

11*2 

10*8 

11*5 

11*5 

12*5 

11*5 

11*7 

12*1 

12*0 

11*8 

12*1 

11*8 

12*5 

11*8 

11*8 

11*7 

11*3 

11*6 

12*5 

12*5 

12*5 

12*5 

12*2 

11*6 

12*0 

11*2 

12*3 

11*5 

11*7 

11*6 

11*6 

11*7 

12*1 

11*7 

11*6 

11*0 

11*6 

11*8 

10*8 

11*5 

11*5 

11*1 

11*8 

11*8 

11*1 

11*8 

12*0 

11*8 

12*2 

11*5 

11*3 

11*6 

12*3 

12*2 

11*6 

11*8 

11*7 

11*8 

12*3 

12*1 

12*2 

12*0 

12*6 

11*7 

12*1 

12*3 

12*3 

12*2 

12*1 

12*5 

12*6 

11*8 

12*0 

11*5 

12*4 

12*8 

12*2 

11*7 

11*5 

11*7 

11*5 

12*0 

11*5 


Form these numbers into a frequency distribution of eleven equal class- 
intervals each of 0-2 ounces covering the range 10*75 to 12*95, From this find 
the mean weight and the standard deviation (i) by the method of Table III, 
(ii) by the class interval method. Draw a histogram showing the distribution. 
Give the value of cr corrected by Sheppard’s rule. 

(2) Prove that the root mean square deviation of a frequency distribution from 
a given characteristic value Xo is Va^ + (x~~ XqY where a is the standard 
deviation and x the mean value. 

(3) A frequency distribution graph is a rectangle, one side of which is of length 
/ and lies along the axis of values. Show that the standard deviation cr, is given 
by = IK If the rectangle is divided up into a number of vertical strips each 
of width h, and each rectangle is treated as a grouped frequency at its mid- 
ordinate, show that (Xg, the standard deviation of the grouped frequency, is given 
by 

(4) Prove that the second relation of Example 3 is approximately true for the 
case of a frequency distribution like that shown in Fig. 134. 

1 ~ — 

(5) On the same chart draw the graphs of y = — ~ ^ for the values 

<y V 27r 

or =:s cf 5= 1, 0 = 2, the range for x to be x = — 6 to x == + 6. 

(6) Find the points of inflexion of the graph in Fig. 137 and show that the 

tangents at these points cut the ;r-axis where x=^ — 2o and ;c == 2a. 

(7) Find the probability that in a normal distribution a value of the characteris- 
tic chosen at random will fall between ,r — ~ 3<r/2 and x = 2a. 


(8) Write down the first four terms of the expansion of e Find an approxi- 


mate value of j “ e and from this find the area under the curve in Fig. 1 37 

Jo ^ 

between at = 0 and jc == -, By the same method find the area between a: = 0 
and a. 2 


(9) Find a normal distribution which has the same total frequency, mean value, 
and standard deviation as the distribution in Table III, Art. 145. Draw on the 
same chart and with the same axes and scales the normal curve and the histogram. 

(10) A frequency distribution consists of the terms of 3Z4(a 4- by where 
a =« 6 » J, the corresponding values being 0, 1, 2, 3, 4, 5, and 6 respectively. 
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Plot the distribution curve and superpose the normal distribution curve \s\th the 
same total frequency, mean, and standard deviation. 

(II) ji, ^ 2 , J3» • • • yn estimates of a quantity whose true value is /. 
Show that the method of least square of errors gives the average of y,, Va, etc., as 
the best value of j. ^ 

J '*oo __ _ 

e ^ clx V Tril, Prove that in a normal distribution the 

mean deviation is very nearly four-fifths of the standard deviation. 

(13) Find the standard deviation of the sampling distribution of the mean 
formed by taking the numbers in Table I, page 417. Take samples of four and 
assume the samples to be taken in order down the columns from left to right. 
Take sub-ranges from 15*5 to 16*5, 16*5 to 17-5, etc., and draw up a table showing 
central values of the mean strength and corresponding frequencies. Where a 
value falls half-way between central values add one-half frequency to each group. 
Draw the histogram. 

(14) Find the ratio of the mean deviation to the standard deviation for the 
following symmetrical distributions (i) rectangular, (ii) triangular, (iii) parabolic, 
verte's^ upwards. 

(15) A rectangular frequency distiibution is formed by equal numbers of the 
digits 1, 3, 5, 7, 9. Find its standard deviation. 

(16) The following digits were obtained by pricking at random between the 
pages of a book of 500 pages and taking note each time of the last digit in the 
right-hand page number. When grouped the page digits form a rectangular 
distribution of 50 in each group. The digits found by pricking aie as follows, 
commas dividing them into groups of four for use as samples — 

1539, 5715, 1179, 5999, 7377, 3177, 7911, 7583, 3975, 5533, 9731, 9131, 

5979, 5973, 3311, 5357, 9573, 7193, 7917, 9379, 9733, 3115, 5755, 1791, 

3599, 9151, 9155, 1755, 3771, 9135, 9319, 9371, 5113, 9959, 1931, 1919, 

5733, 9519, 3133, 9137, 5777, 1151, 3379, 1399, 3333, 3135, 1119, 3577. 

(a) Find the frequency for each digit and draw a frequency polygon. 
lb) Find the sample means and ranges and from these the mean and mean 
range of the samples. Compare the mean with that of the parent distribution. 

(c) Calculate a, the standard deviation, and compare it with that found in 
Example 14. 

id) From the sample means form a frequency distribution and find its standard 
deviation. Compare this with the value found from (XIII.33). 

(17) Leaving out the last two digits in the above table, divide the digits into 
samples of 5 and work out parts (b), (c), and (d) as in the last Example. 

(18) Assuming the binomial distribution in 1 000 samples of 5 from an infinite 
population containing 6 per cent defectives, how many samples will contain (a) 
no defectives, (b) three defectives. Find also the answers to {a) and (b) assuming 
a Poisson distribution. 

(19) Two per cent of the articles produced by a machine in control are defective. 
Find the probability that a random sample of 20 will contain no defectives on 
the assumption that the distribution is (a) binomial, (b) the Poisson. 

(20) Write down in succession the terms of N(p + qy where p-r q— 1. 
Taking these as class frequencies the characteristic values of which in order are 
0, 1,2, 3, 4, find (a) the mean, (h) the standard deviation, and show that vour 
residts agree with (X1IL15) and (Xin.l7). 
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(21) In a certain village which has remained practically unchanged during the 
last 20 years there have been five oidinaiy house fires during that period needing 
the attention of the local file brigade. Estimate the chance that if conditions 
remain unchanged there will be at least one fiie during the next four years. Use the 
Poisson series taking 5 x 4/20 = 1 the average number of fires in four years. 

(22) Using the following table of values, find the correlation coefficient between 
X and y. Is it significant? 


X 

5 

! 

8 1 

10 

13 

16 

18 

20 

23 

26 

28 

Y 

0*82 i 

1*02 

1-32 

0*75 

M2 

104 

1*24 

0*97 

1*37 

1*13 


X 

30 

32 

35 

38 

40 

44 

48 

52 

54 

56 

Y 

1*38 

1*35 

1*68 

1*54 

1*39 

1*75 

1*92 

1*76 

1*69 

1*96 


(23) Find the lines of regression in the last example. Plot the points and draw 

the graphs of the regression lines. _ 

(24) If the corre lation co efficient r is twice its standard deviation (1 — r®)/ViV 
prove that 4r= ViV-h 16— Vn, Hence find values of r fox N - 112 and for 
iV = 128 for which r is significant. Test this formula against the value given in 
the table for « = 10. Why do not the two values agree? 

(25) From 12 pairs of values of X and Y the con elation coeflScient is found to 
be 0-16. Is this significant? Derive the formula for rank correlation from 
(XIIL47). 

(26) Successive samples of four from the production of steel cylinders have 
diameters of 0*750 in. plus the following in ten thousandths parts of an inch, 
75, 78, 76, 76, 79, 80, 83, 58, 57, 70. The corresponding ranges in the samples are 
respectively in ten-thousandths of an inch, 2, 7, 4, 3, 10, 1, 6, 7, 7, 4. Find the 
correlation coefficient between the mean and the range. Is this significant ? 

(27) Find the correlation coefficient between X and Y from the values given. 
Find also the two regression equations and draw their graphs. 


X 

. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Y ! 

10 

12 

16 

28 

25 

36 

41 

49 

40 

50 


(28) As in (27) but reverse the order of the values of F, 

(29) Take the integers 1 to 10 in order and find the rank correlation with each 
of the following sets (a) 6, 7, 8, 9, 10, 1, 2, 3, 4, 5; (b) 1, 6, 2, 7, 3, 8, 4, 9, 5, 10; 
(c) 1, 10, 2, 9, 3, 8, 4, 7, 5, 6; (d) 10, 9, 8, 7, 6, 5, 4, 3, 2, 1. 

(30) ihitting order, or rank, instead of the values of Y in Examples (27) and 
(28), i.e. the lowest value of Y will be replaced by 1, the next lowest by 2, and 
so on, find the rank correlations. 

(31) If the average of 140 measurements of the lengths of steel studs produced 
by a machine is 0*1506 in. and the standard deviation of the measurements is 
0*0038 in., between what limits does the mean almost certainly lie? Between 
what limits will it lie with a probability of 0*95? 
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155. Scalar and Vector Quantities. A physical quantity which has 
direction as well as magnitude is called a vector quantity, and one 
with magnitude but without direction is a scalar quantity. A vector 
has a scalar part, its magnitude, and is represented graphically by a 
straight line drawn in the direction of the vector, of a length pro- 
portional to its magnitude, and marked by an arrow to indicate in 
which way the vector is directed along its line of 
direction. A vector has therefore (1) magnitude, 

(2) ’direction, and (3) sense of direction, and 
methods of finding sums, differences, products, 
and quotients of vectors differ from those for 
dealing with scalar quantities. In Fig. 140 we 
suppose a particle to be displaced from A to B 
and then from B to C. The resulting change 
of position of the particle is from A to C. These 

displacements are vectors, and we have added two vectors AB and 



A ' s 

Fig. 140. 

AoDraoN OF Vectors 


BC obtaining AC. 
vector equation 


Thus, addition of vectors is defined by the 


AB + BC = AC 


. (XIV. 1) 


Since BC when added to AB produces AC we say, by analogy with 

our treatment of scalar quantities, that BC is the difference AC — AB 
and subtraction is defined by the equation 


BC^AC~AB 


(XIV.2) 


’ — "> " - •' > 

or AB^-AC-BC 

We have supposed the displacements to take place successively, 
but we can make them occur simultaneously by moving the particle 
at a uniform rate in the direction of AB and at the same time moving 
it parallel to BC at another uniform rate, these rates being adjusted 
so as to cause the particle to move along AC to C. If the displace- 
ment from A to C takes place in unit time, the vectors become 
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velocities. If the velocities are not constant but are produced in 
unit time, the vectors become accelerations, and, since the force 
acting on a particle is proportional to the acceleration produced, the 
vectors may represent forces. The meaning of the difference of two 
vectors depends upon the kind of vector. If the vectors are displace- 
ments and we consider two particles at A to be given displacements 

AC and AB respectively, BC represents the displacement of the first 
particle relative to the second. If the vectors represent velocities, or 

accelerations, BC represents the velocity, or acceleration, of the first 


particle relative to the second and CB that of the second relative to 

the first. If the vectors represent forces acting at a point, BC is the 

— ^ — y 

force which along with the force AB will have the same effect as AC, 

The reader is supposed to be familiar with the applications of the 
triangle, parallelogram, and polygon of forces to systems of concurrent 
forces. Some vectors are fixed in position as well as in magnitude, 
direction, and sense, as, for instance, a force acting on a rigid body. 
Two forces alike in every respect except that they have different 
parallel lines of action, have different rotational effects on the body. 

Such vectors are localized vec- 
tors] those which are not 
localized are free vectors. 
Systems of free vectors, or of 
concurrent localized vectors, 
are combined in the same way 
as are systems of concurrent 
forces, and the triangle, paral- 
lelogram, and polygon of 
forces are particular cases of 
the triangle, parallelogram, 
and polygon of vectors. 

156. Motion along a Plane 
_ Carve, In Fig. 141 APB is a 
^ plane curve and P a point on 
Fig. 141, Motion on a Plane Curve it whose polar co-ordinates 

are (r, 0 ) with respect to the 
origin O and the initial line OX^ and whose rectangular co-ordinates 
are {x^ y) with respect to the axes OX and 0 F. PM is perpendicular 
to OX and OM x = 5 = r cos 0. Suppose a'particle to trace the curve 
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d ai time 1 = 0, P at time f seconds and Q at time 
is. Lengths are measured in feet so that velocities 
ons are given in ft per sec and ft per sec per sec 


Ap be the velocity and acceleration respectively of the 
at P, and let Vp and Fy be the radial and transverse 
jspectively of Vp, i.e. along OP and perpendicular to 
LelAp and A^, not shown, be the radial and transverse 
f Ap. Then 

= rate of change of the position of the particle 


= hmitA(->o 


OQ-OP 

Af 


= limitAj_«, 


?Q 

At 


and sense of Vp are those of the limiting position of 


tangent PT in the sense P to T. The magnitude of Vp 

. PQ 

. = limit -r- 

Ae-M 


re, 

W = /• cos S, and differentiating with respect to t 


os 6 — r 0 sin 6 (XIV.3) 


aw the initial line OX in any direction through 0, we 
oincide with OP. Putting 0 = 0 makes Vp identical 
from (XIV.3), Vp = r, which is self-evident, being the 
'p. Similarly by putting 0 = ■»r/2 we make x and — Vp 


- Fy = - rO 
Vp — dr = cor, 

i angular speed of rotation of OP. This result is also 


)oth sides of (XIV.3) with respect to t; then 

= r cos 0 — 2r 0 sin 0 — /* cos 0 . 0® — r 0 sin 0 (XrV.4) 
;ting 0 = 0, 


= 'r — rd^ I 
= r — coV J 


. (XIV.5) 
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and putting 6 = it/2, 

— Aj, = — 2rd — rd 

i.e. ^ 2 . = 2r0_+rO | .... (XIV.6) 

or = 2(or + mr ) ' 

If the curve APB is a circle, centre at 0, r = r == 0 and (XIV.5) and 


(XIV.6) givers ^ 


. coV = — — and Am 
r 


: cb/* = vp. If the par- 


ticle moves along the circumference with uniform speed, Vp = 0, 
and the acceleration of P is directed inwards along the radius PO, 
its magnitude is (jpr or v^/r where v is the constant speed. 

From (XIV.5) we see that the acceleration Axi is the sum of two 
accelerations, r due to the increasing radius and — coh as with 
constant radius. Similarly A^x is the sum of two accelerations or 
due to increasing speed at constant radius and lot. This latter 
component known as the corioUs acceleration is the transverse 
acceleration due to the increasing radius. Many engineering con- 
trivances contain mechanisms in which two links rotate together but 
have relative sliding motion and the coriolis acceleration gives the 
relative transverse acceleration produced by the sliding. 


157. Normal and Tangential Accelerations. Let PiV, Fig. 141, be 
the normal to APB at P, C on PN being the centre of curvature at P. 
Suppose 0 to be instantaneously coincident with C. Since the curve 
and the circle of curvature have the same curvature at P, the particle 
will have the same acceleration at P when moving on the curve as it 
would have when moving on the circle of curvature with the same 
speed. But in the latter case we have seen that if the tangential speed 
is Vp, the normal velocity at P is zero. Also the tangential 

acceleration at P = along TP and the normal acceleration = — 
along PiV, where p = PC is the radius of curvature at P. ^ 


158. Graphical Method of Findii^ the Acceleration in Uniform 
Circular Motion. The Hodograph. Consider the motion of a particle 
moving, in the clockwise sense, along the circumference of a circle of 
radius r ft, with uniform speed v ft per sec. 

Let P be the position of the particle at time t sec (Fig. 142). In the 
small figure on the left, let op be drawn parallel to the tangent TP 

at P and let the magnitude and sense of op be the same as those of 

the vector PT which represents Vp and whose magnitude is v. If this 
is done for all positions of P we obtain a series of lines through o all 
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of the same length. Thus as P traces the large circle, p will trace the 
small circle whose radius represents v to scale. The rate of change of 

Vp as the particle passes through P is the rate of change of Tp due to 
its rotation about o. OP and op rotate at the same angular speed 
w = vjr radians per second because op is always perpendicular to 

OP. The magnitude of the rate of change of op is the speed of p due 



Fig. 142 . Hodograph for Uniform Circular Motion 

to its rotation about o which is mop — mv= v^r and this is the 
magnitude of the acceleration of P. If pt is the tangent at p, the 
direction of the acceleration of P is along pt from p to t, i.e. along 
PO inwards. The acceleration of the particle is directed from P 
towards the centre 0 of the circle and its magnitude is v^/r ft per sec 
per sec. The small figure is called the hodograph for the motion. If 
the angular velocity is not constant, the hodograph is not a circle; 
if, for instance, it increases uniformly with time, the hodograph will 
be an equidistant spiral successive turns of which will divide any 
radius through o into an equal number of parts. The hodograph of 
a projectile moving without friction is a vertical straight line because 
its acceleration is always vertical. 

Note. We give below a collection of examples on the application 
of mathematics to practical problems. Many such examples have 
already been included in their appropriate places and the following 
examples are intended to supplement the earlier ones as well as to 
provide some revision work. On pages 313 and 314, as well as else- 
where, we have stated some of Ae laws and principles on which 
methods of solution are based. For other principles the reader must 
rely on his knowledge of engineering subjects or must refer to text- 
books on those subjects. Once the laws and principles have been 
expressed in mathematical form the solution of the problem depends 
upon the successful application of methods of analysis treated in 
this book. 



460 


PRACTICAL MATHEMATICS 


EXAMPLES XIV 


(1) A platc» whose boundary has the form of the curve given by the polar 

equation r = 2 -i- cos 6, lies on a fixed rough horizontal surface, and can rotate 
about a vertical axis through the pole of the cuive. If W is the weight of the plate 
and if the pressure is supposed evenly distributed, find the smallest couple that 
will turn the plate for a given coefficient of friction between the plate and the 
surface. (U.L.) 

(2) A paiticle moves so that its rectangular co-ordinates at time / aie given by 
X - a cos pt^y ~ a cos {pt r <y), where a and a are constants. Show that the 
path of the paiticle is an ellipse, and find the maximum and minimum distances 
of the particle from the oiigm. 

Find also the maximum and minimum speeds of the particle in its path, and 
show that they occui at the minimum and maximum distances of the particle 
from the origin. (U.L.) 

Eliminate t. j — jc cos a — sin av/a®— which simplifies to 

— Ixy cos a 4 y- =- sin-^ a . . . . ^ (1) 

Take new axes OX\ OY\ as in Fig. 101. If x\ y' are the new co-ordinates, 
jc cos 0 — y' sin 0 and y == j;' sm 0 4- y* cos 0, Substituting in (1) and 
simplifying 

x'\l — cos o£ sin 10) 4- y'*^(l 4~ cos a sin 10) — Ix'y' cos a cos 10 ~ ahin^a (2) 
Choose 0 so that the term in x'y' vanishes, i.e. 0 = 45®, and (2) becomes 

x'%1 — cos a) 4- y'^(l 4- cos a) = sin^ a . . . (3) 


a sin a /“ a 

which represents an ellipse whose semi-axes are -y=========z ~ V2 a cos rand 

a sin a . oc , VI — cos a 

■* 7 ^:^=====: V 2 a sin r. These are the maximum and minimum values of 

V 1 4 - cos a ^ 

the distance from the origin respectively, if cos a is positive and, in the reverse 
order, if cos a is negative. 


Since x ■ 
1 


U' - /) and (x' ^ /), we have x' - + /) and 


y = ix — y), hence Vzjc' = o{cos pt + cos (pt -h a)) or 



Similarly, 



If V is the velocity, V‘^ = (^) (^) 

-= 2a‘p^ I cos^ I sin^ (^pt h |) t sin= | cos= (/^ + |) } 
dV^ 

and — la^p^ sin (Ipt 4- a) cos a 


V\ and therefore K has maximum and minimum values when sin (Ipt 4- a) = 0, 
or when/?/ 4-2 ” 2 * values has the values 4fl®/?* cos a 
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and 4aY cos a alternately. The values of V are therefore maxima and minima 
* alternately in the same order as are the distances fiom the origin. The maximum 
and minimum speeds occur, therefore, at the maximum and minimum distances 
respectively. 

(3) If the radius of gyration of a body about a certain axis through its centre 

of gravity is kg, and that about asecond parallel axis is k, prove that -f 

where d is the distance between the axes. 

A solid uniform cube of which ABCD is one square face has a part cut off by 
a plane perpendicular to ABCD and bisecting the edges BC, CD. Find the radius 
of gyration of the remaining portion about the axis thiough A perpendicular to 
ABCD. (U.L.) 

(4) A cylinder with any form of cross-section has plane ends at right angles to 
the generators, and is of length / and mass M. Piove that its moment of inertia 

about an axis in one terminal section is + k^ where k is the radius of 

gyration of the terminal section about the same axis. (U.L.) 

(5J An engine working at uniform horse-power draws a train against a uniform 
resistance R. If V is the maximum limit of the speed of the tram, show that the 
kinetic energy of the tram, after it has travelled a distance a: from rest in time /, 
isi2(P7~x:). (U.L.) 

Let V ~ speed in ft per sec at time t sec and P - horse-power exerted. The 
550P 

tractive force is — ^ lb. When this becomes equal to the resistance R, the speed 

becomes constant, hence 

550F „ ^ 550F 

^ Rot limiting speed V — 

The work done per second is 550P ft-lb. Rx ft-lb is used up in overcoming the 
constant resistance. The kinetic eneigy is increased by 550Pt — Rx and, since 
the initial velocity is zero, we have 

Increase of kinetic energy = 550Ft — Rx 
- VRt-^Rx 

ft-lb 

(6) Suppose a racing car is resisted by a force proportional to the square of the 

speed and by another force which is constant, and suppose that the excess of the 
propulsive force over the constant part of the frictional resistance is fm, where fi% 
constant and m is the mass of the car. Show that the car has then a terminal 
velocity V, and express, in terms of V, /, and t, the velocity v and the space s 
after the car has been moving t seconds from rest. (U.L.) 

(7) A particle of mass m is acted on by gravity and by a resistance cmv, where 
V is the velocity of the particle at any instant and c is a constant. The particle 
passes through a point O with velocity V and in a direction inclined at angle <t> 
above the horizontal, and Tsec later the particle reaches its maximum vertical 
height above O. Show that 

C ^ g 

Take rectangular axes OX and O Y through 0, OY being vertical. ^ Since the 
resistance is cmv, its horizontal and vertical components will be cmx and cmjf 
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respectively. {If the resistance were cwv”, /i 7^= 1, it would not be possible to 
resolve the resistance in this way.) For vertical motion we have 

— j mcy 


7 = + ^^ 7 ) 


or 

^ --e 

^ + f 


and integrating 


• ■ (1) 

Since j — ^^sin when / = 0 



log,{Fsin^ + y = ^ 

• . (2) 

From (1) and (2) 

<y + 8 



When the particle is at the highest point of its path, j ~ 0 and t == T, 

cV^jt±8^,T 
^ 8 
1 F + cV sin 6 


(8) One end of a spiral spring, whose axis is horizontal, is attached to a fixed 

point, and the other end to a mass which lies on a rough horizontal plane with 
which the coefficient of friction is {j>. When the spring is unstressed, the plane 
suddenly begins to move with a constant velocity u in the direction of the axis of 
the spring. If the maximum friction between the mass and the plane will extend 
the spring by an amount /, show that, if «^ < fxgl^ the mass gradually acquires a 
velocity «, which it retains for a time, and then begins to slip a second time. If t 
is measured from this moment of second slip, prove that, in the subsequent motion, 
the velocity of the mass is u cos kt, where h = iigIL (U.L.) 

(9) A rocket whose mass is initially M is ascending with initial velocity K 
During the ascent the rocket ejects mass with a constant velocity v relative to 
the rocket. If p is the total mass which has been ejected at time A show that the 
velodty is 

„ , M 


If the rocket ejects mass at a constant rate assuming that the terms containing 

m* are negligible, show that the height to which it rises is 



(10) OJf, 0 Y are rectanplar axes in the plane of a lamina. A and B are the 
moments of inertia of the lamina about OX, O Y respectively, and P is the product 
Of inertia of the lamina for the axes OX, OY. Show that the principal axes of 
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the lamina at O make angles and 0j with OX, where Oj and 0, are the roots of 
the equation 

— - 


Fmd the duections of the principal axes at a corner of a rectangle, sides a and b, 
and deduce the directions of the principal axes at a corner of a square. 

(1 1) AB is a thin uniform rod of len^h / and mass m. At a point C on the rod 

4 

distant x from the end A, a particle of mass ^ m is attached, and the rod is made 

to oscillate under gravity about a horizontal axis through A. Determine the 
length X so that the period of small oscillations may be a minimum, and also 
determine the minimum period. 

Ia = moment of inertia about A 
m? , m 

* 

h “ distance of centre of gravity from A 

7 4 1 4 3 

then jmh — ^mx i ^ml or h ^ - x 1- 

L - length of equivalent simple pendulum 

= where K is the radius of gyration about A 

i.e. iT® = ^ (/* + 4x“) - ^ y (P+ 4x^) 

„ W + 

Thus ^=--8^+37' 

The period is i® ^ minimum when L is a minimum. 

dL l6{x(Mx + 3/) - (P + 4xP)} 

Now ^ 

16(je + /){4*-/) 

(8a: + 30® 

d^L 16{(8a: + 30* - 16(8a: + 30 (4x ~ l)ix + 0} 
dx ^~ (8jc + 30‘ 

dL I 

As the value of x lies between 0 and /, the only solution of^ = 0iSA: = 2 

d^L ^ 

and for this value is positive. The length, and therefore the period, is a 

minimniri when ~ Substituting in the expression for L, we find L and 


the minimum period is l^rj ^ 


(12) Prove that the moment of inertia about a diagonal of a uniform rect- 
angular lamina, with mass m and sid^ of lengths a and b, is ma^by6{a^ + £>*). 
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A right uniform solid pyramid of height /i, whose base is a rectangle with sides 
of lengths a and b, is making small oscillations under gravity about a diagonal of 
the base as a horizontal axis. Show that the time of swing is the same as that of a 
2 ( 1 

simple pendulum of length ^ | ^ / (U.L.) 

(13) A hollow cylinder of uniform density, internal diameter 1 ft, external 

diameter 2 ft, rolls without slipping down a plane inclined at 25 "* to the horizontal. 
Determine the linear velocity of the cylinder down the plane when it has described 
10 ft of the plane, starting from rest. 

(14) Prove that the periodic time of a compound pendulum is Itrkl'Vgh, where 
k is the radius of gyration about the axis of suspension and h is the distance of 
the centre of giavity fiom that axis. 

A non-unifoim bar is suspended from one end and has a small movable mass 
m attached to it, When this mass is at a distance b from the top, the time of a 
small oscillation of the bar is 7\; when the mass is at a distance c from the top, 
the time of oscillation is Tg. Prove that the moment of inertia of the bar about 
Its axis of suspension is 




■ 


7 \ 2 ) 


(U.L.) 


(15) A flywheel weighing 3 tons is suspended so as to oscillate about an axis 

perpendicular to its plane and 3 ft distant from the centre of the wheel. Find the 
radius of gyration of the wheel about its axis if the time of a small oscillation is 
2*5 sec, and calculate the woik required when the wheel is spinning about its 
axis to increase its velocity from 50 to 100 r.p.m. (U.L.) 

(16) A uniform rod of length 2a and weight W turns about a vertical axis 
through its mid-point and perpendicular to it, with angular velocity ca. Find an 
expression for the tension in the rod at a distance x from the axis, and show that 

JVco^a 

the maximum value of the tension is (U.L.) 

(17) An anchor ring is formed by the revolution of a circle of radius a about 
an axis distant 2a from its centre. Prove that the moment of inertia about the 
axis is 19M<aV4, where M is its mass. 



Fig. 143 


If the ring rolls without slip down an inclined plane at an angle a to the 
horizontal, find its acceleration. (U.L.) 

Consider the shell traced by the thin strip of the circle (Fig. 143) between chords 
distant and ^ + Ax: from the centre. The height of the strip is 2y where 
X® 4- ys a\ The volume of the shell is 47rj(2a + x:)A^, and its moment of 
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inertia about the axis 00 is AmTry[2a +• where m is the mass of unit 

volume in engineers’ units. 

Hence, V = total volume 

= X 4ira (Art, 115) 

From this M ^ 47r2a^m engineers’ units . . . . (I) 

If / is the moment of inertia of the mass of the ring, 


^ = 47rm f 

J-a 


(2a4- -r) V - x^dx 


Put x^ a sin 0, Ax ^ acosQ . /\0, a cos B and adjust the 

limits. 


/ = Airma^ (2 f sin df cos^ BdQ 


and expanding the expression in the bracket. 


/ = Airma^ (8 cos 20 -f 12 sin 0 cos® 0 + 6 sin® 0 cos® 0 + sin® 0 cos® 0)d0 


— 47r/wa® ^Att + |ir^, or, substituting for /», 

/ = 

4 

When the ring has velocity F, its angular velocity is co ~ F/3a. Its kinetic 
energy is J/co® + JMF®. Assume that tins has been acquired in falling from rest 
through a distance s = h/sin a along the plane. Equating the loss of potential 
energy to the gain of kinetic energy. 


1 ^ I9Mz® F® . MF® 

2 ^ 4 9a“ 2 


from which 


— F® == sin a 


or sin oc x 

Comparing this with the formula F® - 2/y for uniformly accelerated motion, 
we have 

/ = acceleration 
36 . 


(18) A rigid body is rotating about a fixed axis with angular velocity <w. Prove 
that its kinetic energy is i/co% where / is the moment of inertia about the fixed axis* 
A square trap-door of side 3 ft and weight 40 lb is hinged at one side so as to 
be horizontal when closed and to open upwards. In the hinge is a spring which 
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tends to close the door, exerting a couple proportional to the angle thi ough which 
the door has turned from its position when shut. The door is opened through 
180° and can just be held in this position by its own weight, together with a 
weight of 20 lb placed on the edge faithest from the hinge. If this additional 
weight IS suddenly removed, find the angular velocity of the door when it shuts. 

(U.L.) 

(19) A uniform lod OA of mass 3m can turn freely about a fixed horizontal 

axis through the end 0, and carries at ^ a small light hook. The lod falls from 
lest in the horizontal position, and when it is vertical the hook picks up a particle 
of mass m. Find the angle through which the rod will swing from the vertical 
before it next comes to rest. (U.L.) 

(20) A truck has a body of mass M and four wheels, each of mass m, radius /, 

and radius of gyration k. It is driven by a torque T applied to the back axle. 
Find the acceleration, and the frictional forces between each wheel and the 
ground. (U.L.) 

(21) A plank of weight W rests on two equal uniform cylindrical rollers, each 
of weight TV, which rest on an inclined plane, makmg an angle a with the horizon- 
tal. The length of the plank is in the direction of the lines of greatest slope of 
the plane, and the axes of the cylinders are perpendicular to it. Show that, if 
there is no slip at any contact, the acceleration of the plank is 

4g(W + w) sin a/(4IF + 3w) (U.L.) 


(22) A uniform flexible chain of length / and weight W hangs between two 
fixed points at the same level, and a weight W' is attached to its mid-point. If k 
is the sag in the middle, prove that the pull on either point of support is 


21 4k Bk 


(U.L.) 


(23) Prove that a uniform, flexible, and inextensible chain hanging freely 

X 

under gravity takes the form of the curve j = c cosh ” 

If the chain is endless and hangs over a pulley of radius a, the tangent at the 
point where it leaves the pulley being inclined at the angle d to the horizontal, 
and the length of the string being 2/, prove that 

tan d = sinh sin 

/«a(ir~0) + ctan6 (U.L.) 

(24) Obtain in any manner the series for sec 6 as far as the term in OK 

If a beam of length / is subject to a unifomily distributed load of intensity w 
and to an end thrust F, the central deflection is given by 

P 5wP 

where Show that as F 0, this tends to the limit (U.L.) 

cos6» since sec 6 ~ 1/cos 0 

^ 6® 50* 

sec 6 1 + ~ neglecting terms beyond that in 6* 
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The deflection is given by 




wEI 


(sec iml — 1) - 



Elm^ 


_HL ^ 


m^EI\ 2 


h terms of higher degree in m - 

w (51^ ^ • o , « ^ 

= ^ + terms m m\ m‘ /w®, etc. . . . j 


mH^ \ 
8 / 


As m approaches the limit zero, the sum of the convergent series of teims m 
powers of approaches the value zero, and in the limit 

^ 3845/ 


(25) A thin uniform bar of mass M is bent into the form of a semicircle of 
radius a and is pivoted at one end so that it can turn in a horizontal plane. Show 
that, when it is revolving with uniform angular velocity o, the tension at the middle 

point is — — , and find an expression for the bending moment at the same 

point. 277 

(26) A plane lamina moves about m its own plane. The rectangular co- 
ordinates of a point in the lamina referred to fixed axes are (;c, j), and referred to 
axes moving with the lamina (X, Y)\ the moving axis of X makes an angle 0 
with the fixed axis of x, and the co-ordinates of the moving origin referred to the 
fixed axes are ({, rj). Prove that 

J + Xcose- Fsin^^ 


7 == 17 4* Xsin^ 4 Fcos6 

and deduce by differentiating that at any moment the velocity of a point P 
moving with the lamina is proportional to iP, the distance of F from the point /, 
at which 


y == 



and is also perpendicular to iP. 


(UX.) 


We shall first find the point in the lamina which is instantaneously at rest. 
This is the instantaneous centre (Art, 123). The component velocities of the 
moving point are x and y where, by differentiation with respect to time, 

x = ^e~xsmee-Ycosde . . . (i) 

au 


and similarly 


rcose) 

j, =. 9 (^ + JTcos 0 - r sin 0) 


( 2 ) 
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If the point (jy/) is at rest, x and y are each zero. Thus, 


Z sin 9 -f r cos 6 ^ 


:^andysin0-Xcos0 = ^ 
ad ad 


and the co-ordinates of the point are 


y = ri + - 


Th« co-ordinates of the instantaneous centie /. 


The co-ordinates x',/, ofP with respect to new fixed axes through /are therefore 

x'==Xcose- Yim6 + ^ 

ad 

y'=X^e+ Tcose-^ 

du 

Hence from (1) and (2) the component velocities of the point P are 

and )> = Ox' 

The gradient of the path of P is and the gradient of IF is Since 

the product of these is - 1, the velocity of P is perpendicular to IP, Also, if 
V velocity of P, 

== 4 - yi 


or V = 0 IP 

that is, the velocity of P is proportional to IP, 

(27) A circular disc is rotating with uniform angular velocity cu about a 
horizontal axis through its centre, and the horizontal axis moves vertically 
downwards from rest with uniform acceleration /. If the path of the centre of 
the disc is taken as the .v-axis, show that the space centrode of the disc is the 
parabola — IfxloP, 

[Hint. Find the co-ordinates after t sec of the point on a horizontal diameter 
which is instantaneously at rest and eliminate f.] 

(28) Find the polar equation of the body centrode in the previous example. 

(29) A uniform rod AB of length a can turn freely about a fixed hinge at A. 
A string is attached to the end P, passes over a smooth fixed peg at a height h 
(> «) vertically above and carries a load equal to half the weight of the rod. 
Show that there is a position of unstable equilibrium with the rod inclined to the 
vertical 

Discuss the stability of the positions in which the rod is vertical. (U.L.) 

(30) A straight uniform ri^d rod AB^ of length a and mass m, is moving in a 

plane, its angular velocity being m and the velocity of its middle point C being 
in a (Krection which makes an angle of 45® with CB at a certain instant when the 
point E half-way between C and B is brought suddenly to rest by an impulse 
applied at E. Find the magnitude and direction of the impulse and the loss of 
energy, (U.L.) 
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(31) Starting from rest, a body moves in a straight line with uniform accelera- 
tion /i until its velocity is V, then with uniform velocity for a time, and finally 
with uniform retardation until it comes to rest again. If r is the total time taken 
and d the total distance travelled, express Tin terms of d, V, and determine 
the value of V for which 7 is a minimum, 

(32) A rod of uniform cross-section floats in a liquid with its axis vertical and 
with 10 in. of its length immersed. Show that the period of small vertical oscilla- 
tions of the rod is 1-01 sec. 

(33) A reservoir discharging through sluices at a depth /i below the water 
surface has a surface area A for various values of h as given below. 

h 10 11 12 13 14 ft 

A 950 1070 1200 1 350 1530sqft 

If t denotes time in minutes, the rate of fall of the surface is given by 

= _ 48 V A 
dt A 


Usingisome graphical or numerical method, estimate the time taken for the water 
level to fall from 14 to 10 ft above the sluices. (U.L.) 

(34) A vessel has the form obtained by rotating the curve y — lx (the unit 

being 1 ft) about the axis of y, and is placed with its axis vertical and vertex 
downwards; 15 ft® of water are placed in the bowl, and an outlet pipe of cncufar 
section and diameter 1 in. is then opened at the lowest point of the bowl. Assuming 
that the velocity of flow into the pipe is 0*6 V 2gz, when the depth of water in the 
bowl is z, find the time required for all the water to run out. (U.L.) 

(35) Prove that the mass-centre of a uniform solid hemisphere of radius r is at 
a distance fr from the centre. 

A tank consists of a cylinder of diameter 4 ft with its axis hoiizontal, and has 
hemispherical ends. It is just full of oil of density 50 Ib/ft®. Find the magnitude 
and direction of the resultant force on one of the ends, 

(36) A horizontal boiler has a flat bottom and its ends consist of a square of 

2 ft side, surmounted by a semicircle. Determine the centre of pressure of either 
end when the boiler is completely fuU- (U.L.) 

(37) Show that the distance of the centre of gravity of a segment, of height 
of a uniform solid sphere of radius R, from the plane base of the segment is 

k(4R - h) 

4i3R - h) 


A sphere of weight JV and radius R floats in water with its centre at a depth 
iR below the surface. Show that the work required to lift the sphere just clear 
of the water is I WR, assuming that there is no change in the level of the water. 

(U.L.) 

(38) A uniform solid hemisphere of radius a is immersed in water with its 
centre at a depth h and its plane base (which is uppermost) inclined at an angle Q 
to the horizontal. Find the magnitude of the resultant thrust on the curved 
surface, and prove that, if ^ is the inclination of the direction of the thrust to 
the horizontal, then 

^ , 2a + 3hcQ$0 nir\ 

tan^= — „ , (U.L.) 

3h sin 0 


(The resultant thrust is equal and opposite to the resultant of the water 
pressure on the flat face and the weight of the displaced water.) 
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(39) Prove that the volume of a paraboloid of revolution cut off by a plane 
perpendicular to its axis is half the volume of the surrounding cylinder. 

A closed cylindrical vessel containing water is rotating with uniform angular 
velocity a> about its axis, which is vertical. The free surface of the water is known 
to be a paraboloid formed by the revolution of the parabola 7 = about 

its axis. Show that the difference m the heights of the lowest and highest points 
of the paraboloid varies as co or according as the water is or is not in contact 
with the top of the cylinder, provided that the cylinder contains sufficient water 
for the base to remain covered. (U.L.) 

If the paraboloid does not touch the top, the difference in heights is found by 
putting .X = 0 and x: = i? in j = oVIQg), R being the radius of the vessel. This 

difference is and varies as to®. 

( 2 ^) 

If the water touches the top, the volume Fo of the paraboloid of revolution 
must lemain constant. Let r be the radius of the section at the top; r is variable. 


Then, if y be the depth of the vertex, = 2Vo. But the equation y = 

still apphes, and the difference of levels is now y ~ in which 7 , to, and r 
are variables. To ehminate r we have 




2g Try 


7 = ft) 



and the difference of levels varies as co. 


(40) Define the metacentre of a floating body, and show that, with the usual 
meaning of the symbols, its height above the centre of buoyancy is Ak^lV* 

A uniform solid right circular cylinder of length /, radius a, and specific 
gravity f , floats in water with its axis vertical. Show that it is stable for small 

displacements, if / < (U.L.) 

(41) Quote the mathematical inequality which gives the condition for stability 
of a floating body for rotations in a particular plane. 

If a uniform cylinder floats stably with its axis horizontal, show that the 
rectangular water-line area must be longer in the direction of the axis of the 
cylinder than in the perpendicular direction. (U.L.) 

For stability, EM > EG where H is the centre of buoyancy, i.e. the centre of 
gravity of the displaced fluid, <? is the centre of gravity of the floating body, and 

w -i. ... Ak^ 

M the metacentre. Since EM — — , where A is the area of the water-line 

section, k the radius of gyration of A about the axis of angular displacement, and 

' Ak^ 

V the volume displaced by the floating body, the inequality becomes EG < — . 

Hg. 144 shows two views of the cylinder floating in the fluid. The water-line 
surface is cib in the elevation and AB in the end view. GX and G Fare rectangular 
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axes through G, the centre of the circle in the end view, and jc, y are the co- 
ordinates of K. For movements about an axis in the water-line surface parallel 
to the cylinder axis, the equilibrium is neutral, because the centre of gravity and 
of buoyancy are always in the same veitical line. The stability referred to m the 
example is that about an axis perpendicular to the axis of the cylinder. 

Consider the small strip shown, below FK, of depth Ax. The equation to the 
circle ABK is x® + r being the radius of the cylinder. 

Let CD == l,AB=- 2b, and GL ^ a. For stability, BG < — , onf X ^ MG, 
VH < AkK A = 2bl,k^==^ P. 


J 



To find Vx, we use the method of Art. 114, Thus 




“'/j 


Zyxdx 


v/r®— x^xdx 




Hence for stability, 


W < Ibl^ 


F > 4b^ 


or I > lb 

The length of the water-line area must be greater than its breadth. 

(42) Starting from the equation ^ where y is the deflection of a beam 

at a point distant x from one end, due to a distributed load of intensity w, E is 
Young’s modulus, and / is the second moment of the section about the neutral 
axis, find the central deflection of a uniform beam of length / clamped at each 
end and loaded with a uniformly distributed load. (U.L.) 
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(43) A flywheel, whose moment of inertia about its horizontal axis of rotation 

is I, IS set in motion about this axis by means of a cord wrapped round the axle 
(of radius r), which cairies a load P at its free end, there being no slipping of the 
cord on the axle. If there is a frictional toique to®, where co is the angular speed 
of the wheel at any instant and k is constant, find the angular velocity acquired by 
the wheel when P has descended a vertical distance x. (U.L.) 

(44) If a body, fiee to move about a fixed axis, is acted upon by a given torque 
C, show that the acceleiation produced is G//, where I is the moment of inertia 
of the body about the axis. 

A wheel, free to turn about a fixed axis, is acted upon by a constant torque G, 
while the frictional resistance at the axis produces a retarding torque to®, where 
k is constant and w is the angulai speed at any instant. If the wheel starts from 
rest and acquires an angular speed tt>i after iV" revolutions, show that the angulai 
speed (Oo after 2N revolutions is given by 



(U.L.) 


(45) Prove that the equation of the curve assumed by a heavy uniform chain, 


with Its ends attached to fixed points, may be expressed in the form y ~ c cosh 

X ^ 

and show that, if c is so large that poweis of - above the square may be neglected, 
the curve is approximately a parabola, ^ 

A wire rope weighing 1 lb per ft is stretched between two points at the same 
level 40 yd apart, if the central sag is 1 ft, find approximately the tension at the 
supports to the nearest Ib-wt. (U.L.) 

[Assume that the wire hangs in the form of a paiabola.] 

(46) Two equal homogeneous solid spheres, each of radius r, are fixed together 
by a light rigid bar whose direction passes through the centres, so that their 
centres are at a distance 21 apart. The system is caused to oscillate as a compound 
pendulum about a point P m the bar distant x from the centre of the bar. Find 
the period of a small oscillation. Show that the peiiod would be least if it were 

/s/® 4- 

possible for the distance of P from the centre of the bar to be J 


Show that this point is inside one of the spheres. (U.L.) 

(47) A ring of mass m can slide freely on a smooth horizontal rod. To the 
ring is attached a light cord of length 2a, and a particle of mass m is attached to 
the other end of the cord. The system starts from rest with the particle in contact 
with the rod and the cord taut, and is then allowed to move freely under gravity. 
Show that when the ring has moved a distance x and the cord makes an angle d 
with the horizontal, 


cit 


— n sm u and 
dt 



IgdnO 
a{\ + cos®0) 


(U.L.) 


(48) Show that the work done in stretching a string from a length a to a length 
6 is (6 — a)T, where T is the arithmetic mean of the initial and fi nal tensions. 
An elastic string of natural length 2a has its ends attached to fixed points at a 
horizontal distance la apart, A weight w is attached to the mid-point of the 

3 

string, and is found to rest in equilibrium at a depth below the supports. 
Prove that the modulus of the string is y w, and show that the work done in 
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pulling w down through an additional small vertical distance x is lllwx^flSa, if 
powers of xia above the second are neglected. (U.L.) 

(49) The effective horse-power of a ship of mass 10 000 tons is 6 000, and its 

full speed is 20 m.p.h. Assuming that the resistance to motion varies as the 
square of the speed, and that the horse-power is constant, find the distance 
travelled from rest in attaining a speed of 16 m.p.h. (U.L.) 

(50) A train of mass 300 tons travels along the level at a unifoim speed of 

80 ft per sec against resistances of 14 Ib-wt per ton. It then climbs an incline of 
1 in 160. Assuming that the horse-power and the resistances remain constant, 
show that, when the speed has dropped to vft per sec, the rctaidation is 
(2v— 80)/5r ft per sec®. Find the time taken for the speed to fall fiom 80 to 
60 ft per sec. (Take ^ = 32 ft per sec®.) (U.L.) 

Resistance on level ~ 300 x 14 = 4 200 lb 
Rate of working — 4 200 x 

Tractive force on incline = 

^ V 

Force resisting motion — 4 200 + 

= 8400 lb 


80 ~ 336 000 ft-lb per sec 

300 X 2 240 
160 


Unbalanced foice = Mass x retardation 


336000 


-8400 = 


300 X 2240 t/v 


32 


dt 


, fiom which assuming § 


^ Z — d? which is the retardation 

dt 5 V 

Rearranging, ^1 + 

2 

and integrating, v h 40 log^fv — 40) — ~ 4* c 

Substituting v = 80, 

80 + 40Ioga40 = -?<i + f 

where ti is the time when v 80. 

Substituting v — 60, 

60 + 401og,20 

where is the time when v — 60. 

By subtraction, 

20 + 401og;2 = |(t8-f0 

from which =“ 50 4* 100 log«2 

or, time taken « 4 - * 119 sec 

x6 — (T,6to) 


= - -t 


32 
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(51) A sphere ot lacbus a and specific giavity 0 75 floats m watei It c is the 
distance of the centre below the surface, show that \ is the leal loot of the equation 

- 3a® c 4 a - 0 

and deternime - couect to thiec decimals (U L ) 

a 

(52) A tram of weight W tons moves on the level undei the action of a puli 
P tons-wt agamst a resistance R lons-wt, and the speed at any instant is v ft pei 
sec Show that the distance travelled while the speed varies fiom v® to Vi is 

JV pi vdv 

g Jv, P-i? 

If — 300 and P =- 0 9 0 007 v-, show that the distance travelled in slowmg 

down from 45 to 30 m p h with power cut off is about 520 ft (U L ) 

(53) A shaft of radius a is subject to a torque T Assuming that when plastic 
flow occurs, the shear stress is proportional to the radius for radii less than P, 
reaching f at radius R, and thereafter remaining constant equal to /, foi radu 
between R and a, show that 

T=7r/(4a®~ P®)/6 (UL) 

(54) A heav) bob B is attached to a pivot P by a hght rod 20 in long P is a 

horizontal arm ugidly attached to a vertical shaft, and is 6 m from the axis 
The shaft rotates steadily at 4 ladians per sec Find the equation which gives the 
angle 0 which PB makes with the vertic^, and (graphically or otherwise) determme 
the value of 6 to the nearest degree (U L ) 
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EXAMPLES 1 Page 34 

1. 4 2 0 3. 4 

4-4 5- 6.-i- 

2Va 

7. where n is any integer or zero 10 ^ = tan 0 


IJ. Convergent if | \ | < 1 , divergent if |;f i = 1 or > 1 
13. Conveigent if lx] < 1 oi = 1, divergent if |x| > 1 
15. Convergent if |jir|< 1, otherwise divergent 


16* 1 ~ r;; sin® cor — — sm* wt 
8/^ 

■2) («-/ 


17. 


2F 

n{n — 1) (rt - 


16/*^ 

M) 


sin® cor - 


5r» 


128/® 
a:’*-'* a' 25 344;c" 


12* Diveigent 
14. Convergent 

sm® tor 


21 . 4 B^-\, 

22. 103, 1025, 1017 

U.N+—-—+-^ 

^ SAT* 25JV» 125JV“ 

25. e -= 27183, ^ = 1 6487, el = 1 2840 

26. Sum = (1 - i) * = 2* = 1 587 


27. Sum = (1 - 4a) . 30. 0 2231 

3^ 1, 0 3090 ± 0 95Hi, - 0 8090 ± 0 5878? 

M a _ 3 4. 3yJ 8 569 [ 30° 19 ] = 7 397 + 4 326i 
4, 2 * " 2 8 569 [210° 19 ] = - (7 397 + 4 326*) 

34. cos 36 = 4 cos* 6 — 3 cos 6, sm 39 = 3 sm 6 — 4 sin? 6 


35. cos «6 =* cos" 6 — -- cos" " * 6 . sm* 6 

if 

smn9=" ncos""*6 sm6— — ^^cos"''’6 sin’6 

. n(«-l)(B-2)(B-3)(B-4) B.,fl . 

!5 

36. Resultant 2 086 [— 7® 42 ] =* 2 067 — 0 2792/ 

37. 1 (cos 53*^ 8^1 sin 53" 80 
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38. 12 X 5i 13 [22" 37 ], r = 1 445, 0 -- 26" 3' 

40. 064-08^, -028 } 096/, 0-032/ 

41. -1, 08090 dr 0 5878/, - 0 3090 b 09511/ 

T ir 1 VJ 

42. J:. (3 -f 2/), cos 1 / sin 2 “ 2 ^ ^ product = — 1 


43. cos cf ~ [10 cos a « 5 coj 3a cos 5a] 

sm* a ~ iif3 — 4 cos 2a -J cos 4a] 


45. A 


5 - 1 - 7 / ._ 5 - 7 / 

2 * ^ 2 


46. \ = (/?! "^ cos — (a^ ” sin ///, 
y — {a^ i- b) cos 4- {//i — «/ 

v^K/ii — 6i)- 4 (tf, * by] + ) liai \ by -] (a - b) ] - Axyiaib^ 4 a^bi) 

- (ui- + ar - bi^ - bi-f 


48. ( 1 ) 0 - 0 6434/ (u) < log. 2 


50. x - 6546, >/- - 7621 

51. A = e - tan-i ^ (1 - iCo’) 

V/l^d - LCf)* I- Dp- Lp 

52. 0 5211, 1 1276 

54. (sm(«l ":^<i)sm|)/sin| 

55. ^ 9- h. ^cos . cos (X sm 6) 

.x® + 2a: COS 0 X 1 

/ 

56. 1 r ^2 cos - J sin ^ . 

58. See Ex 54 ^ j{^ sin- wheie / = length of a side of polygon 


EXAMPLES U Page 73 

1 X 

1 , (i) — — (n) 1 sec- “. (ill) tan jc sec x 


2 . 


a:® ^ ^ 



4. 4(a:- 3)® 

6. 3 cos (3a:— 4) 
8. 5 tan Sx sec 5a: 


8 15 

3 ^x ^^ x ^ 


7. 2sec?(2A:4- 1) 

9. i 
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10 . 

12. 3 cosh 3;c — 8 sinh 2x. 

14. • : ^ 

V2x- 


Vj4-16 


JC 4* ^2 

13. } sech* ix ~ cosech® 

1 ,, 8 


I + (a + xy 
18. ^‘(Ix + 1) 


1-Y64t» 

19 ^C21og,x- O 
aog.4* 


20 . (2j; cos X 4- sm x)l(2V x) 21. — 

22. 2apx + aq + bp. 23.-^ 

ipx 

24. ^^tS . 25.<«. 

^ Ox + 4)® 

26.’ (1 -* lx) (2 + xyO - xy 27. 10* 

28. k cos kx cos lx — Hm kx sin lx 

29. {k cos kx cos /;c + / sin kx sm lx)licos^ lx) 


rorlsec"- 

(1 + cos x) 2 

{px + qY 

25. cot jr — jc cosec® jc 
27. 10»log,10-l~logeA: 


0. :r" f — — + n sm“^ 


Vl — x^ 


* {a + x)^ {a- x) 
35 ^ 

Vr=:i5‘ 

37. coshZxr 


^Vpjyjf-qx + r 
M ^ 

‘ 3 ’^(1 + *>)»■ 

j:(4 - 3jc) 

wO* 'Iv'-l'* 

2(1-j:)5 

38. 3(2®*“* log, a 


39, — [Note that cosec-* = tan-‘ r-^ = 2 tan"* jc]. 

14-** 2j: 1 - 


40. - 


42. smh cosh x (3 smh j: — 2) 43. 


44. r'*(isec®i'*— tan J;c) 
e''* 

4(5.^. 

49, cot;if 50. 


41. . 

3(2jc»-5) 

43. 7!=:. 

XV jt® + 4 

4S. 2e**-[cos (2x 7) + 2 sm (2x -> 7)1 

2 lOx-3 


X®- 1 

lx 


‘2(5t®-3» + 2) 


51. sin* Ax cos /x (3* cos to CCS /\ -llsmkxsinlx). 
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52, 

Zs/p cos® Y ^ sm \ 

54 - 2 Y sm x 
(smh X — sm xy 

^ ^ Vj:" + 


V9i2- 1 

'■•■[nk 5>-s.'n^] 


1 { COS a cos \ 

55 sm 2x (^ + 3 + 2 cot 2 y^ 
57. (y~2)(8v®- 11y-4) 

59. sec2\ 60. sechjc 


^2-4 

X (1 + Y®) tan"^ X 

:) 64 ' ^ jL---...^ + ^m-*^ \ - 


63. 1 2a log («n-‘ 

V 1 ~ Y- sm”"^ \ 

VI A1 

Vl-A** 

65. 4\ cosec 2 jv® 

66 2A^ ^ 

VI • 

67. (i) 5^ c®*® sm [4 y n tan”^ (*)] 




^ ^ "Y Lv3y-2/ 

L I- 2/ J 


70. a - 0, - ■ 


72, Acceleration ^ - pu, x — Va^ ' h sm( pt h tan 

, ?!I dt^ ^ V 

«« 27r „ cos 0 (4 -- cos 0) 


j). peno<l 


(2 4- cos 0)® 


77. 0 when « is odd, 2^‘ - when « is even 
21 


5\^3 V3 

78. Thrust m rod RF = W, and thrust m rod CE — — W 


79. lOH^taa0 

81. iabcosCAC 

83. 1 1. 8. 1, 8 -1 


80. d sec® 0 A0 ft. 

82. cosh X Ax^ 7 4437 
84. 58 3mph. 


EXAMPLES ni Page 105 
1. ^;«:’-31og*+ ?*’-3;c 2. 3-^7. 

3. - ~ - 1 47 s’*‘ + 2V7 4. Sl±2.‘. 

s“* 8 

. 1 


3(3jr- 10)' 


ilog,(4^- I). 
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’log. 10 


■= 10 * logic « = 0 ^ I®' *• ~ ‘ 


,, 1 , 2 + jc 

13. sinh-‘|orlog, 
15. cosh-^ ^ •' 


12. 0 06931 


X + V;c2 J- 4> 
, 2 > 


cosh-^i./ 16.1og.(3f»-5r^ 4) 

0 18. 15 17 

^ -^log.(A: + 2) - ^log,(2 x— 3) 20. — log, 3^ ^ <j 


it - 1 611 




5 27 ^ 73 / 4 w — 1 — * 73 ^ 

25.^ 4 log. (2«* - « - 9) - log. (4„_i + 

27. V;c»-3jit + 5 + |smh-’^ 

28. H cosh-> (^-^) - 1- Vl6^^+407:=l7 

4 V 6V2 ' 2 


Vl3,„„ / 2y + 7-2V'l3 \ 
^ 104 \2v 1-7 4 2V13/ 


y_9 9VT7,„. 2y-9- V7 7 

“• ' Tsr '“*• 

o Vs , _ ■»— 

32 .^ 


■ 12V4H 


33. sxnh" 


1 . (V + 3) Vv^ ±.g !!L±ij. 

l-vT^ ' 5 


34. 8 V3 

nVe . 13 jc- 1) '^5 + 

35. -3g-sin-*( V34/+ ^ 
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log, tan Mx + tan ^ ) 


— \/ 1 — 

1 , V - 2 V3 
7 * ^^% [ 2^7 


f-(') 


37. 0 
39. iUn 

41 — ’ cot (t — tan ’ ' ) 
VSn 

43 -^-03511 
45 5 757 


-01178 


51. I sm® 0— ^ sm’* d 

54. 1 tan v — loge sqc a 
56 ily’ + yv'y^ -1- cosh-^j] 


X 3flf* , 

j-( 2 a:^ -f 5 a^) v a- ^ a- -I “^loge (a V tc® + a-) 


a^V ;;,fa ^ 


W 


Vaa- a:® 

61 . — sinh"^ r lit - ? — 

1 ^ 3 ( 1 - 1 )J 


V4-Z- 2 
V4-Z + 2 


54. (6 logs X — 1 j 65. X tan”^ x — log^ Vl + 


: (2 sm 2 a — cos 2 a) 


67, — (2 sm 2a — cos 2a — 5) 


^ [(ak 4- bp) sm pt + (bk - ap) cos pt] 


0 74. j--- 01187 75, 132 

jVx'‘ + a‘ + Y log, (x+v tM a<0, + a") , 


ft 4V5-5V2 0 1874 ft 

a* ' 10 - 


j, [Note that ;*< + 4 = (x* + 2* + 2) (x>- 2x + 2) ] 
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4?l 


79 y2y - “log («v -f y), J jjjcv F^log f j)| 

^ 2777 - 

80 -y 

81 77 [^1 + i sin^ “ -1 f sm^ - + sin , 0 14 

377 1 

82 32 + 4 - 0 5445 

83. ( 1 ) ^ log, (1 f log - 2x ( 11 ) ^ 

e ^ 2r 

84 0) j- (sm 2v 4 2 cos 2x) (u) j 


85. (0 - ^ (u) 3 - ^ (lu) ir + 2 
(* 

86. j h 4 ^2 log, (x 4- 4) 

1 +5 /jc4 1 “ VT\ 

JC® JC® J!C 1 

“ -T sm 2.xr — -7 cos 2x sm 2x 
6 4 4 8 


89, 8 25 + log.4 = 9 636, 

2„p + > 

(p+l)(p +2) (p hi) 
91. (i)-e^‘‘{x^ + 2x + 2) 

(n) T^-T- 0 0813 


15 4 

(m) ? r”®- 

smx 
(iv) 


+ 


2 + COS X 


92 ilog,2 = 0 4388, 

i[V2 -t log.(V2 t- 1)1 = 1 1477 


j-log,2=- 0 0923 
93. i(3- 19c-®) = 00537, 

4[81 + (;c + 2) (2*® + 8;«: + 53) V^^ + 4x+ 13] 
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94. (1) ^ - I - 0 2854 
Oi) ' . 

Ciii) A, (3r , 21og, 2)=- 1-0811. 


EXAMPLES IV. Pago 135 


I /j.\ A® j:® 

2. ta)^h-g+^ 


5. 


' 12 + f ^ 


6. tan 1 C — V I 3 a4 - x‘; tan +"0 — 1 + 2x I 2v‘ *■ '' x‘ + ' f x* 

+ 1 A-', tan 3° - 0-0524; tan 44° -- 0 9657. 


7. sinh X - :v h jj -} |J H“ . 
centageeuoi - 0 0004. 

■^3 1^5 

9.sinic = ^-j3 4 jj- . . 


X* x^ 

; cosh ^ = 1 + |2 + |j + 


cos X = 1 


!i li ’ “ 

15. login 73 55 •=- 1 80658 


13. log, 5 - 1-6094. 15. logm 73 55 •= 

16. sm 42® 0-669131 ; cos 42® - 0 743145. 

2 

17. Error ~ “ 0 6471 x 10“"® when N~ 50 


18. 1 608. 

20. -2*9^ 

23. 4 4936 radians « 257® 28^ 
25. 1-86. 


27. 6=. 


19. 4 275 
22. 2 120 
24. 2 013 
26. 1-49. 


29. 3-9903122, 


30. One root between 0 and 1, the other between 1 and 2; 0-305. 

31. i(l f 2 loge i(2 log, « — 1); J sec^ a. 

32. See Art. 62. 33.- J; 


34. J; i; 1. 

37. log. (I). 


35. 


38. 0. 
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EXAMPLES V. Page 161 

3. 1 (max.), 9 (min.). 4. a = 0, j. 

. TT IP fPr 

5- 6 = I^Pmax = ^.Ibperin.* 6. v = 


7. (i)i = rf = 


-. (m)i: 


8. Side of base = depth = side of base depth = 


9. Radius of base ™ deptl- 




radius of base 


10. V = — . - 0 606. 

Ve 

M. Turning points where :v — land— 1*5; pointofinflexionwhere:^ 025; 
X -= 2*024. 


13. Two-fifths of vessel full of water, 




20. R - 0*0746. 


21. 14*22 knots. 


x = min. period = -3 


4 ^ n 

3^^" 


23. Points of inflexion where ~ — 2, — 1, 1 ; curve convex upwards between 
;c =5 — 1 and x = 1 and also between x — — co and xr « — 2. 

24. (i) Concave downwards at all points, (h) Concave upwards at all points, 
(iii) When n is even, curve is concave upwaids at all points ; when n is odd, curve 
is concave upwards for positive values of x and concave downwards for negative 
values of x. (iv) (a) Curve is concave upwards at all points, {b) Curve is concave 
upwards for positive values of x, and concave downwards for negative values of x. 

25. ^ (2£/ + IBb - BL); ^ (2U- 2Bb + BL)\ 

^(.2Bb-2U+BLy, ~ QBL - 2LI- 2Bb). 

26. In AD, tension 14 9 lb; in DC, tension 11*2 lb; in CB, thrust 17*1 lb; in 
LD, thrust 18*7 lb; in AC, tension 21*3 lb. 

27. (0 9x> - 2/j - 4^ - 12/. (ii) - :;7=. 

(iii) 2^1 cosec (2xy); 2x cosec (2*/. 

29. (i) X + + 3z = 14. (a) 2z = 4x- 20y + 19. 


32. (i) (ii). 

^'^27- 2x4* 5 

33. abed 4- k&)\ 


42/- I) 


x{xf 4* X 4- 7) 
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35. ii)dz - ,^^^^[xdy-~ydx] 

(ii) dz ~ 2if)dx 4* + ^y^)dy 

(ill) dz — ^ tan [y dx x dy\ 

36. 15 43 ft per sec 

37. Volume decreasing at rate of 1 980 it in ® pei sec 


(§).,/- (i). /' 

(1) 


(2) 

dv-i — dt 

V- V 

■ (3) 


Equate the ught-hand sides of (1) and (2) and substitute in this the expression 
for dp from (3). This relation is identically true, hence equate the coefficients 

of dv and dt respectively on the two sides of the equation, T ~ ^ 

46. 0 003 per cent nearly. 

47. (i) 3A = ^ [a(i^ + c* - a^a + 6(c* + a® - b^b + 0 ( 0 “ + 6* - cW. 

oA 

(u) 5A — A ^ cot 

(m)aA = A [^5c + cot/f dA^coXB (5.B- cot (^ + 5){<5^ + ^^}]. 

f \ AT 5a , 6b , 5c "I . a[-54-c 

(iv) 5A « — ^ 1 4 L where s = — ~r 

2 U— a s—b s— cJ 2 

48. 0 21 ft nearly 49. — 0 0002. 50. 5/ pei cent. 

52. Percentage eiror in r = 

54. 6y = y[5A: ./? cot (pA; 4* a) -• 5r . ^ tan (q^ 4- j^)] 

56, 6x>^ X 4- 55 . cot 0 4- 5A . cot aJ . 

57. ix =» Jy = z =* 6^. 

59. == 1-723, y « 1 990, z « 2223 

62. X *=* 4,y = 2, z = 1. 63, = y « 2 

;c « y aa iiff 4- (— 1)** g, where /IIS zero or any positive or negative integer 

65, x^2V5z,h^2z. 67. a « 0 250, 5 2 833. 
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EXAMPLES VI Page 190 

1. 2>my = 2(x I am^) 

3. (x = 4 303, 7 ~ 15 34), (x = 0 6972, 7 = 6 244), max slope 2 887 

5. Tangent, 2py ^ qtOx-pt^), normal, ^iy ■{ 2px - /*'(2p- | 3^^^) 

6. (1) Tangent, ^3k j y — 4 Nonnal, x = V3;; 


Subtangent 

(n) Tangent, k 2y 2( 
Subtangent — c 

(ill) Tangent, j = r — 1 
Subtangent - — 1 
(iv) Tangent, bx + '^Sav -= lab 

2 


Subtangent - 


Subnoimal == — Vs 

Normal, 2y — 4x— 3c 

Subnormal = - - 
4 

Normal, x y i- 1 ~ 0 

Subnormal = — 1 

Noimal, 2 by = V3(2crA: — a- + b^) 

t 

2 a 


Subnormal - 


11. 90*^ 

12 Polar sublangent « i ci tan 20 V wn 20, subnormal 

~ dr c*cos 20Vcosec20 

15. (n)0 566, (ui)2 598, (w)0, (v)2 828, (vi)« 

oxy 

16. tan-" (± 2 V 2) = 70° 32 and 109° 28 , p = ^ 

17. =• i>", -i (a* + ^ (a* + 4c*)*, 2c“ = a* 

2 c* 


18. 


+ 12 ^^)^ 
4a0 


22 fO i („) /g H2acose+e») . ^ ? (j^±^ 

22. (i)^^. (n) (i + gc(,s0)s , m 2 a iec livj ^ ^ 

24. I - a(0 - sm 6 ), jj = a(3 + cos 0). Referred to parallel axes through the 
point (wa, 2a), the paiametnc equations of the evolute become 

x = a(6 + sin 0 ),y=a(l — cos 0 ). 

The evolute of the given cycloid is therefore an equal cycloid 
^ (a‘-b‘)cos>4 „ (b’‘-a‘)sw!‘4 

27 , g , r) 

29. a + 6 


EXAMPLES Vn Page 227 

1. Sx~ 3y-21 =0, ix- lly-Sl *0; 9x+ ly~ 13 = 0 

2, imxi + bCsJ/C/ + m), imyt + lyiiKl + m). 17 ■ 49, 13 20 
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3. k 10 

4, X® -f — 4 a - -t 1 0, r — 2, V — 1 

5. A ~ 6, 7 — 2 \ - 0 > — 6 3\: f 47 ~ 26, 3 V + 47 + 24 ~ 0 

6, it — 2a cos ^ 

2 


Vt cOb y ^ Vt sm 0a — 

= I, Its foci being 


sm- a . . T sm 2or , v 21- sm a 

12. (l) — (u) (ill) 

2g g g 

13 V = Kf cos Ox,y - P/ sia 0, — ig-/ , x= Vtua 8., j = Fr sin 8a — +^1“^ 

4 \ 4y^ 

16. The equation of the eihpse is — — -i — — = 1, its foci being 

the centres of the given ciiclcs and the axes of \ and 7 being taken along and 
perpendicular to the line of centre* R and r are the radii of the larger and smallei 
circles respectively and ^ is the distance between their centies The eccentiicity 
k 

ot the ellipse — 

J? hi- 


17. lOlx' + 48;cv -'Sly - 33Qx 3% H 441 
= - 0 8305 or 0 2379, (t, 1 1695), (I, 2 2379) 

22. a’p - 6 Y = 1 

23. c= Ve- V2= 1035 


0, w = 


- 8 : 1 : 4^13 


26 - sec 0j — ^tan 8i — 1 , isec 8e ~ ^tan 8a = 1 
ah ah 

27. Tangent, 3^1*7 -h 4a: — 24^1, normal, 4/37 — 3/i®a = 16 — 

30. ^ 1, ^ ^ = 0 6615, pomt distant 3^ in from either end 

16 9 4 


31. (i)e= 07141, (a) 4 9m 

32 The as3nnptotes are parallel to OX and O Y respectively, and pass through 
the pomt 0 The equation of the hyperbola referred to its asymptotes is 



35. 13641b 


39. 003ft 

41. Total length « / + | y approx , mcrease in sag == 0 ^ 
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42 Oieatest tension — 51 30 Ib, least tension =• 11 4S lb 

43 Gieatest tension ~ 56 32 lb, least tension — 11 50 lb 

41 X ~ c smh ( J^t 1 a j where c — - d'g and sinh a — ^ 

\N I J ^ ul-ag 


EXAMPLES Vin Page 257 
\ IS avis of ^yinnelry 4 A = 

$ 


OiiginaJ Relati n 

Altered I orni 

\ 

Substitution!) 

Modific 1 
Relation 

(. r dient 

Intel 
! apt 

) ~ 6 — log \ 

V a log 1 4 6 

1 “ y A — log V 

1 ^aX-{ b 

•> 1 

/ 

cv 

1 _ a l a 

XT t XT 1 

„ a , , ai 

a 


^ + 1) 

V C \ *’ 6 

y ^ 

Y A -j 

C C 1 

c 

c 

y == ar “j* r + 

^ -a 

X X 

X X 

I ~ a h *A 1 

b 

1 i 


The cases of y-^ a\^ and xy ^ a t bx arc given in the Table of Art 102 
9 -j; _ 0 99x \ 3 16 Peicentage eirors are (i) 0 17, (ii) 21, (m) 6 
10. See Art 103 11 a = 0 302, ^ - 0 0004 

12. SeeArt 103 13 a « 2 94, - 0 0021, « - 1 99 

14. a == 0 0014, 6 - 2 078 15 r = 1 974^0 UUQ 

^ — 0 031, ^ = 6 11 Greatest error of 4 8 per cent 

17, a=»0 842,^--4l7,«-0162 18. a - 0 296, ^ = 00004 

19. Best values are — 3 269, c — 0 849, ftom a giaph m *- 3 25, c 0 85 

20. a - 0 621, b^2 133, c = 0 123 21 . a - 0 115, 6 - 11 80 

23. (1) £530 66 (u) £537 02 (in) £540 30 (iv) £543 66 

24 . 122 years 25* See Aits 103 to 105 26. See Ait 103 

27, (1) « 0 305, = 0125 (u) « ^ 0 310, = 0 125 

28 y :«0 935je-r 0666 

29. a =^6727, b - 303 0, 0 03281^4- 1 478 

30. ^ 0 266 31 . a == 2 16, « 1 06, c == 3 11 

32, a == 1 307,^ - 2424, «« 0 0527 33. a-^0229,b^ 0 0912, c 1 824 

EXAMPLES IX Page 314 
2, 117 


1 64 . 

3 31og,2-« 2 079 
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6. c®sinh — 
c 


7. A - 0 004,/-= 100, 666| 

9. clog. (^), 10.0 135 1. 

14%I 


11. (i) 15 820 ft-Ib (11) 12 SOO fl-lb 12, 


El 


rq 


13. ^ 14. 


IS. \iiPr 


10. (i) f /<P ) (ii) I nP{E + /) 

17. (i)- (ii)0 

'T 

0 2a „ 

20. (i) 7 (ii) — — (in) 48 85 (jv) log, o - 1 

^ ^ fl* , all 

— ^4“ 

21. 1 , , 2, 23. (i) I (ii) (ill) 2 5 4- 2 cos a 

24. (i) Period ME - ^ (,,) Pgiiod mi = 0. 

p 2 p 


(m) Period — - , MV ~ 14 i 

26. lab, 

30. ‘ 

~ cot a ^201 cot 


33, 


28. 10^ 29. - Ii. 

31. See Art 77. 

a_ - a 


4 cot a 


4 cot a 


TTOr 

34. -y. Two circles 


_ 1 //)tan6\ 


36. The equation represents a cucle of radius Area — 

[a assumed > ib.l z 4 


38. 2mK 


f /; {b)j- 


7i“ + // 


. (n) J/£cos(a-jS) 


39. (l) (flf) vy 2 

40. MK - + Ly cos a - WJ^ 

42. 234 5 m.» 670 1 in.» 43. ImLK 


45. 57 38m.« 

47. (1)2 297. (u)340 8. 
50. (i) 140100. (u)9326 


30 

46. (i) — s ft/imn. (u) 2 388 ft/min 

ttjc 

56 , 

48. y 

51. (i) 30-16. (u) 25 13. 


b)\ 
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^ W - 60a: 4 1 200 ) in =, -^ = 0 003^*2 _ 40 ;^ 4 40 Q) 

53. (i) 23 1 8 ft (u) 22 95 ft (m) 22 98 ft 

54. Length- 2 

4am mV 24a 

55. Mean value = + m = 

Z 7T 12 IT 

56. Length ol veitical poitions ~ 5 ft. 57. Sa 

58. 7 254, 14 508 59. Peicentage error negligible < 0 01, 

62. 1 1752c, (i) 1 1752c^ (u) 1 4067^rc», (m) l-26427rc\ 

- 3c ^ 6 ac® 5c 

63. -j“, a: - -g-, j? = 0 . 

3/ 3wl^ , ^ wl^ 

64. A j? ■= , deflection = ^ 

4^ 

66 . (i) On symmetrical radius at distance ^ from centre (r — radius of circle). 

3r 

(u) On radius perpendicular to plane base and at distance centre 

(r — ladius of hemisphere). 

(m) On axis at distance - ^ fiotti smaller end 

4(ra^ + nri + rj®) 

2 a "b b 

67. On tom of mid-pomts of parallel sides and at distance r; — h from 

shorter sidi 3(e + 6 ) 


68 . (h — 1) + 1, radius of section = ^ distance of c.g from 

9nh •> 


smaller end = 


he’^ _f 

wh vu* 


69, Jc - ^L. 


70. Area ^db ; Jc i b y ^Vab, vol of rmg = k'^a^b . 

19a 

71. See Art 106, Ex. 1 ; x == — , j? = 0. 


72, On radius bisectmg central angle and at distance — centre in 

2r sm j 

(i), and — g — m (ii), 

73. ;? = f , =■ 0. ^ 0 9099«; - 0 5741«. 
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74. i j? = 


5a 

6 ' 


75. X - S 


76. X — 0 V ■ 


2a c shih — 
c 


8 sinh" 


77. It 0 is the centre ot the cuc^c and axes OX, OY aie taken along and 
peipendiculai to the ladiiis thiough the kb's dense end of the ate, then 


{a sin a co^ x - \),y 


2t 


(sm a - a cos a) 


2t 


78. (i) On the symmetiical radius at distance — from centie of cucle. 


(li) 


3rr 


(r - radius of ciicle.) 


... - 46 , . 

3rr 

79. 4 402 m. fiom centic of circle. 

80. (i) /ox ~ 357*94 (length)* units, (li) Iqy “ 75*6 (length)* units. 
8L/ox-^; /oy-2(3^^-4). 

82. If ^ = area of circle* /o = ^ ~ ; I about diameter ^ A -r\ I about 

.5a® 2 ^ 

tangent « A — * 

83. (i) £ ^ where A = aiea of A == (u) I — M where 

6 2 6 

H ^ height, (iii) I — and 1=^ 

84. U) /= r». (u)/= (iu) /= M (^ + 0- 

{iv)/ = M(^ + 0. 

85. (i) /= Af H. (ii)/= M, r». 

85. / = M - ; 1= M yj ' of solid.) 

88. 56jc» + 1 1/ = 12; / about axis at 30° to OX = 44-75 (inch)* units. 

A* . 3r*\ 
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90. Let base SC ^ a and height of triangle = k. (0 1 = M- (u) / -= Af 

k '''1 

\24 ' iJ 


I about AB-^M 


2a^h^ 


24’ 


' 3(?nF) ’ ^ ' 

91, V — Itto^ cosec a(l + sin cCf, 

92. /ot = /oY ■= + cy = 4. 






/n 

-J, where M « mass of rod =- ablm. 


U{a^-\b^) i. 

94. K . E. '*1 = hnic for solid sphere and h == time for hollow 

spheie, tlieu - J~ - 0-9703. 


95. and block in stable equilibrium with the 3 ft edges vertical. 

, '^n Vn ’ ^ 

£2^ sh 

98. Distance of metacentre from base of cylinder -= — -f — ; condition for 

stability is > 2h^s (1 — s). ™ ^ 

99. Least radius ~ 4 in. 

101. (a) On vertical diameter and at depths i^'; (diam.). 

(b) At depth ]l (diam.) and at distance 0*2122 (diam,) from vertical diameter. 
105. 14*7ft-lb. 


EXAMPLES X. Page 341 

1. Let jP, Q he the fixed points, and let the fixed lines intersect at O, 0 being 
the constant angle FOQ. The space-centrode is a circle through P and Q such 

that PIQ 180® — 0 ~ constant; the body-centrode is a circle, centre 0 and 
radius twice that of the space-centrode. 

2. Let C be the centre of the fixed circle and P the position of the peg; let also 
Q be the point at which the slot meets the straight edge. The space-centrode is 
the circle on PC as diameter; the body-centrode is the circle whose radius is 
twice that of the space-centrode and whose centre is the foot of the perpendicular 
from C to PQ. 

3. Let Cl and C® be the centres of the fixed circles and let lines through Ci and 
C 2 parallel respectively to the lines touching the circles meet at C. The space- 
centrode is the circle on CiCg as diameter; the body-centrode is a circle, centre 
O and radius twice that of the space-centrode, 

5. + f) (r« - P + « 4r*xr*. 

8, The ;c-axis. 


9. 8n. 


10, p 


4r(R 4" r) 
P-h 2r 


sin 



12. s = 4r(I — sin y). 
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15, A parabola, vertex at foot of perpendicular from the fixed point to the 
fixed straight line and latus-rectum equal to four times the length of this perpen- 
dicular. The fixed straight line is the tangent at the vertex of the parabola. 

16, Equation of body-centi ode is n-y® ~ — a^), wheie a is the length of 

the perpendicular from the fixed point to the fixed straight line. The space- 
centrode is the paiabola ay ~ x% the jr-axis being along the fixed line and 
the j-axis through the fixed point. 

17, (4n)l 

19, n' - 4, 0' -= 6; 3, 0' - 0. 

/•3?(\/3~l) 2 66 

21. ca =- / ladians pci sec. 

22. Sec end of Art. 126. 


26. Similar to Ex. 3, except that the lines are not necessarily at right angles. 

A 

The space-centrode is the circle through Cj, C 2 such that CJC^ — supplement of 
angle between the rods. The body-centrode is as in Ex. 3. 

28. The space-centrode is the parabola fify == x® + 

(a- Thy 

33. The instantaneous centre immediately after the impulse is on the hne 
through the centre of the square perpendicular to the dureclion of the impulse 

and at a distance ^ fiom the centre. (See Art. 124, Ex. 2.) 


34. Any point on the body-centrode generates a diameter of the space-centrode. 

35, The two ends of that diameter of the body-centrode which is parallel to 
the given line will move along two perpendicular diameters of the space-centrode 
and will therefore envelop a four-cusped hypocycloid. The given line being 
parallel to and at a fixed distance from this diameter in the lamina, will envelop 
a parallel curve. 

36, Relative to the ellipse, the origin O describes the directo r-circle; hence, 
the centre of the ellipse desciibes a circle, centre O and radius q- where 
a and b aie the semi-major and semi-minor axes respectively of the elhpse. 

37. (0 PQ > OP and coj — — Og, Produce OP to a point / such that PI = OP; 
then I IS the instantaneous centre of the crank PC, for if we imagine a point 
rigidly attached to PQ to be in the position I at the instant, this point will have a 
velocity OP , coi perpendicular to 01 due to P’s motion and a velocity PIo>i m 
the opposite direction due to the rotation of PC* The point will then be instan- 
taneously at rest. The motion will be the same as that produced by the rolling 
of a circle inside a fixed circle of twice its radius. The path of Q will be a 
hypotrochoid— in this case an ellipse. (See Art, 128, Ex. I.) 

(li) PC < OP and % = — cug. As in (i). 

(lii) PC = OP and coj == — CO 2 . Same construction for / as in (i). Q now lies 
on the circumference of the rollmg circle so that its path is a straight line, a 
diameter of the fixed circle. 

(iv) tt)i — 02 . 1 is now the mid-point of OP, and the motion is the same as 
that produced by the rolling of a cirde on the outside of another fixed circle of 
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cqua^ ladius. If PQ = OP, the path of 0 is a cardioid; if PQ OP, the path 
of Q IS a limapoii. 

38. X — P(cos 0 + 0 bin 0), y — R{sm 0 — 0 cos 6) 

43. See end of Art. 126. 


EXAMPLES XI. Page 374 


••S>^ (£)■-“ 

^-?-y 

dx^ 

1 

5. y^ = 

JC 

6 . X = 

7. 4- 7 ^ = c. 

8 . 7 ® - A® ~ c. 

9, s ^ laP 4“ \bt^ 4" c/ r i/. 

10 . s — la\2vyt 4 sin 2tot) 1 

11. 7 = ~ X 4- 2 loge (v ' 

1) 4 - c. 12. 7 -= lex® 4 - k. 

13. 7 - 

14. v-A + ‘i. • 

V:e®- 1 

15. sm"^ sin-^ ~ = c, which leads to 7 V — x\ 

a a 


t6. p 4 1 = c sin^c. 17. f%a— 2p) = c, 

18. X® — 2xy — =« c. 19. ~ loge 

20. = loge 4- c/. 

Vac \xVaJ 

21. j(l ~ cx^) ^ 2 £x^. 22. 

23. jv® 4- 2xy 4- 3/ = e. 24 jc® 4- 4- 2/ =« c. 

25. jc sinj 4- j sin x~\r xy — c. 

26. loga (jc® 4- p®) = c, which is equivalent to at® 4- 7® = -fc. 

27. y = and c — 6. 

29. q = and c = ^o- 

30. vr — c; h — k'— -z — :* 

2gf^ 

31. (i) y — and c — 6. (u) 4^ = 5 4- and k = 19. 

32. by ^ a and c ^ ^ a, 

33. 2/ — 4- y = (;t: 4- c)e”^. 

a 

34. y=> (b shift ~ap cos pty + ke'^, and 

(« +*)«“. 

j5 P 

35. Ap = e * ||« ^^f(x)dx + c|; 43-7 ft per sec nearly. 

36. 6y= cx»-3x+ 2. 
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37. 1 rr ’‘L 

a [ n 

38 . 4 ce^. 

R 

39. i - 001956 (15 sin 300/ j- 100 cos 300/- 100^-20000; when t becomes 
large the last teim tends to zeio. 

40. j = where k and c are constants. 

41. 2x 4- J 4 ~~ t(2T- V I Sf; ) - 3x- i c(j> + 2x i 4)“ 

1 


43.-^^ -k(n- 2H4 < 


/a- o-f gt 

45. Terminal \elocitv V ~ - Ktanh^; — log^cosh-^’ 




2'kx 


49. v2 


4“ ce 


50. Density \anishes at height *£5^, whete and po are the pressiire and 

ft— 1 Po 

n 

density respectively at zero height; 0= (/ii — A) where 6 and Oo the 

absolute temperatures at heights h and zero respectively and hi is the height of 
the top of the atmosphere. 

51. 1 10"C nearly. 

54, The family of strmght lines y — mx, 

55. X® -h ~r 2/v = n®, /'being the variable parameter; the family of coaxial 

cucles H- y*® + — 2 j^a, k being arbitraiy, 

56* The family of curves given by y^ = cx\ the family of curves given by 

1 c 
/== -• 

X 

a 


$8. (i) ^ 


~ {b sin 0 - cos 6) 4* where c = 


1 + 

(li) X — 4- ^ — j / 4- 

60. 4 953 ft being taken as 32 ft per sec per sec). 

61. a- bv^ « ia- bV^)e- 00083 ft. 

62. (i) (,i) (2;,- j:) (y + = C. 

COS X 

(iii) 9y^ — 6.xy + 4:^^ — 3y — 2 a: 4- c « 0, 

64. (i) « === 3, (ii) 3 loge + y) = Af-y + 1. 


2(1 4- 6*) 


66* ft) ■ 


4" 


GI k 


k P4"//* 


!(' 


sin pt — />*cos />/ 





ANSWERS TO EXAMPLES 


495 


EXAMPLES xn. Page 409 

1. ar = jco + + \gtK 2. :c ^ - 3? + y + 

3.y=^ (t*-4tu> + (2aK»- ;c*). 

5. y 9smx-f 4cos;c~ 3. 

6. j - -f 7. - 4(16 + x), 

H. 6(sm 3t 4- cos 3/) = 6^28111 ^3r + 

9. 3a: = 8 cosh"^ + V — 83^. 

It, — 6(1 4 cos 0* 

12 . 7 = 5 + 3V2sin (2x- 

13. y = 2-5. 

5JVI IWl 

14* (i) M= points of inflexion 0*55/ from centre, (ii) 

points of inflexion 0*58/ from centre. 

15. (i) y = 4 (li) y = i?e~* sin (4a: 4 fi). 

16. (i) y = {Ax 4 5)^"*®^ (ii) y = sm (4*964a: 4 e). 

17. a: = Re-®* sin (ifcf + s); a: = Ae- (o-'^2a> -•- i")* + fig- (n + 

18. a: = Ae“‘ + Ber‘^\ 


19. X- A cos (ti^ 4 «)• 

20. g = -£e, where 0 is the angle which the string makes with the vertical. 


/I 3V2A: 

21. K.E. at distance ac = 4 = < 2 */* t 

22. Stable equilibrium when FAQ — jand period ~ where r is the 

radius; unstable equilibrium when P is at other end of diameter AO, 
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1 7t 


28 Ratio of amplitudes 

29. Period = 2irJ ^ 
mmimum period a — J- 


\ Re " cos [^ rC — la^ t -j- 


Ml r ^ which is less than Iv 
(MI ma)^ 


J-r 


Since I F oi 


Ml 


(/-2a) 


30 

5aj 

31 Length on table \aiies from a to — ^ (mV }- Vm^V^ 4- and 

4 Mg 

length on table = y (max ) when V — J-~^~ 

33 x-{4-\- 10sm6r jScos6r, M^lg 

35. Highest point leaehed m instant of projection 

36. y ^ Ae^'^ ^ Be 4- Ce 

37. .y= 4 I (18 sm 3r-~ 25 cos 3/) 

39. See Arts 139 and 142 y = } e® 

40. (i) y s» Ae^ -f (ii) y ~ (Ax + 

(ni)j;=:^^-“’ 372054.^^-1 628® 

41. ( 1 ) X == Ae^^ + Be (u) ~ ^ sm (5t + a) + 0 4^“®* 

(iu) j» Ae'' ^ T Be 4 L 

Vs 

(iv) y:s:zAe^ sm (2x "i ~ sin (5a 4 tan~^ 2) 


(~ iZ 4- 4CL ) 

4Z V =- -— !==== [(Vi?- - 4CL -t- i?)e ^ 
iVr?' - 40. 

(-iZ~ VW-^4.CL ) 

•f {<R^-ACL- R)e “ ], 

< 4CL if no penodic terms occur in value of x. 

43. (i) y - Ae^^ 4 2 5 (n) Q - 1 ^ 0 f cos (10 000/ 4- e) 

44. oX - .o4 sin / 4“ (B — i at) cos / 

45. y = cos (4/ 4- e) h igr (7 sm 2/ — 4 cos 2/) When / is large, the 
first term on the right-hand side becomes neghgible, y = (Ja-^ 4* /4a: 4- B)e^^ 

46. a « 0, ^ 47. « = ^(0 sm 6 — cos 0) 

oyr 
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G[ 


48. V = 

+ lA I- 


ah+ \rp^) ) 

(a» + b^- /)=)» + 4ayl 


2apk 


(a^ 1 [•AaY 


zj sm bt 
I cos bt J 


, k(a^ + ^>2 p^) sm pt - lap k c os pt 

(-J 4- V& - A ffcV 

49 (0 When6 > Aac x ^ Ae^ Be ^ ^ 

H 

(a) When b’* — 4flc, ;c = ( + B)e 


/^V4a6-£»-, , 

(lu) When b^ < 4£2i:, x ^ Re cos \ 2« ^ ^ 

AirL 


50. Period 


A" 


=, frequency = 




l_ ^ 

IvVIC 


65 000 nearly 


d^X By Y 

SI. a— 1 2b ^ }- - = 0, a-^ kb^ 

dt^ ^ dt ^ k ’ 


52. ( 1 ) Ti = 20;r 7J (u) T, = 4«'y^, hence, p =- 1 38 nearly. 

^ 51^ 21g Ta 

!3.i7|(19a- + « 

54. Radius of gyration = 6 8 in 

55. The point (x, j) descnbes a circle of radius a with angular acceleration Ip, 
angular velocity of particle is n 


EXAMPLES Xm Page 452 

1. jr ~ 1 1 82 ounces, <r = 0 440 ounces, corrected value 0 436 

6. X = ± O' 7. 0 9104 8. 0 1914, 0 3413 9. y =- 15 8e“0 ^0 D* 

13. 1 74 quarter-ounces 14. 0 866, 0 816, 0 943 15. 2 85 

16. (fl) 42, 42, 32, 35, 41 , (J>) 4 91 and 6 32, (c) 2 77, (d) 1 46 against 1 41 

17. ib) 4 91 and 6 32, (c) 2 72 {d) 1 54 

18. 734 and 2, 741 and 4 

19. (<2)0 667, (^)0 670 

21. 0368 72.. r = 0 891, yes 

23. r=007i0^-0 756, 1409r+ 106 

24. 0 183 and 0 171, 0 48 against 0 63 m table, n is small and the distribution 
of r IS not normal 

25. No 


26. No 
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n 0 959, )t -4 721X r 4 514, Y - 0 1992^- 0 6154 
28 - 0 959, Y - 4 723 \ ^ 56 73, Y - - 0 1922r h 11 62 

29. {a) 0 5, ib) 0 304, (t) - 0414 id) - 1 

30. 0 968,-0 952 

31. 0 n09 and 0 1623, 0 1432 and 0 1580 


44 


EXAMPLES XIV Page 460 
coefficient of fnctxon 


3 0 748«, where a equals edge of cube, 

6 Ftanh*^,^ iog^cosh'^ 

10, Ihe pnncipal axes are inclined at the angle 
becomes 45*^ m the case ot the square 

13. 12 94 ft per sec 
15. 2 51 ft, 24 1 ft-tom 


^ab 


2(a^-b-y 


, which 


16. Tension • 




18. 10 1 radians per sec 

19. 67 r 


20. Acceleration ~ 


Tg 


.LM+4™(l + ^)] 
Friction forces on one wheel, 

1 ± 


j* r. M + 4m - 1 

M+4«(i+QJ 


takmg the plus sign for a near wheel and the minus sign for a front wheel 


25. Ma‘aK 


28. tt)V = /B 

30. i m^32 Si^ — 4V2iuoa + at angle tan~ 


[#-?)] 


33. 29 1 mm. 

34. 8 min 49 sec. 
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1 510 lb 3'^ T to honzontal 
202 ft 
wl^ 

4'Z. 

384E/ 

43 0 ) = V Pr(l ~ where c 

45. 1 801 lb 
49. 1 272 ft 
51 1532 
54. 36“ 


2kg 

ril + Pr^) 
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Accelfraiion — 

Coriolis, 458 

normal and tangential, 458 
radial and transverse, 457 
Approximate integration, 279 
solution of equations, 127 
Approximations, 8, 116 
Area under curve, moment of ineitia of, 
301 

Areas by integration, 263, 267 
Argand diagram, 23 

Arithmetic mean of frequency distnbu- 
tidh, 419 
Asymptotes, 215 

Atmosphere, convective equilibrum of, 
371 

Auxiliary equation, 395 
of ellipse, 170, 204 

Beam problems, 43, 145, 180, 382 
Belt, tension in, 360 
Bendmg moment in beam, 43 
Binomial — 
distnbution, 427 
senes, 6, 1 12 
Body-centrode, 327 

Cardioid, 268, 288, 337 
Catenaries, 218-26 
Catenary — 

of uniform strength, 221 
parabolic, 362 
uniform, 219 
Centre of— 
gravity, 286 
pressure, 309 
Centrodes, 327 
Centroid, 286 
Chance, 426 
Change of axes, 170 
Changes, small, 69, 155 
Circle- 
equation of, 170 
moment of mertia of, 301 
Circular motion, 458 
Class mtervals, 423 
Closed curve, area of, 269 
CoefScient of correlation, 447 
significance of, 447 
Complementary function, 404 


Complete differential, 3 *>5 
Complex numbers — 
addition, subtraction, multiplication, 
division of, 20 

graphical representation of, 23 
tith roots of, 30 
Compound interest law, 238 
Compound pendulum, 390 
Concavity and convexity, 143 
Condensei, discharge of, 368 
Conic sections, 193-218 
Conservative systems, 391 
Continuous function, 2 
Convective equilibrium of atmosphere, 
371 

Convergency of series, 4 
Conohs acceleiation, 458 
Correction, Sheppard’s, 424 
Corrections, small, 155 
Correlation, 443 
by product-moment, 448 
by rank, 450 
coefiicxent of, 447 
Cosine senes, 29, 113 
Crank and connectmg-rod mechamsm, 
10, 68, 78, 325 
Cumulative errors, 433 
Curvature, radius of, 177-84 
Curves, lengths of, 276 
Cycloid, 332 

Damped oscillations, 397, 406 
Decay function, 235, 359 
Deciles, 440 
Definite integrals, 88 
De Moivre’s theorem, 22 
Deviation — 
mean, 420 

quartile and decile, 440 
standard, 421 
Difierenlial — 
coefficient, 42 
geometrical meaning ot 45 
complete, 355 
equations, exact, 355 
first order, 349 
formation of, 346 
homogeneous, 352 
Imear, of first order, 357 
linear, of higher order, 400 
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DifFerentidl —contd 
equations— 

Imeai, of second order, 394, 404 
second order, 382 
vanables separable, 349, 384 
Differentials, 151 
Differentiation— 
from first pnnciples, 42, 46 
logarithmic, 58 
of function of function, 52 
of hyperbolic functions, 53 
of mverse functions, 54 
ot logarithmic functions, 55 
of product, 51 
of quotient, 52 
of sm X and cos x, 48 
of sum, 47 
partial, 148 
standard forms, 59 
successive, 60 
Director circle, 208 
Dispersion, 420 

Displacement of figure in its own plane, 
324 

Distribution— 
bmonual, 427 
frequency, 416 
normal, 438 
Poisson’s, 427 
samplmg, 441 
skew, 419 

Divergency of senes, 4 
Dynamical formulae, 313 

€, CALCULATION of value of, 14 
Eccentric angle of pomt on ellipse, 204 
Ellipse, 201 
momental, 306 
Epicychcs, 338 
Epicycloid, 335 
Epitrochoid, 337 
Equations— 

approximation to roots of, 127 
auxiliary, 395 

diflferental (see Differential Equations) 
of regression, 446 
solution by graphs, 119 
Equiangular spiral, 278 
Error probable, 440 
Errors, cumulative, 433 
Euler’s theory of struts, 393 
Even functions, 270 
Evolutes, 184 

Exact differential equations, 355 
Expansion m power senes, 49, 110, IIS 
Exponential values of sm 9 and cos 6, 28 
Exponentials, exponential senes, 11, 49, 
,112 


First moment, 421 
Force, shearing, m beam, 43 
Forced oscillations — 
damped, 406 
undamped, 405 
Formulae, dynamical, 313 
Frames, over-rigid, 147 
Frequency — 
curve, 418, 433 
distnbution, 416 
polygon, 418 
Functions — 
contmuous, 2 

differentiation of (sie Differentiation) 

expansion of, m power senes, 110 

exponential, 11 

growth and decay, 235 

hyperbolic, 17 

mverse, 19, 42 

odd and even, 270 

rate of change of, 41 

Geometrical meanmg of denvative, 45 
Glissettes, 339 
Graphical- 
integration, 283 

representation of complex numbers, 23 
solution of equations* 119 
Graphs, 232 
laws of, 242 
Growth functions, 235 
Guldinus, theorems of, 293 


Histogram, 418 
Hodograph, 458 

Homogeneous differential equations, 352 
Hyperbola, 212 
rectangular, 216 
Hyperbolic functions, 17 
differentiation of {see Differentiation) 
Hypocycloid, 336 
Hypotrochoid, 337 

Induced current, 367, 408 
Inertia — 
moments of, 296 
products of, 303 
Inflexion, points of, 143 
Instantaneous centre of rotation, 325 
Integrals, deflmte, 88 
Integrating factor, 357 
Integration — 
by parts 99 
by substitutions, 96 
graplucal, 283 

of irrational functions, 82, 86 
of rational functions, 81 
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Integration— 

of trigonometncal tunctiont> 90-5 
reduction formulae, 102 
standard forms, 80 
use of partial fractions m, 81 
Inverse functions, 19, 42 
differentiation of (hee Differentiation) 
Inverse square law, 385 
Involutes, 190 
Isochronous governor, 350 
Iteration, solution of equations by 
method of, 131 

Laws of graphs, 242 
Least action, principle of, 147 
Least squares, method of, 254 444 
Leibnitz' theorem, 63 
Lengths of curves, 276 
Biraits, limiting values, 1, 2, 3, 4, 15, 132 
Lineaj* differential equations, 357, 394, 
400, 404 
Logarithmic — 
differentiation, 58 
functions — 
differentiation ot, 55 
graphs of, 238 
senes, 112 

Maciaukin’s theorem, 111 
Maxuna and minima, 139, 158 
Mean— 

anthmetic of frequency distribution, 
419 

deviation, 420 
values, 265 
Median, 420 
Metacentre, 311 
Mode, 420 

Momenta! ellipse, 306 
Moments, first and second, 286, 299, 421 
of mertia, 296 
Motion — 
circular, 455 

normal and tengential, 458 
on plane curves, 456 
radial and transverse, 457 

Newton’s approximation to root of 
equation, 127 

Newton’s method of finding radius of 
curvature, 183 
Normal — 
acceleration, 458 
distribution, 438 
frequency curve, 433 
Normals to plane curves, 169 

Coo functions, 270 
Operator D, 401 


I Orthogonal tiajectones, 373 
Oscillations — 
damped, 397, 406 
undamped, 405 
Over-ngid frames, 147 

Pappus theoiems of, 293 
Parabola, 194 
Parabolic catenary, 362 
Parallel axes, pnnciple ot, 299 
Partial differentiation, 148 
Partial fractions, use m mtegiatxon, 81 
Particular integral, 404 
Parts, integration by, 99 
Pendulum — 
compound, 390 
simple 388 

Perfect differential, 355 
Pencycloid, 337 
Pentrochoid, 337 

Perpendicular axes, moment of ineitia 
about, 297 

Poisson’s distribution, 427 
Polar — 

co-ordmates, 174, 267 
area in, 267 
length of curve m, 276 
equation of— 
come, 193 
ellipse, 209 
formula for p, 181 
subtangent and subnormal, 176 
Polygon, frequency, 418 
Power series, expansion m, 49, 110, 118 
Pressure, centre of, 309 
Pnncipal axes of lamina, 303 
Pnsmoidal rule, 285 
Probable error, 440 
Probability, 426 

Product-moment correlation, 448 
Products of mertia, 303 
Projectile* path of, 200 
Pyramid, centre of gravity of, 291 

Quartiles, 440 

Radiajl motion, 457 
Radius of— 
curvature, 177, 181 
gyration, 297 
Random sample, 419 
Range, 417 
Ranic correlation, 450 
Rate of change of function, 41 
I Rates, 70 

Rectangle, moment of inertia of, 299 
Rectangular hyperbola, 2116 
Reduction formulae, 102 
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Regrebbion— 
equations of, 446 
lines of, 446 
Resisted motion, 363 
Resultant pressure on immersed area, 309 
Revolution, volumes, and surface areas of 
solids of, 271 

Rod under uniform stress, 360 
Root mean square, 265 
n/A, of real or complex number, 30 
Roulettes, 330 

Sample, random, 419 
Sampling distribution, 441 
Scalars and vectors, 455 
Scatter diagram, 444 
Second moment^ 299, 421 
Senes— 

binomial, 6, 1 12 

convergency and divergency of, 4 
exponential, 11, 49, 112 
logarithmic, 112 
sine and cosine, 28, 113 
summation of trigonometncal, 33 
Shearing force in beam, 43 
Sheppard’s correction, 424 
Ship, motion of, 370 
Simple- 

engine mechanism, 10, 68, 78, 325 
harmonic motion, 66, 387 
pendulum, 388 
Simpson’s rule, 279 
Sino series, 29, 113 
Skew distribution, 419 
Small changes, 69, 155 
Solid of revolution- 
moment of inertia of, 302 
volume and surface area of, 271 
Space-centrode, 327 
Standard — 
deviation, 421 
from sample, 442 
of correlation coefficient, 447 
integrals, 80 — 

Statistical method, 416 
Statistics, 416-54 
Straight line- 
equations of, 169 


Straight line— 
law, 242 

Struts, Euler’s theory of, 393 
Substitutions in integration, 96 
Subtangents and subnormals, 173 
polar, 176 

Successive diiferentiation, 60 
Summation of trigonometrical series, 33 
Surface areas of solids, 272 

Tangential motion, 458 
Tangents to plane curves, 169 
Taylor’s theorem, 114 
extension of, 157 
Tension in belt, 360 

Tests in convergency and divergency of 
series, 4 

Thick cylinder, stress in, 369 
Total variation, 151 
Trajectories, orthogonal, 373 
Transverse motion, 457 
Triangle, moment of inertia of, 300 
Trigonometrical — 
functions, dififerentiation of, 48 
^aphs of, 239 
integration of, 90-6 
series, summation of, 33 
Trochoid, 335 

Uniform— 
catenary, 219 
strength, catenary of, 221 
stress, rod under, 360 
Use of operators, 401 

Variance, 421 

Variates, 443 

Variation, total, 151 

Vector quantities, 455 

Velocity, radial and transverse, 457 

Virtual velocities, 71 

Virtual work, 71 

Volumes — 

approximate integration, 279 


hafts, 401 
71 


^f solids, 27 


virtual, 




